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1 Preliminaries

For simplicity we will always assume that the Hilbert spaces considered in
this manuscript are separable and complex (although most results extend to
nonseparable complex Hilbert spaces).

Let H;, Ho be separable Hilbert spaces and A be a linear operator A :
D(A) C Hl — Hg.

We denote by B(H1,Hz) the set of all bounded linear operators from H;
into H, and write B(H,H) = B(H) for simplicity.

We recall that A = B if D(A) = D(B) = D and Az = Bz for all z € D.

Next, let Hy = Hy = "H.

Definition 1.1. (i) Let 7" be densely defined in H. Then T* is called the
adjoint of T if,

Dom(T™) = {g € H | there exists an h, € H such that (hy, f) = (¢9,7f) for
all f € Dom(T)},
T"g = hy.

A C A~
iii) A densely defined operator B in H is called self-adjoint if B = B*.
v) A densely defined operator S in H is called normal if SS* = S*S.

We note that for every self-adjoint operator A in H one has D(A) = H.
For every bounded operator A we will assume D(A) = H unless explicitly
stated otherwise.

(ii) An operator A in H is called symmetric if A is densely defined and
i

(
(

Definition 1.2. (i) z € C lies in the resolvent set of A if (A — 2I)~! exists
and is bounded. The resolvent set of A is denoted by p(A).

(ii) If z € p(A), then (A — 2I)7! is called the resolvent of A at the point z.
(iii) o(A) = C\ p(A) is called the spectrum of A.

We will use the notation,

R(z,A) = (A—zI)"",  z¢€ p(A).

Fact 1.3. 0(A) =o(A).
Fact 1.4. A= A*= o(A) CR.



Fact 1.5. If A is a bounded operator, then o(A) is a bounded subset of C.
Fact 1.6. If A is a bounded self-adjoint operator, then o(A) C R is compact.
Fact 1.7. If A is a bounded self-adjoint operator, then [|Al| = sup,c, 4y [l

Fact 1.8. If A is a self-adjoint operator, then R(z, A) is a normal operator
for all z € p(A).

2 The spectral theorem for bounded
self-adjoint operators

Let H be a separable Hilbert space and A = A* € B(H). We recall that
o(A) C R is compact in this case.

Theorem 2.1. ([3], Thm. VIIL.1; the continuous functional calculus.)
There is a unique map pa : C(0(A)) — B(H) such that for all f,g €
Clo(A)):

valfg) = palf ) (g),
pa(l) =1,

walf) = palf)".

(These four conditions mean that @4 is an algebraic *-homomorphism).
(it) oa(f +9) = palf) +palg) (linearity).
(i11) lpa(H)ll gy < Cliflla (continuity).
(w) If f(x) =z, then pa(f) = A.
Moreover, 4 has the following additional properties:
(v) If AY = N, then wa(f) = fF(A).
(vi) o(a(f)) = f(o(A)) = {f(A)[X € a(A)} (the spectral mapping theo-

rem).
(vii) If f >0, then pa(f) > 0.

(viii) [[pa(f)ll gy = I fllo (this strengthens (iii)).
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In other words, A(f) = f(A).

Proof. (i), (ii) and (iv) uniquely determine ¢ 4(p) for any polynomial p. Since
polynomials are dense in C(0(A)) (by the Stone-Weierstrass theorem), one
only has to show that

()l gy < C sup [p(A)]- (2.1)
A€o (A)

Then ¢4 can be uniquely extended to the whole C'(c(A)) with the same
bound and the first part of the theorem will be proven. Equation(2.1) follows
from the subsequent two lemmas.

Now (viii) is obvious and properties (v), (vi) and (vii) follow easily as
well. O

Lemma 2.2. o(p(A)) =p(a(A)) = {p(A\) | A € a(A)}.
Lemma 2.3. [|p(A)|| = supye,(a) [P(N)]-

Proof. Using property (i), Fact 1.7, and Lemma 2.2, one gets

Ip(A)[1* = llp(A)p(A)] = |Ep)(A)l =  sup |A|
Ao ((7p)(A)

= (s 1)

A€o (A)
U

Since it is not sufficient to have a functional calculus only for continuous
functions (the main goal of this construction is to define spectral projections
of the operator A which are characteristic functions of A), we have to extend
it to the space of bounded Borel functions, denoted by Bor(R).

Definition 2.4. f € Bor(R) if f is a measurable function with respect to
the Borel measure on R and sup,.p | f(z)| < oc.

Theorem 2.5. ([3/, Thm. VIL.2.)
Let A= A* € B(H). Then there is a unique map @4 : Bor(R) — B(H) such
that for all f,g € Bor(R) the following statements hold:

(i) @a is an algebraic *-homomorphism.



(ii) a(f +g) = Pa(f) + @alg) (linearity).

(i) |Pa( M pary < W fllo (continuity).

(i) If f(z) = x, then Pa(f) = A.

(v) If fn(x) = f(z) for allz € R, and f,(x) are uniformly bounded w.r.t.
(2, 1), then @a(fn) — @a(f) strongly.

Moreover, 4 has the following additional properties:
(vi) If A = N, then Ba(f)o = FO).
(vii) If f >0, then a(f) > 0.
(viii) If BA = AB, then Boa(f) = ¢a(f)B.
Again, formally, pa(f) = f(A).

Proof. This theorem can be proven by extending the previous theorem. (One
has to invoke that the closure of C(R) under the limits of the form (v) is
precisely Bor(R).) O

3 Spectral projections
Let Br denote the set of all Borel subsets of R.

Definition 3.1. The family {Pq}qep, of bounded operators in H is called
a projection-valued measure (p.v.m.) of bounded support if the following con-

ditions (i)—(iv) hold:
(i) Pq is an orthogonal projection for all 2 € Bg.

iil) Py = 0, there exist a,b € R, a < b such that Py = I (the bounded
( b )
support property).

(iii) TFQ = U2, D, N, = 0 for i # j, then Py =s — limy oo S0 Py
(iv) Pa,Po, = Payn,-

Next, let A= A* € B(H), Q € Bg.



Definition 3.2. Py(A) = xa(A) are called the spectral projections of A.

We note that the family {Po(A) = xa(A)}aen, satisfies conditions (i)—
(iv) of Definition 3.1.

Next, consider a p.v.m. {Pg}oes,. Then for any h € H, (h, Poh) is
a positive (scalar) measure since properties (i)—(iv) imply all the necessary
properties of a positive measure. We will use the symbol d(h, P\h) to denote
the integration with respect to this measure.

By construction, the support of every (h, Po(A)h) is a subset of o(A).
Hence, if we integrate with respect to the measure (h, Poh), we integrate
over o(A). If we are dealing with an arbitrary p.v.m. we will denote the
support of the corresponding measure by supp(FPy).

Theorem 3.3. (/3/, Thm. VIL.7.)

If{Pa}aep: is a p.v.m. and f is a bounded Borel function on supp(Fq), then
there is a unique operator B, which we will denote by fsupp(PQ) f(X)dPy, such
that

(h, Bh) = / FO)d(h, PB), heH. (3.1)
supp(Pa)
Proof. A standard Riesz argument. O

Next, we will show that if Py(A) is a p.v.m. associated with A, then

)= [ ana, 32
o(A)
First, assume f(A) = xq(A). Then

/@Mmmwamwzf d(h, Pr(A)h) = (h, Po(A)h)

o(A)NQ
= (h, xa(A)R).

Hence, (3.2) holds for all simple functions. Next, approximate any mea-
surable function f(\) by a sequence of simple functions to obtain (3.2) for
bounded Borel functions on o(A).

The inverse statement also holds: If we start from any bounded p.v.m.

{Pa}aen, and form A = fsupp(PQ) AdPy, then xq(A) = Po(A) = Py. This
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follows from the fact that for such an A, the mapping f +— fs pp(Po) fFAN)dPy
forms a functional calculus for A. By uniqueness of the functional calculus
one then gets

Pa(A) = xa(A) = / Yal\) dPy = Po.
supp(Pq)

Summarizing, one obtains the following result:

Theorem 3.4. ([3], Thm. VILS8; the spectral theorem in p.v.m. form.)
There is a one-to-one correspondence between bounded self-adjoint operators
A and projection-valued measures {Potaep, in H of bounded support given

by
A — {Po(A)}aes. = {xa(4)}acs:,

{PQ}QGB]R — A= /;pp(Pm )\dP)\
4 The spectral theorem for unbounded self-
adjoint operators

The construction of the spectral decomposition for unbounded self-adjoint
operators will be based on the following theorem.

Theorem 4.1. ([3/, Thm. VIII.4.)

Assume A = A*. Then there is a measure space (Ma,dus) with pa a fi-
nite measure, a unitary operator Ua : H — L*(Ma, dpa), and a real-valued
function fq on My which is finite a.e., such that

(i) ¥ € D(A) & fa()(Uath)(-) € L*(Ma, dpia).
(it) If o € U[D(A)], then (UsAUL " ¢)(m) = fa(m)p(m).

To prove this theorem we need some additional constructions. First we
will prove a similar result for bounded normal operators.

Definition 4.2. Let A be a bounded normal operator in H. Then ¢ € H is
a star-cyclic vector for A if

Lin.span{ A"(A*)™)}, men, = H.



Lemma 4.3. Let A be a bounded normal operator in H with a star-cyclic
vector ¢ € H. Then there is a measure pa on o(A), and a unitary operator
Ua, such that Ug : H — L*(c(A),dpa) with

(UaAUL [)(A) = Af (V).
This equality holds in the sense of equality of elements of L*(a(A),dp4).

Proof. Introduce P = {3_"._, cij)\"xj, cij € C,n € N} and take any p(-) € P.
Define Uy by Uap(A)y = p. One can prove that for all z,y € H there exists
a measure fi;, 4 on o(A) such that

(p(A)z.y) = / PN djisys, pEP.
o(A)
Then
(A = (p(A)*p(A), ) = ((Bp)(A)b, ) = / PP it
- “p”i%(A),duw,w,A) : (4.1)

Next we choose j1g4 = [ty 4. Since 1 is star-cyclic, Uy is densely defined and
equation (4.1) implies that Uy is bounded. Thus, U, can be extended to an
isometry

Up:H — L*(a(A),dua).

Since P(c(A)) is dense in L2(a(A),dpua), Ran(Ua) = L*(0(A),dp4) and Uy
is invertible. Thus, Uy is unitary.
Finally, if p € P(c(A)), then

(UaAU'p)(N) = (UaAp(A)p)(A) = (Ua(A - p)(A)P)(A) = Ap().-
By continuity, this can be extended from P (o (A)) to L2(a(A), dp4). O

Lemma 4.4. Let A be a bounded mormal operator on a separable Hilbert
space H. Then there is an orthogonal direct sum decomposition H = @;-V:l?'lj
(N < o0) such that:

(1) Forall j: AH; CH,;.

(i) For all j there exists an x; € H; such that x; is star-cyclic for Aly,.



Proof. Take any hy # 0 € H. If {p(A)hy, p(-) € P} = H, then hy is star-
cyclic and we are done. Otherwise, denote H; = {p(A)hy, p(-) € P}, take
any hy L Hy, consider Hy = {p(A)hy, p(-) € P}, etc. Then (i) and (ii) are
obvious. To show that {H;} are orthogonal one computes

(p(A)hj, q(A)hy) = (a(A) p(A)h;, i) = ((@p)(A)hy, hi) = 0, if j#F.

0]

Theorem 4.5. Let A be a bounded normal operator on a separable Hilbert
space H. Then there is a measure space (M a, dpa) with j1a a finite measure, a
unitary operator Uy : H — L?*(M 4, dua), and a bounded continuous function
fa on Myu, such that

(U4AUL ) (A) = fFa(N)p(N).

Proof. Based on Lemmas 4.3 and 4.4. 0

Now we return to the principal objective of this section:

Proof of Theorem 4.1. Since R(\, A) is a bounded normal operator, we can
apply Theorem 4.5 to (A+i)~ and get (Ua(A+3) 71U p)(m) = ga(m)p(m)
for some g4. Since Ker(A+i)~' = {0}, then g4 # 0 pa-a.e., so g,* is finite
pa-a.e. Define fa(m) = ga(m)~! —i.

First, we prove that (i) holds: (=) Let ¢» € D(A). Then there exists a
¢ € H such that ¢ = (A +14)"1p and Ustp = gaUap. Since fg is bounded,
one obtains fa4(Uath) € L?*(My,dpa).

(<) Let fa(Uat)) € L*(Ma,dpus). Then Upgp = (fa+1)Uat for some p € H.
Thus, gaUsp = ga(fa +i)Uay and hence ¢ = (A +1i)"1p € D(A).

Next, we show that (ii) holds: Take any ¢ € D(A). Then ¢ = (A+1)"tp

for some ¢ € H and Ay = ¢ — ). Therefore,

(Uadp)(m) = (Uap)(m) — i(Uap)(m) = (ga(m)™" = i) (Uatp)(m)
= fa(m)(Uav)(m).
It remains to show that f is real-valued. We will prove this by contra-

diction. W.l.o.g. we suppose that Im(f) > 0 on a set of nonzero mea-
sure. Then there exists a bounded set B C {z € C|Im(z) > 0} with



S ={z € R|f(z) € B}, pa(S) # 0. Hence, Im((xs, fxs)) > 0, implying
that multiplication by f is not self-adjoint. a
Next, we can define functions of an operator A. Let h € Bor(R). Then

h(A) = Ui ThipayUa,
where

o J LM daa) = LA (Mo, diaa) (42)
h(fa)- o = T = h(fa(m))p(m). |

Using (4.2), the next theorem follows from the previous facts.

Theorem 4.6. Assume A = A*. Then there is a unique map $4 : Bor(R) —
B(H) such that for all f,g € Bor(R) the following statements hold:

(i) @a is an algebraic *-homomorphism.
(ii) @a(f +9) = @a(f) + Palg) (linearity).
(it) 134y < 1 (continuity)

() If { frn(2)}nen C Bor(R), fu(z) oo for all x € R, and |f,(z)| < |z|
for all n € N, then for any 1 € D(A), lim, oo 9a(fn) = A¥.

(v) If fu(x) — f(z) for allz € R and f,(x) are uniformly bounded w.r.1.
(z,n), then @a(fn) = ©a(f) strongly.

Moreover, ¢4 has the following additional properties:
(vi) If A = M, then @a(f)b = f(A).
(vii) If f > 0, then $a(f) > 0.

Again, formally, Ga(f) = f(A).

Now we are in position to introduce the spectral decomposition for un-
bounded self-adjoint operators.

Definition 4.7. The family { P }aes, of bounded operators in H is called a
projection-valued measure (p.v.m.) if the following conditions (i)—(iv) hold:
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(i) P is an orthogonal projection for all 2 € Bg.

)
(i) Pp =0, Pcopo) = 1.
(i) If Q = U, O, ,NQ; = 0 for i # j, then Py —s—th_mZk 1 P,
v)

( PQl‘PQQ - PleQZ

It is easy to see that {xq(A4)} is a p.v.m. From now on {Pn(A)} will
always denote {xq(A)}. In analogy to the case of bounded operators we
then define g(A) for any g € Bor(R) by

(g(h) = [ o) dlh. (A, e (43)

—00

where d(h, P\(A)h) in (4.3) denotes integration with respect to the measure
(h, Po(A)h). One can show that the map g — ¢g(A) coincides with the map
g — pa(g) in Theorem 4.6.

At this point we are ready to define g(A) for unbounded functions g. First
we introduce the domain of the operator g(A) as follows:

D(g(A) {heH‘/ ]th,\(A)h)<oo}.
One observes that D(g(A)) = H. Then g(A) is defined by

:/Z d(h, P\(A)h), € D(g(A)).

[e.9]

We write symbolically,
o) = [ gyana).
a(A)

Summarizing, one has the following result:

Theorem 4.8. ([3/, Thm. VIL6.)
There is a one-to-one correspondence between self-adjoint operators A and
projection-valued measures { Po}aep, in H given by

A:/ AdP.



If g is a real-valued Borel function on R, then
o) = [ gydr(a)
D) = {ne | [P piam <o

is self-adjoint. If g is bounded, g(A) coincides with $(g) in Theorem 4.6.

5 More about spectral projections
Definition 5.1. Let{Pq}qep, be a p.v.m. in H. One defines
P)\:P(_Oo)\}, A€eR. (51)

If {Pa(A)}aen, is a p.v.m. associated with the self-adjoint operator A,
we will write

Pr(A) = Pooni(A).

Definition 5.2. Assume A = A*. Then {Py\(A)}.er is called the spectral
family of A.

P, in (5.1) has the following properties:
(i) P\Py = Puin(rp), implying Py < P, if A < p.
(i) s —lim.joPrse = Py (right continuity).
(iii) s — limy oo Py = 0, 5 — limyjoo Py = 1.

The following formula is useful. It provides a way of computing the
spectral projections of a self-adjoint operator in terms of its resolvent:

Theorem 5.3. ([1], Thm. X.6.1 and Thm. XI1.2.10.)
Assume A = A* and let (a,b) be an open interval. Then, in the strong
operator topology,

1 [bs
Plapy = s — limgolim, o — / (R(p+ie, A) — R(p — i, A)) dpu.
2mi a+9d

12



6 An illustrative example

Most of the material of this section is taken from [2], Sect. XVL.7.
We study the following operator A in L*(R):

D(A) ={g € L*(R)|g € ACie(R), ¢' € L*(R)} = H*'(R),
Af =if', fe D(A).
Lemma 6.1. A is self-adjoint, A = A*, and o(A) = R.
Lemma 6.2. The map F : L*(R) — L*(R),

R
(Ft)=s— limRﬂoo\/% /_R e " f(s)ds

B i 1 /oo e—its -1
Cdt\or ) —is

is unitary (the Fourier transform in L*(R)). Moreover,

f(s)ds a.e., f € L*(R) (6.1)

A=FMF,
where M s defined by
(Mf)(t) =tf(t), feDM)={geL*(R)|tge L*(R)}.

One can get an explicit formula for the spectral projections of this oper-
ator. (In Lemma 6.3, "p.v. [” denotes the principal value of an integral.)

Lemma 6.3.

ei)\(s—t)
(PAAVF)(E) = 2 (1) + ——poo. / f(s)ds, | eCR(R),

2 2mi (s —1)
or
(PA\(A)f)(t) = %f(t) — QLm‘e_i/\td% /Rei)‘sf(s) In ’1 — é ds a.e., f € L*R)

(the Hilbert transform in L*(R)). Thus, for —oo < a < b < 0o,
(Pla(A) (1) = (Pl (A)f)(t)
1 6i(sft)b _ 6i(sft)a

=3 i - f(s)ds a.e., f e L*R).
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Proof. Let
1, te (-0,

X = X (1) {0, te () o00).

Since Py(A) = Fxa(-)F !, one obtains

(PA(A) 1)) = FORF 1)) = (Fxa = f)(1).

A computation of the distribution Fy, then yields,

2 2w T
Hence
_ iX(s—t) b 1
PO = [ X0 ol =0 = Lpot ] f(s) s
1 1 6i)\(sft)

(Py(A)f)(t) = 1f(t)—i‘e_m% /Reiksf(s) In ‘1 - 2 ds a.e., f€L*R).

271

]
One can also get an explicit formula for the resolvent of this operator.

Lemma 6.4. Lett € R. Then

(A =1)"g)(t) = {ff gy ds, - dm(2) >0, gy,

—i [*_emist- S)g (s)ds, Im(z) <0,

7 Spectra of self-adjoint operators

Now we will give some characterizations of spectra of self-adjoint operators
in terms of their spectral families. Throughout this section we fix a separable
complex Hilbert space H.

14



Theorem 7.1. ([{/, Thm. 7.22.)
Assume A = A* and let Py\(A) be the spectral family of A. Then the following
conditions (i)—(iii) are equivalent:

(1) s € o(A).

(ii) There ezists a sequence { fn}nen C D(A) with liminf, . | fa]| > 0 and
s —lim, .oo(s — A) f, = 0.

(11i) Psie(A) — Ps_o(A) # 0 for every e > 0.

Proof. The equivalence of (i) and (ii) is obvious if we recall that z € p(A) is
equivalent to the existence of a C' > 0 such that ||(z — A) f]| > C || f]] for all
f € D(A).

(i) = (iil): Assume (iii) does not hold. Then there exists an € > 0 such that
Py .(A) — P,_.(A) = 0. Hence,

(s = A) full® = ((s = A) far (s = A) fa) = (fu (s — A)* )
- / s = AP d(fs PA(A) ) = €2 / A PA(A) ) = 1l
o(A)

o(A)

Thus,

S

(s —A)fn /0 asn— oo.

(iii) = (ii): Choose {f,}nen such that f, € Ran(Per%(A) — P

,—1(A)) and
| /o]l = 1. Then

6= Al = [ 19 APl PAA ) < S5 16l =0 a5 m o

0

Definition 7.2. Assume A = A*. Then the point spectrum o,(A) of A is
the set of all eigenvalues of A.

(Actually, this definition does not require self-adjointness of A but works
generally for densely defined, closed, linear operators.)

Theorem 7.3. ([//, Thm. 7.25.)

Assume A = A* and let P\(A) be the spectral family of A. Let Ay be a
restriction of A such that Ag = A. Then the following conditions (i)-(iv) are
equivalent:

15



(1) s € o,(A).

(i1) There exists a Cauchy sequence { fn}neny C D(A) withlim,, . || f| >0
and s — lim,,_o(s — A) f, = 0.

(11i) There exists a Cauchy sequence {gn}nen C D(Ag) with lim,, . ||gn|| >
0 and s — lim,, (s — Ag)gn = 0.

(ZU) PS(A) - Ps_ (A) # 0.
Proof. (i) = (ii) is obvious.
(ii) = (iii): Choose {gn}nen C D(Ao) such that |g, — fu]| < + and
[ Aogn — Afall < 5
(iii) = (i): Take f =lim, 0 gn € D(A), then (s — A)f = 0.
(i) = (iv):

0= ls = = [

a(

s — A2 d(f, PA(A)f).
A)

Hence,

P (A)f = Tim Py(A)f =0, Py(A)f = lim Py(A)f = f.

A——00 A—00

Thus,
(PS(A) - Ps, (A))f = f
(iv) = (i): Pick any 0 # f € Ran(P;(A) — P,_(A)). Then

MS—MHfz/?J&ﬂWdUJMAﬁw:a

0]

Definition 7.4. Assume A = A*. Then the essential spectrum o.(A) of
A is the set of those points of o(A) that are either accumulation points of
o(A) or isolated eigenvalues of infinite multiplicity. (We note that geometric
multiplicities and algebraic multiplicities of eigenvalues coincide since A is
self-adjoint (normal).)

Theorem 7.5. ([//, Thm. 7.24.)

Assume A = A* and let P\(A) be the spectral family of A. Let Ay be a
restriction of A such that Ag = A. Then the following conditions (i)-(iv) are
equivalent:

16



(i) s € g.(A).

(11) There exists a sequence { fn}nen C D(A) with iminf, . | f.|| > 0,
w — lim, oo fn =0, and s — lim,,_(s — A) f, = 0.

(11i) There exists a sequence {gn}nen C D(Ag) with liminf, . ||g.|| > 0,
w — lim,, g, =0, and s — lim,, (s — Ag)g, = 0.

(v) dim(Ran(Ps;-(A) — Ps_c(A))) = oo for every e > 0.

8 One-parameter unitary groups

In the following let H be a complex separable Hilbert space.

Definition 8.1. A family of operators {B(t)}+er C B(H) is called a one-
parameter group if the following two conditions hold:

(i) B(0)=1.
(i) B(s)B(t) = B(s+1) for all s,t € R.

{B(t) }1er is called a unitary group if, in addition to conditions (i) and (ii),
B(t) is a unitary operator for all ¢ € R.

Moreover, { B(t) }ier is called strongly continuous if t — B(t) f is continuous
in |||, for all f e H.

Definition 8.2. Let {B(t)}cr be a one-parameter group. The operator A
defined by

D(A) = {gEH

1
s— limtqog(B(t) —I)g em’sts} ,

Af =5~ T o7 (B(#) ~ 1), fe€D(A)

is called the infinitesimal generator of {B(t)}ier-

The following theorems show a connection between self-adjoint operators
and strongly continuous one-parameter unitary groups.
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Theorem 8.3. ([4/, Thm. 7.537.)
Assume A = A* and let P\(A) be the spectral family of A. Define

U(t) = ™ = / "™ dPy(A), teR.
o(A)

Then {U(t) }ier is a strongly continuous unitary group with infinitesimal gen-
erator iA. Moreover, U(t)f € D(A) holds for all f € D(A), t € R.

Theorem 8.4. ([4], Thm. 7.38; Stone’s theorem.)

Let {U(t) }ier be a strongly continuous unitary group. Then there exists a
uniquely determined self-adjoint operator A such that U(t) = e for all
teR.

In the case where H is separable (as assumed throughout this section for
simplicity), the assumption of strong continuity can be replaced by weak mea-
surability, that is, it suffices to require that for all f,g € 'H, the function

(f;U()g):R—C, t—(f,U(t)g)

is measurable (with respect to Lebesgue measure on R).

9 'Trace class and Hilbert—Schmidt operators

Definition 9.1. T' : H;, — H, is compact if for all bounded sequences
{fn}nen C D(T) there exists a subsequence {f,, }ren € {fn}nen for which
{T'f,,} converges in Hy as k — oo. The linear space of compact operators
from H; into Hy is denoted by Be (Hi1, He) (and by B (H) if H1 = He = H).

One has, Bo(H1, H2) € B(Hi, Ha). If T is compact, then 7T is com-
pact, self-adjoint, and non-negative in H;.
In the following we denote

T = VT*T.
(One chooses the square root branch such that \/z > 0 for z > 0.)

Definition 9.2. Let T be a compact operator. Then the non-zero eigen-
values of |T'| are called the singular values (singular numbers, s-numbers) of
T.
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Notation: {s;(T")}jes, J € N an appropriate (finite or countably infinite)
index set, denotes the non-increasing sequence of s-numbers of T'. This se-
quence is built by taking multiplicities of the eigenvalues s;(7) of |T'| into
account. (Since |T'| is self-adjoint, algebraic and geometric multiplicites of
all its eigenvalues coincide.)

Definition 9.3. Let B,(H;,Hs) denote the following subset of the set of
compact operators from H; into Ho,

Bp(Hl,HQ) = {T S Boo(Hl,Hg)

S (P < oo b pe (0.0

jeJ
(If Hy = Hs = H, we write B,(H) for simplicity.)
Definition 9.4. By(H;,Hs) is called the Hilbert—Schmidt class.

One introduces the norm,

1T 0 7y = (Z@ﬂ»?) T, T € Ba(Ha, Ha).

jed
Definition 9.5. B;(H;,Hs) is called the trace class.

One introduces the norm,

U1 5, 0700y = D 5i(T) =TIy, T € Bi(Hy, Ha).

jedJ

Lemma 9.6. ([4/, Thm. 7.10(a).)
T € By(H1,Ha) if and only if there exists an orthonormal basis {es}aca in
Hy such that 3,4 || Teal? < 0.

Proof. Let {f;};es be the orthonormal eigenelements of |T'| that correspond
to the non-zero eigenvalues s;(7") and let {ga}aca be an o.nb. in Ker(T).
Then {f;}jes U{ga}aca is an o.n.b. in H and

DITHIP+ D 1Tgall* =Y NTLAI = (s5(1)* < 0.

JjeJ acA jeJ jeJ
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If T'€ By(Hi,Hsy) one can show ([4], Thm. 7.10(a) and [4], p. 136) that

1= (3 ||Tea||2)l/2 9.1)

acA

is independent of the choice of the orthonormal basis {e4 }aeca in H;.
The following two results will permit us to define the trace of a trace class
operator.

Theorem 9.7. ([4], Thm. 7.9.)
Let p,q,r > 0 with % +% = % Then T € B,.(H,H,) if and only if there exist

Ty € B,(H,Hsz) and Ty € B,(Ha, Hy) (with an arbitrary Hilbert space Hy) for
which T'= TyT1. The operators can be chosen such that || T, = [|T1|, [|T2],-

Corollary 9.8. T' € By(H,H1) if and only if there exist Ty € Bo(H,Hs)
and Ty € BQ(HQ, H1> such that T = T5T;.

In the following let {e,}aca be an om.b. in H. We will prove that
Y acal€asTeq) converges absolutely if T € By(H). Since T' can be decom-
posed into T' = 15T} with T}, Ty € By(H), one obtains

D l(eas Tea)l =D l(ea TeTiea)]

acA acA

1/2 1/2
IZ\(TS‘ea,Tlea)IS(ZHTJ%HQ) (Zuneau?) < o0,

acA acA acA
(9.2)

Next, we will prove that ) . ,(€q,Teq) is well-defined in the sense that it
does not depend on the choice of the o.n.b. {ey}aca. Take T} € By(H, Ha),
Ty € By(Ha, Hy) such that T = TyT). Let {€a}taca € H be an o.n.b. in H
and {fg}ses C Hz be an o.n.b. in Ho.

Using the fact that T5e, = > 5 5(15€as f5) f5, one obtains

Z(emTea) = Z(T;eaaTlea) = ZZ(Tgemfﬂ)(fB,Tlea)

acA acA acA BeB
=D (T farea)(eas Tofs) = > (Ti fo, Tofs) = > (fa, TiTofs)
BeB acA BeB BeB
=D (f5:.Tfs)- (9:3)
BeB
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Since we took arbitrary bases, the statement is proved.
These facts permit one to introduce the following definition.

Definition 9.9. Let T € Bi(H) and {es}aca be an o.n.b. in H. Then
tr(T) = > peal€as Teq) is called the trace of T

By (9.2) the trace of trace class operators is absolutely convergent and
by (9.3) the definition of the trace is independent of the orthonormal basis
chosen (cf. also (9.1)).
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1 Self-adjoint extensions of symmetric oper-
ators in a Hilbert space

In the following, H denotes a separable complex Hilbert space with scalar
product (-,-) linear in the second entry. The Banach space of all bounded
linear operators on H will be denoted by B(H).

Definition 1.1. T : Dom(T) — H, Dom(T) C H is called closed if the
following holds: If { f,, }nen is a sequence in Dom(T') that is convergent in ‘H
as n — oo and the sequence {T'f,, }nen is convergent in H as n — oo then we

have
lim f, € Dom(T) and T(lim f,) = lim Tf,.
An operator S is called closable if it has a closed extension.
Every closable operator S has a unique smallest closed extension which
is called the closure of S and denoted by S. In fact, if S is densely defined,

S is closable if and only if 5 is densely defined (in which case one obtains
S = S**, where, in obvious notation, S** = (5*)*).

Definition 1.2. (i) Let 7" be densely defined in H. Then 7™ is called the
adjoint of T if
Dom(T™) = {g € H | there exists an h, € H such that (hy, f) = (¢,Tf) for
all f € Dom(T)},
T*g = hy.
(ii) An operator A in H is called symmetric if A is densely defined and

AC A"
(iii) A densely defined operator B in H is called self-adjoint if B = B*.

In particular, A is symmetric if
(Af.g) = (f, Ag) for all f,g € Dom(A).

Since the adjoint 7™ of any densely defined operator T is closed, any sym-
metric operator A is closable and its closure A is still a symmetric operator.
In particular,

ACA=A"C A = (A
Thus, in the context of this manuscript, one can without loss of generality
restrict one’s attention to closed symmetric operators.
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Theorem 1.3. ([4/, Thm. VIIL.3; the basic criterion for self-adjointness)
Let A be a symmetric operator in H. Then the following statements (a)—(c)
are equivalent:

(i) A is self-adjoint.
(i1) A is closed and Ker(A* £il) = {0}.
(11i) Ran(A+il) ="H.

Proof. (i) implies (ii): Since A is self-adjoint it is of course a closed operator.
Next, suppose that there is a ¢ € Dom(A*) = Dom(A) so that A*p = ip.
Then Ap = ip and

—i(p, ) = (ip,0) = (Ap,p) = (p, A"p) = (p, Ap) = i(¢p, p).

Thus, ¢ = 0. A similar proof shows that the equation A*p = —ip can have
no nontrivial solutions.

(ii) implies (iii): Suppose that (ii) holds. Since A*¢p = —ip has no nontrivial
solutions, Ran(A —iI) must be dense. Otherwise, if ¢ € Ran(A —il)*, we
would have ((A —il)p,1) = 0 for all ¢ € Dom(A), so v € Dom(A*) and
(A —il)*yp = (A" + i)y = 0, which is impossible since A*Y) = —it) has
no nontrivial solutions. (Reversing this last argument we can show that if
Ran(A—1iI) is dense, then Ker(A*+iI) = {0}.) Since Ran(A —il) is dense,
we only need to prove it is closed to conclude that Ran(A —il) = H. But
for all ¢ € Dom(A)

I(A = iDel” = | A¢l” + ll¢l.

Thus, if ¢, € Dom(A) and (A —il)y, — 1y, we conclude that ¢, converges
to some vector ¢o and A, converges too. Since A is closed, ¢y € Dom(A)
and (A — il)go = 1. Thus, Ran(A —il) is closed, so Ran(A —il) = H.
Similarly, one proves that Ran(A +il) = H.

(iii) implies (i): Let ¢ € Dom(A*). Since Ran(A — iI) = H, there is an
n € Dom(A) so that (A —il)n = (A* — il)p. Dom(A) C Dom(A*), so
v —n € Dom(A*) and

(A" —il)(p —n) = 0.

Since Ran(A +il) = H, Ker(A* —iI) = {0}, so ¢ = n € Dom(A). This
proves that Dom(A*) = Dom(A), so A is self-adjoint. O



Next, we recall the definition of the field of regularity, the resolvent set,
and the spectrum of a closed operator T" in H.

Definition 1.4. (i) Let T be a closed operator with a dense domain Dom/(T)
in the Hilbert space ‘H. The complex number z is called a reqular-type point
of the operator T, if the following inequality is satisfied for all f € Dom/(T),

(T = 2D) fIl > k=N 11, (1.1)

where k, > 0 and independent of f. The set of all points of regular-type of
T is called the field of regularity of T" and denoted by 7(T').
(ii) If for a given z € m(T') one has (T — zI)Dom(T) = H, then z is called
a reqularity point of the operator T'. The set of all regularity points of the
operator 7' is called the resolvent set and denoted by p(T).
(iii) The spectrum o(T) of a densely defined closed operator 7" is defined by

o(T)={Ne C|(T —\XI)"* ¢ B(H)}. (1.2)
One then has the following:

p(T) C w(T) and both sets are open.

z € w(T) implies that Ran(T — zI) is closed.
z € p(T) implies that Ran(T — zI) = H.
o(T) = C\p(T).

Theorem 1.5. ([5/, Thm. X.1.)
Let A be a closed symmetric operator in a Hilbert space H. Then

(a) (a) ny(A) = dim [Ker(A* — zI)] is constant throughout the
. open upper complex half-plane.
() (b) n_(A) = dim [Ker(A* — zI)] is constant throughout the open
lower complex half-plane.

(i1) The spectrum of A is one of the following:
(a) the closed upper complex half-plane if ny(A) =0,
n_(A) >0,
(b) the closed lower complex half-plane if n_(A) =0,
ni(A4) >0,
(c) the entire complex plane if ny(A) > 0,
(d) a subset of the real azxis if ny(A)=0.
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(i1i) A is self-adjoint if and only if case(2d) holds.
(iv) A is self-adjoint if and only if nL(A) = 0.
Proof. Let z = x + 1y, y # 0. Since A is symmetric,

I(A = 2Dell* = o [l (1.3)

for all ¢ € Dom(A). From this inequality and the fact that A is closed, it
follows that Ran(A — z1) is a closed subspace of H. Moreover,

Ker(A* — zI) = Ran(A — ZI)*. (1.4)

We will show that if n € C with |n| sufficiently small, Ker(A* — zI) and
Ker(A* — (z + n)I) have the same dimension. Let u € Dom(A*) be in
Ker(A*—(z+n)I) with ||u|| = 1. Suppose (u,v) = 0 for allv € Ker(A*—=zI).
Then by (1.4), u € Ran(A—ZI), so there is a ¢ € Dom(A) with (A—2)¢ = u.
Thus,

0=((A" = z+y)Du,¢) = (u,(A=ZD)p) = y(u, @)
= [Jull”* = g(u. ).

This is a contradiction if |n| < |y| since by (1.3), [|¢|| < ||lu|| /|y|. Thus, for
In| < |y|, there is no u € Ker(A* — (2 +n)I) which is in [Ker(A* — 2I)]*. A
short argument shows that

dim[Ker(A* — (z +n)I)] < dim[Ker(A* — zI)].

The same argument shows that if |n| < |y|/2, then dim[Ker(A* — 2I)] <
dim[Ker(A* — (z +n)I)], so we conclude that

dim[Ker(A® — zI)] = dim[Ker(A* — (z+n)1)] if |n| <|y|/2.

Since dim[Ker(A*—zI)] is locally constant, it equals a constant in the upper
complex half-plane and equals a (possibly different) constant in the lower
complex half-plane. This proves (i).

It follows from (1.3) that if z # 0, A—z1I always has a bounded left inverse and
from (1.4) that (A—2I)"! is defined on all of H if and only if dim[Ker(A* —
zI)] = 0. Thus, it follows from part (i) that each of the open upper and lower



half-planes is either entirely in the spectrum of A or entirely in the resolvent
set. Next, suppose, for instance, that n, (A) = 0. Then

{0} = Ker(A* — 2I) = Ran(A — zI)*, 2z € C, Im(z) > 0,

implies

Ran(A—zI)=H, =ze€C, Im(z)<0.

By the closed graph theorem, this implies that (A — zI)~! exists and is a
bounded operator defined on all of H for z € C, Im(z) < 0. Hence, the
open lower complex half-plane belongs to the resolvent set of A. By exactly
the same arguments, if n_(A) = 0, then the open upper complex half-plane
belongs to the resolvent set of A. This, and the fact that o(A) is closed
proves (ii).

(iii) and (iv) are restatements of Theorem 1.3. O

Corollary 1.6. ([5], p. 137.)

If A is a closed symmetric operator that is bounded from below, that is, for
somey € R, (Ap, ) > vll¢ll* for all ¢ € Dom(A), then dim [Ker(A*—zI)]
is constant for z € C\ [y,00). The analogous statement holds if A is bounded
from above.

Corollary 1.7. ([5], p. 137.)
If a closed symmetric operator has at least one real number in its resolvent
set, then it is self-adjoint.

Proof. Since the resolvent set is open and contains a point in the real axis,
it must contain points in both lower and upper complex half-planes. The
corollary now follows from part (3) of Theorem 1.5. O

The following result is a refinement of Theorem 1.5.

Theorem 1.8. ([1], p. 92, [6], p. 230.)

If T is a connected subset of the field of reqularity w(T') of a densely defined
closed operator T, then the dimension of the subspace H © Ran(T — zI) is
constant (i.e., independent of z) for each z € T.

Since the dimensions of the kernels of A*—iI and A*+il play an important
role, it is customary to give them names.



Definition 1.9. Suppose that A is a symmetric operator in a Hilbert space
H. Let

K. (A) = Ker(A* —il) = Ran(A +il)*,
K_(A) = Ker(A* +il) = Ran(A — il)*.

K, (A) and K_(A) are called the deficiency subspaces of A. The numbers
n4(A), given by ny (A) = dim(K,(A)) and n_(A) = dim(K_(A)), are called
the deficiency indices of A.

Remark 1.10. It is possible for the deficiency indices to be any pair of
nonnegative integers, and further it is possible for n,, or n_, or both, to be
equal to infinity.

Remark 1.11. The basic idea behind the construction of self-adjoint exten-
sions of a closed symmetric but not self-adjoint operator A is the following:
Suppose B is a (proper) closed symmetric extension of A. Then,

A C B impliess AC BC B*C A",
Continuing this process, one can hope to arrive at a situation where
AcCcBc(C=C"CB*CA",

and hence C' is a self-adjoint extension of A. The precise conditions under
which such a construction is possible will be discussed in the remainder of
this section.

Next, let D; and Dy be two linear subspaces of H. We will denote by
D1 + D5 the sum of D; and D,

Dy +Dy={f+g|f €D, gec Dy}

If in addition D; N Dy = {0}, this results in the direct sum of D; and Dy,
denoted by D; + Ds,

D1+D2:{f+g|f€Dl,gED2}, DlﬂDQZ{O}

Finally, if the two subspaces D; and Dy are orthogonal, D; L D, then
clearly D; N Dy = {0}. In this case the direct sum of D; and D, is called the
orthogonal direct sum of D; and D, and denoted by D; & D,

Dl@DQZ{f+g|f€D1,gED2}, DlLDQ.



Definition 1.12. Let A be a symmetric operator in a Hilbert space H. The
Cayley transform of A is defined by

V= (A—di)(A+il)™".
V is a linear operator from Ran(A + iI) onto Ran(A —il).

Definition 1.13. Let H; and Hsy be separable complex Hilbert spaces.

(i) An operator U : H; — Hs such that Dom(U) = Hy, Ran(U) = Hy is
called unitary if ||{Uf|| = || f|| for all f € H;.

(ii) An operator V' : Dy — Hy with Dom(V) = D; dense in H; is called
isometric if ||V f|| = ||f|| for all f € D;.

We note that U is unitary if and only if
U*U = I, and UU* = I, that is, if and only if U* = U
Similarly, V' is isometric if and only if
V*V = Ip,.

Moreover, the closure V of V is then also an isometric operator with domain

H;.

Theorem 1.14. (/6], Thm. 8.2.)

Let A be a symmetric operator in H. Then the Cayley transform V of A
is an isometric mapping from Ran(A + iI) onto Ran(A — iI). The range
Ran(I — V) is dense in H, and A = i(I +V)(I — V)L, In particular, A is
uniquely determined by V.

Proof. For every g = (A+il)f € Ran(A +iI) = Dom(V') one has
IVall* = [[(A —iD(A+iD)™g[[* = (A~ in) |
= IFII* + 1AFI® = 1A+ D) f1° = llg)* -

Consequently, V' is isometric. It is clear that Ran(V) = Ran(A — iI), since
(A +il)~" maps Dom(V) = Ran(A + iI) onto Dom(A) and (A — i) maps
Dom(A) onto Ran(A —il). Moreover,
I -V =1 (A—i)(A+il) = [(A+il) — (A—iD)](A+il)™*
= 2i(A+4l),

I+V =T+ (A—il)(A+il) =2A(A+4l)" .



In particular, Ran(I — V) = Dom(A) is dense, I — V is injective, and
A=il+V)I-V)!
U

Theorem 1.15. (/6], Thm. 8.3.)
An operator V' on the complex Hilbert space 'H is the Cayley transform of a
symmetric operator A if and only if V' has the following properties:

(1) V is an isometric mapping of Dom(V') onto Ran(V').
(i1) Ran(I — V) is dense in H.
The symmetric operator A is given by the equality
A=i(I+V)I-V)!

Proof. If V' is the Cayley transform of A, then V has properties (i) and (ii)
by Theorem 1.14. We also infer that A =i(I + V)(I —V)~'. Let V now be
an operator with properties (i) and (ii). Then I — V' is injective, since the
equality Vg = g implies that

=(g9,f)—(g9,f) =0 forall f € Dom(V).

Thus, g € Ran(I — V)* and hence g = 0. Therefore, we can define an
operator A by the equality

A=il+V)I-V)!

By hypothesis, Dom(A) = Ran(I — V') is dense. For all f = (I — V) f; and
g= (I —V)g in Dom(A) = Ran(I — V') one obtains

(A, 9) —i(I+ V)T =V)' f,9) = =i((I + V) fr,(I = V)g1)
—i[(f1.91) + (Vfi,01) = (J1. V1) = (V f1, V)]
—i[(Vf1,Vg) + (Vfi,91) — (f1, V1) — (f1, 91)]

= (( ~ V)i, (T +V)g) =i(f, (I +V)(I = V)™
= (f,Ag).
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Thus, A is symmetric.
It remains to prove that V is the Cayley transform of A. This follows
from

(A—il)= =il +i(I+V)I =V) = —i[I-V) =T+ V)T -V)!
=2iV(I -V),
(A+il) =i[(I-V)+ ([T +WI -V) =21 -V)"

0

Theorem 1.16. (6], Thm. 8.4.)
Let A be a symmetric operator in a Hilbert space H and denote by V its
Cayley transform. Then

(i) The following statements (a)-(d) are equivalent:

(i1) A is self-adjoint if and only if V is unitary.

Proof. (i): (a) is equivalent to (c¢) and (d): A is closed if and only if (A +
il)~! is closed and the bounded operator (A 4 iI)~! is closed if and only if
Dom((A—il)™') = Ran(A —iI) = Ran(V) is closed or Dom((A+il)™') =
Ran(A +il) = Dom(V') is closed.
(b) is equivalent to (c¢): The bounded operator V' is closed if and only if its
domain is closed.

(ii): A is self-adjoint if and only if Ran(A —il) = Ran(A+il) ="H (i.e.,
Dom(V) = Ran(V) = H). This is equivalent to the statement that V' is
unitary. [

Theorem 1.17. ([6], Thm. 8.5.)
Let Ay and Ay be symmetric operators in a Hilbert space H and let Vi and
Vy denote their Cayley transforms. Then Ay C Ay if and only if Vi C V.

Proof. This follows from Theorem 1.15 and in particular from A; = (1 +
Vi =V)h =12 O
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Consequently, we can obtain all self-adjoint extensions (provided that
such exist) if we determine all unitary extensions V"’ of the Cayley transform
V of A.

In particular, A has self-adjoint extensions if and only if V' has unitary
extensions. The following theorem makes it possible to explicitly construct
the extensions V' of V.

Theorem 1.18. (6], Thm. 8.6.)
Let A be a closed symmetric operator in a Hilbert space H and let V denote
its Cayley transform.

(i) V' is the Cayley transform of a closed symmetric extension A" of A if
and only if the following holds:

There exist closed subspaces Iy of K1 (A) = Ran(A + il)t and F_ of

K_(A) = Ran(A—il)*and an isometric mapping V of F. onto F_ for
which

Dom(V') = Ran(A' 4+ il) = Ran(A+il) & F,
V/(f+9)=Vf+Vg, f€Ran(A+il), g€ F,,
Ran(V') = Ran(A" — il) = Ran(A — i) & F_, dim(F_) = dim(F,).

(i) The operator V' in part (i) is unitary (i.e., A" is self-adjoint) if and
only if F- = K_(A) and Fy = K, (A).

(11i) A possesses self-adjoint extensions if and only if its deficiency indices
are equal, ny(A) =n_(A).

Proof. (i): If V' has the given form, then V' is an isometric mapping of
Ran(A+il)® Fy onto Ran(A—il)& F_. Consequently, V’ satisfies assump-
tion (i) of Theorem 1.15. Since Ran(I—V') is dense, Ran(I—V") is also dense,
so that V' also satisfies (ii) of Theorem 1.15. Therefore, V' is the Cayley
transform of a symmetric extension A’ of A. Since V is an isomorphism of F,
onto F_, we have dim F, = dim F_. If V' is the Cayley transform of a sym-
metric extension A’ of A, then put F_ = Ran(A’' —il) © Ran(A—1iI), F, =
Ran(A' +iI) & Ran(A +il), and V = V'l g, .

(ii): V' is unitary if and only if Dom(V') = H = Ran(V"), that is, if and
only if Fy = Ran(A +il)* = K. (A) and F_ = Ran(A —il)* = K_(A).
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(iii): By (i) and (ii), V possesses a unitary extension if and only if there
exists an isometric mapping V of Ran(A + il)*+ onto Ran(A —iI)*. This
happens if and only if

dim[Ran(A +il)*] = dim[Ran(A — il)*].
0

Corollary 1.19. ([5], p. 141.)
Let A be a closed symmetric operator with deficiency indices ny(A) and
n_(A) in a Hilbert space H. Then

(i) A is self-adjoint if and only if ny(A) =0 =n_(A).

(11) A has self-adjoint extensions if and only if n, (A) = n_(A). There is
a one-to-one correspondence between self-adjoint extensions of A and
unitary maps from K, (A) onto K_(A).

(iii) If either ny(A) =0 # n_(A) or n_(A) =0 # ny(A), then A has no
nontrivial symmetric extensions (in particular, it has no self-adjoint
extensions) in ‘H (such operators are called mazimally symmetric).

Theorem 1.20. ([6/, Thm. 8.11; von Neumann’s first formula.)
Let A be a closed symmetric operator on a complex Hilbert space H. Then,
Dom(A*) = Dom(A)+ K (A)+K_(A)
A*(fo+ g+ +9.) = Afo+ig, —ig_ for fo€ Dom(4),g, € K, (A),
g- € K_(A).
Proof. Since K (A) C Dom(A*) and K_(A) C Dom(A*), we have
Dom(A) + K (A) + K_(A) € Dom/(A").

We show that we have equality here, that is, every f € Dom(A*) can be
written in the form f = fo + g, + g with fo € Dom(A), g. € K (A),
and g € K_(A). To this end, let f € Dom(A*). Then by the projection
theorem we can decompose (A* +iI) f into its components in K (A) and in
K, (A)* = Ran(A +il),

(A*+il)f = (A+il)fo+g, (A+il)fo€ Ran(A+il), g € K, (A).
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Since A* fo = Afy and A*g = ig, we have with g, = —(i/2)g

A(f=fo—gs) = Af = Afo—ig. = A f — Afo — (1/2)g
= —if +ifo+(1/2)g = —i(f — fo) +1ig+
= —i(f — fo—g+).
Ifweset g =f— fo—gy,theng € K_(A)and f= fo+g+ +9g_.
It remains to prove that the sum is direct, that is, 0 = fo + g+ + g,
fo € Dom(A), g, € K. (A), and g € K_(A) imply fo =g =g =0. It
follows from 0 = fy + g+ + g— that

0=A"(fo+9g++9-)=Afo+igsy —ig.

We obtain from this that

(A—il)fo =ig- —igy —ifo = 2ig- —i(g- + g1 + fo) = 2ig_

and analogously that
Thus, g € K_(A)N Ran(A —il) = {0}, g+ € K, (A) N Ran(A+iI) = {0}.
Therefore, g~ = g, = 0, and thus fy = 0. OJ

Theorem 1.21. (/6/, Thm. 8.12; von Neumann’s second formula.)
Let A be a closed symmetric operator on a complex Hilbert space H.

(i) A’ is a closed symmetric extension of A if and only if the following
holds:
There are closed subspaces Fy C K (A) and F- C K_(A) and an

1sometric mapping 1% of F' onto F_ such that
Dom(A") = Dom(A) + (I + V)F,
and

A(fo+g+Vg)=Afy+ig—iVg
=A"(fo+g+ ‘79) for fo € Dom(A), g € F..

(i) A’ is self-adjoint if and only if the subspaces Fy = K, (A) and F_ =
K_(A) satisfy property (i).
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Proof. This theorem follows from Theorem 1.18 if we show that the operator
A" of Theorem 1.18 can be represented in the above form. We have (with V
as in Theorem 1.18)

Dom(A") = Ran(I = V') = (I — V'YDom(V') = (I — V')(Dom(V) + Fy)
= (I =V)Dom(V) + (I —V)F,
= Dom(A) +{g—Vglg € F.}.

The sum is direct, as {g—Vg|g € F.} C Fy +F_ C K. (A)+K_(A). Since
A’ C A*, we have in addition that

Afo+9—Vg)=A(fo+9g—Vg) = Afo+ig+iVyg

for all fo € Dom(A) and g € F,. The assertion then follows by taking
V=-V. 0

Remark 1.22. Since the set of unitary matrices U(n) in C*, n € N, is
parametrized by n? real parameters, the set of all self-adjoint extensions of
a closed symmetric operator A with (finite) deficiency indices n.(A) = n
is parametrized by n? real parameters according to Theorem 1.16 (b) and
Theorem 1.21.

Example 1.23. Consider! the following operator A in L?((0,1);dz),

(Af)(x) = if'(2),
f € Dom(A) = {g € L*((0,1);dx) | g € AC([0,1]); g(0) = 0 = g(1);
g € L*((0,1); dx)}.

Then

(A f)(x) = if'(x),
f € Dom(A") = {g € L*((0,1);dz) | g € AC([0,1]); ¢' € L*((0,1); dx)}

and

Ker(A* —il) ={ce® |c € C}, Ker(A*+il)={ce "|ce C}.

'Here AC([a,b]) denotes the set of absolutely continuous functions on [a,b], a,b € R,
a<b.
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In particular,

Since the unitary maps in the one-dimensional Hilbert space C are all of the
form e, a € R, all self-adjoint extensions of A in L*((0,1);dz) are given by
the following one-parameter family A,,

(Aaf)(z) = if'(z),
f € Dom(A,) = {g € L*((0,1);dx) | g € AC([0,1]); g(0) = e*g(1);
g € L*((0,1);dx)}, a€R.

Definition 1.24. Let T be a densely defined operator in H. Then T'is called
essentially self-adjoint if the closure T of T' is self-adjoint.

Theorem 1.25. (/6], Thm. 8.7.)
Let A be a symmetric operator in a Hilbert space H. The operator A is es-
sentially self-adjoint if and only if A has precisely one self-adjoint extension.

Proof. If A is essentially self-adjoint, then A is the only self-adjoint extension
of A, since self-adjoint operators have no closed symmetric extensions. We
show that if A is not essentially self-adjoint (i.e., A is not self-adjoint) then
A has either no or infinitely many self-adjoint extensions. If the deficiency
indices of A are different, then A and thus A have no self-adjoint extensions.
If the deficiency indices are equal (and hence strictly positive, as A is not
self-adjoint) then there are infinitely many unitary mappings

V : Ran(A+il)* — Ran(A —il)*
and therefore there are infinitely many self-adjoint extensions of A. O

Theorem 1.26. ([6/, Thm. 8.8.)
Let A be a symmetric operator in a Hilbert space H.

(i) If T(A) N R # 0, where w(A) denotes the field of reqularity of A intro-
duced in Definition 1.4, then A has self-adjoint extensions.

(i1) If A is bounded from below or bounded from above, then A has self-

adjoint extensions.
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Proof. (i) m(A) is connected, since m(A) "R # 0. Then n,(A) =n_(A) and
therefore, A has self-adjoint extensions.
(ii) Let A be bounded from below and let v be a lower bound of A. Then

I(A=ADf = (f.(A= 2 N7 = (v = VIl

for A < v and all f € Dom(A), f # 0. Defining k(\) = v — A, then
7m(A) N R # @ and hence (ii) follows from (i). O

Theorem 1.27. (/6], p. 247.)

If A is bounded from below with lower bound v € R and A has finite de-
ficiency indices (m,m), then each of its self-adjoint extensions has only a
finite number of eigenvalues in (—oo,vy) and the sum of the multiplicities of
these eigenvalues does not exceed m.

For additional results of this type, see [6], Sect. 8.3.

Theorem 1.28. ([1], Sect. 85, Thm. 2)

An operator A bounded from below with lower bound v has a self-adjoint
extension A with lower bound not smaller than an arbitrarily pre-assigned
number v < 7.

The above result will be improved in Section 2.

Theorem 1.29. (/5/, Thm. X.26.)
Let A be a strictly positive symmetric operator, that is, (Af, f) > ~(f, f) for
all f € Dom(A) and some v > 0. Then the following are equivalent:

(i) A is essentially self-adjoint.
(i) Ran(A) is dense.
(111) Ker(A*) = {0}.

(iv) A has precisely one self-adjoint extension bounded from below.

2 The Friedrichs extension of semibounded
operators in a Hilbert space

Let £ be a vector space over the field C.
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Definition 2.1. A mapping s : £ x £ — C is called a sesquilinear form on
L, if for all f,g,h € L and a,b € C we have

s(f,ag +bh) = a s(f,g) + b s(f,h),
s(af +bg,h) =a s(f,h)+0bs(g,h).

where @ and b represent the complex conjugates of a and b.

Definition 2.2. A sesquilinear form s on H is said to be bounded, if there
exists a C > 0 such that

s(f;9)| < ClIfIligl for all f,g € H.

The smallest C' is called the norm of s and denoted by ||s].

If T € B(H) then the equality t(f,g) = (T'f,g) defines a bounded
sesquilinear form on H and ||t|| = ||T||. Conversely, every bounded sesquilin-
ear form induces an operator on B(H).

Theorem 2.3. ([6], Thm. 5.35.)

If t is a bounded sesquilinear form on H, then there exists precisely one
T € B(H) such that t(f,g) = (Tf,g) for all f,g € H. We then have
1] = [[e]]-

Proof. For every f € ‘H the function g +— #(f,g) is a continuous linear
functional on H, since we have [t(f,g)| < [|t]|||f[/|lg]]. Therefore for each
f € H there exists exactly one f € H such that t(f,g) = (f,g). The
mapping f — f is obviously linear. Let us define T by the equality T'f = f
for all f € H. The operator T" is bounded with norm

1T = sup{[(Tf, )| | /9 € H, |IF]| = llgll = 1}
= sup{[t(f,9)l | f,9 € H, [lfIl = llgll = 1} = l2]l.

If T} and T; are in B(H) and (T f,g9) = t(f,g9) = (Taf,g) for all f,g € H,
then one concludes that T = T5, that is, T is uniquely determined. O

For unbounded sesquilinear forms the situation is more complicated. We
consider only a special case.
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Theorem 2.4. ([6/, Thm. 5.56.)

Let (H, (-,-)) be a Hilbert space and let Hy be a dense subspace of H. Assume
that a scalar product (-, -)1 is defined on Hy in such a way that (Hy, (-, -)1) is
a Hilbert space and with some k > 0 we have k|| f||> < ||f||? for all f € H;.
Then there exists exactly one self-adjoint operator T on 'H such that

Dom(T) CHy and (Tf,g) = (f,9)1 for f € Dom(T), g € Hy.
Moreover, T is bounded from below with lower bound k. The operator T is
defined by

Dom(T) = {f € Hy| there exists an f € H such that (f,g), = (f,9)
for all g € Hi},
Tf=f.
In what follows let D be a dense subspace of H.

Definition 2.5. Let s be a sesquilinear form on D C H. Then s is called
bounded from below if there exists a 7 € R such that for all f € D,

s(f ) = AIIFI

Let s be a sesquilinear form on D bounded from below. Then the equality
(f,9)s = (1 —)(f,9) + s(f,g) defines a scalar product on D such that
| flls > || f]| for all f € D. Moreover, we assume that |||, is compatible with
||I-|| in the following sense:

If {f.} is a ||-||,-Cauchy sequence in D and || f,|| — 0,
then we also have || f,||, — 0. (2.1)

Next, let H, be the |[|-|| ,-completion of D. It follows from the compatibility
assumption that Hy may be considered as a subspace of H if the embedding
of H, into H is defined as follows: Let {f,, }nen be a ||-|| ,-Cauchy sequence in
D. Then { f, }nen is a Cauchy sequence in H. Let the element lim,, ., f, in H
correspond to the element [{ f,, }nen] of Hs. By the compatibility assumption
(2.1), this correspondence is injective and the embedding is continuous. The
spaces H and H, are related the same way as ‘H and H; were in Theorem
2.4 (with x = 1). Let

5(f,9) = (f,9)s = (L =)(f,9) for f,g € H..

Therefore, 5(f,g9) = s(f,g) for f,g € D. The sesquilinear form 5 is called
the closure of s.
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Theorem 2.6. ([6/, Thm. 5.57.)

Assume that 'H is a Hilbert space, D is a dense subspace of H, and s is a
symmetric sesquilinear form on D bounded from below with lower bound ~.
Let ||-||, be compatible with ||-||. Then there exists precisely one self-adjoint
operator T' bounded from below with lower bound v such that

Dom(T) C Hs and (T'f,q9) = s(f,g) for all f € DN Dom(T), g € D.
(2.2)

In particular, one has

for all g € D}, (2.3)
Tf=f for f € Dom(T).

Proof. If we replace (Hi, (+,-)1) by (Hs, (-, -)s) in Theorem 2.4, then we obtain
precisely one self-adjoint operator Ty such that Dom(Ty) C Hs and

(Tof,9) = (f,9)s for all f € Dom(Ty), g € Hs.

Tp is bounded from below with lower bound 1. The operator T' = Ty — (1 —7)
obviously possesses the required properties. The uniqueness follows from the
uniqueness of Ty. Formula (2.2) implies (2.3), since D is dense (in H; and in

H). 0

If S is a symmetric operator bounded from below with lower bound -,
then the equality

s(f,9) = (Sf,9), f,g9,€ Dom(S)

defines a sesquilinear form s on Dom(S) bounded from below with lower
bound . In this case

(f.9)s = (Sf.9) + (L=)(f.9) and |If]2 = (SF, /) + (1 =DIfI

for all f,g € Dom(S). The norm ||-||, is compatible with ||-||: Let {f,}nen
be a ||-||,-Cauchy sequence in Dom(S) such that f, — 0 as n — oco. Then
for all n,m € N we have

1 Fall?> = (Fas fa)s = |(Fus fr = Fon)s + (Fus fin)s]
<N fally 1w = Fally + 1CS + 1 =) full | £l -
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The sequence {||f,||,}nen is bounded, ||f, — ful|, is small for large n and
m and for any fixed n we have [[(S+1—7)fullllfml] — 0 as m — oo.
Consequently, it follows that ||f,||, — 0 as n — oo. This fact permits
the construction of a self-adjoint extension (the Friedrichs extension) of a
symmetric operator bounded from below in such a way that the lower bound
remains unchanged.

A symmetric operator 7" bounded from below has equal deficiency in-
dices, hence such an operator always has self-adjoint extensions. There is
a distinguished extension, called the Friedrichs extension, which is obtained
from the sesquilinear form associated with T'.

Theorem 2.7. ([6], Thm. 5.38.)

Let S be a symmetric operator bounded from below with lower bound . Then
there exists a self-adjoint extension of S bounded from below with lower bound
v. In particular, if one defines s(f,g) = (Sf,g) for f,g € Dom(S), and with
Hs as above, then the operator S defined by

Dom(Sp) = Dom(S*) N'Hs and Spf = S*f for f € Dom(Sr)

1s a self-adjoint extension of S with lower bound ~v. The operator Sg is the
only self-adjoint extension of S having the property Dom(Sr) C Hs.

Proof. By Theorem 2.6 there exists precisely one self-adjoint operator Sg
with Dom(Sr) C Hs and

(Srf,q9) =s(f,g) = (Sf,q) for f € Dom(S)N Dom(Sr), g € Dom(S).
Moreover, v is a lower bound for Sr. By (2.3) we have

Dom(Sr) = {f € H,| there exists an f € H with 5(f,q) = (f,9)
for all g € Dom(S)}, (2.4)

Spf = f for f € Dom(SF).

We can replace 5(f, g) by (f, Sg) in (2.4): If we choose a sequence { f,, }neny C
Dom/(S) such that || f, — f||, — 0 as n — oo, then we obtain

5(f.9) = lim 5(f,,9) = lim (fo, S9) = (f,59).
Consequently, it follows that

Dom(Sr) = Dom(S™) N'Hs and Sp = S| pom(se)-
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Because of the inclusions S C S* and Dom(S) C H, one concludes that Sp
is an extension of S. Let T be an arbitrary self-adjoint extension of S such
that Dom(T) C Hs. Then T' C S* and Dom(Sr) = Dom(S*) N 'H, imply
that T'C S, and consequently, T' = Sp. O

The operator Sr in Theorem 2.7 is called the Friedrichs extension of S.

Theorem 2.8. ([5/, Thm. X.24.)

Let A be a symmetric operator bounded from below. If the Friedrichs exten-
sion A 1s the only self-adjoint extension of A that is bounded from below,
then A is essentially self-adjoint.

Proof. If the deficiency indices of A are finite, then any self-adjoint extension
of A is bounded below (possibly with a smaller lower bound). Therefore,
we only need to consider the case where the deficiency indices of A equal
infinity. Suppose A'is the Friedrichs extension of A and let A be a symmetric
extension of A contained in A which has deficiency indices equal to 1. Then
A is bounded from below, so all its self-adjoint extensions will be bounded
from below. Hence A has more than one self-adjoint extension bounded from
below unless its deficiency indices are equal to 0. O

Analogous results apply of course to operators and sesquilinear forms
bounded from above.

Our arguments thus far enable us to study the operator product A*A
as well. If A € B(Hy,Hz), where B(H;, Hz) represents the set of bounded
operators from H; into Hs (where H;, j = 1,2, are separable complex Hilbert
spaces), then A*A is self-adjoint in H;.

Definition 2.9. Let T be a closed operator. A subspace D of Dom(T) is
called a core of T provided S = T'|p implies S =T.

Theorem 2.10. (6], Thm. 5.39.)

Let (Hy, (+,-)1) and (Ha, (+,-)2) be Hilbert spaces and let A be a densely defined
closed operator from Hy into Hyo. Then A*A is a self-adjoint operator on
Hy with lower bound 0 (i.e., A*A > 0). Dom(A*A) is a core of A and
Ker(A*A) = Ker(A), where

Dom(A*A) = {f € Dom(A)| Af € Dom(A")}.
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Proof. As A is closed, Dom(A) is a Hilbert space with the scalar product

(f.9)a = (Af, Ag)s + (f.9)1, and || f[|, = || f]l; for all f € Dom(A). There-
fore, by Theorem 2.4 there exists a self-adjoint operator 7" with lower bound

1 for which

Dom(T) = {f € Dom(A)| there exists an f € Hy such that

(f,9)4=(f, 91 for all g € Dom(A)},
Tf=f for f e Dom(T).

On account of the equality (f,g)a = (Af, Ag)2+ (f, g)1, this implies that
f € Dom(T) if and only if Af € Dom(A*) (i.e., f € Dom(A*A)) and Tf =
f = A*Af+ f. Hence it follows that T = A*A+1, A*A =T—1I, that is, A*A
is self-adjoint and non-negative. From Theorem 2.4 it follows that Dom(A*A)
is dense in Dom(A) with respect to ||-|| 4, that is, Dom(A*A) is a core of A.
If f e Ker(A), then Af =0 € Dom(A*) and hence A*Af = 0. Therefore,
Ker(A) C Ker(A*A). If f € Ker(A*A), then ||Af|> = (A*Af, f) = 0.
Hence, Ker(A*A) C Ker(A), and thus Ker(A*A) = Ker(A). O

Corollary 2.11. (/5/, p. 181.)
If A is symmetric and A? is densely defined, then A*A is the Friedrichs
extension of A2.

Theorem 2.12. ([6/, Thm. 5.40.)

Let Ay and As be densely defined closed operators from H into Hy and from
H into Hay, respectively. Then ATA; = A5As if and only if Dom(A;) =
Dom(As) and ||A1rf]| = [|A2f]| for all f € Dom(A;) = Dom(As,).

Proof. Assume that Dom(A;) = Dom(As) and ||A;f]| = ||A2f]|| for all f €
Dom(A;). It follows from the polarization identity that

(Arf, Arg) = (Aaf, Aog) for all f,g € Dom(A;) = Dom(Ay).

Then the construction of Theorem 2.10 provides the same operator for A =
A; and A = A, and consequently, ATA; = A3 A,. If this equality holds, then

1A = (ATALL, ) = (A3 A2 f, ) = | Ao f
for all f € Dom(A7A;) = Dom(A5A,)

(here we have used the inclusions Dom(AjA;) C Dom(A;) and Dom(A35As)
C Dom(A,)). By Theorem 2.10 the subspace Dom(A{A;) = Dom(A5A,)

22



is a core of A; and A,. As the A;-norm and the As-norm coincide on
Dom(AjA1) = Dom(A5A,), it follows finally that Dom(A;) = Dom(As)
and ||Ayf]| = ||Aaf]| for all f € Dom(A,) = Dom(As). O

3 Krein’s formula for self-adjoint extensions
in the case of finite deficiency indices

In this part we consider a closed symmetric operator Ay with finite and equal
deficiency indices (m, m), m € N.
Let A; and A, be two self-adjoint extensions of Ay,

Al D) Ao, AQ D) Ao.
It is natural to call a closed operator C which satisfies
A DC, A, D C

a common part of Ay and A,. Moreover, there exists a closed operator A
which satisfies

A1 DA Ay DA (3.1)
and which is an extension of every common part of A; and As.

Definition 3.1. (i) The operator A in (3.1) which extends any common part
of A; and A, is called the mazimal common part of A; and A,.
(ii) Two extensions A; and A, of Ay are called relatively prime if

h € Dom(Ay) N Dom(Asy) implies h € Dom(Ap). (3.2)

The maximal common part A either is an extension of Ag or it coincides
with Ag. (In the latter case A; and A, are relatively prime.)

If the maximal number of vectors which are linearly independent modulo
Dom(Ap) and which satisfy conditions (3.2) is equal to p (0 < p < m —
1), then the maximal common part A of A; and A, has deficiency indices
(n,n), n =m — p. In this case, A; and Ay can be considered as relatively
prime self-adjoint extensions of A. The problem of the present section is
the derivation of a formula which relates the resolvents of two self-adjoint
extensions A; and A, of A.

Let M,,(C) be the set of n x n matrices with entries in C, I, the identity
matrix in C", and abbreviate Re(M) = (M+M*)/2, Im(M) = (M —M*)/2i,
M € M, (C).
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Theorem 3.2. ([1], Sect. 84 and [3]; Krein’s formula.)

Let Ay and As be two self-adjoint extensions of the closed symmetric operator
Ao with deficiency indices ny(Ag) = m, m € N. Moreover, let A D Ay be the
mazximal common part of Ay and Ay with deficiency indices ny(A) =n < m.
Then there exists an n x n matrizc P(z) = (Pjx(2))1<jr<n € Mn(C), z €
p(As2) N p(Ay), such that

det(P(2)) #0, z € p(As) N p(Ay),

P(2)™" = P(z0) " = (2 — 20) ((u1,(2), ur,6(20)) )1<jhens 2, %0 € p(Ar),
Im(P(Z)_l) _[na

(Ay —2)7 ' = (A — 2) Z Y(u1p(2), Jur (%), 2z € p(Az) N p(Ay).

Jik=1
Here
urj(2) = Urziuy(i), 1<j<n, z € p(Ay)

such that {u;(i)}1<j<n is an orthonormal basis for Ker(A* — i) and hence
{u1,;(2) }1<j<n is a basis for Ker(A* —z), z € p(A1) and

Uty =T+ (2 — 20) (A1 — 2) 7 = (A1 — 20) (A1 — 2)71, 2,20 € p(Ay).
Proof. Let z € w(A), h € Ker(A* — zI). Then
([(A1 —2) 7" = (A2 = 2)1f, h) = (£ [(AL — 2) 7" = (A2 — 2) " ']'h)

(f
= (f;[(Ar = 2) — (A2 —2)7"h)
= (f, (A1 - ) — (A3 —2)7'h)
=(f,0) =
Therefore,
- _ =0 or f € Ran(A — zI
(A =27 — (A= 27 R
€ Ker(A*—zI) for f € Ker(A* — zI).
(3.3)
Next, we choose n linearly independent vectors uy;(Z),...,u1,(2) in
Ker(A* — zI) as well as n linearly independent vectors uy 1(2), ..., u1,(2) in
Ker(A* — zI). 1t follows from (3.3) that for each f € H,
(A — 2) ' = (Ay—2)7Yf = Z e (f)urp( (3.4)
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where ¢, (f) are linear functionals of f. Hence, by the Riesz representation
theorem, there exist vectors hy(z) such that

Ck(f) - (f?hk(z)>7 k= 17"'7”'
Since u11(2), ..., u1 (%) are linearly independent for each f L Ker(A*
—zI),
(fihi(2) =0, k=1,...,n.
Therefore, hy(z) € Ker(A* — zI), k=1,...,n, so that

Z 2)uq j(Z k=1,...,n

and (3.4) can be represented as

n

(A1 —2) " = (A= 2)'1f = D Pial(2)(war(2), Furs(2). (3.5)

jk=1

The matrix function P(z) = (Pjx(2))1<jk<n, which is defined on the
set of all common regular points of A; and As, is nonsingular. Indeed, if
det ((Pjx(%0))1<jk<n) = 0, then hy(zp), k = 1,...,n would be linearly de-
pendent and this would imply the existence of a vector 0 # h € H such
that

h L hi(z0), h € Ker(A* —zI), k=1,...,n.

Then it follows from (3.4) that
(A —2)' = (Ay —2) 'R =0.

This would contradict the fact that A; and Ay are relatively prime extensions
of A.

In (3.5), we now omit f and consider the expressions (uy(2),)u1;(2),
7,k =1,...,n as operators in H to obtain Krein’s formula

(Ay —2)' = (A4, — 2)” +ijk (ur 1 (2), Ju(2) (3.6)

7,k=1

for each common regular point z of A; and A,. O
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Here, the choice of the vector functions uy j(z) and uy 1 (2), j,k=1,...,n
has been arbitrary. At the same time, the left-hand side and hence the right-
hand side of (3.5) is a regular analytic vector function of z. Actually, us ;(2),
j = 1,...,n can be defined as a regular analytic function of z and then
we obtam a formula for the matrix function P(z) = (P;x(2))1<ij<n which
corresponds to this choice.

Theorem 3.2 summarizes the treatment of Krein’s formula (3.6) in Akhi-
ezer and Glazman [1] (see also [3] for an extension of these results to the case
of infinite deficiency indices). Krein’s formula has been used in a great vari-
ety of problems in mathematical physics (see, e.g., the list of references in [3]).

We conclude with a simple illustration.
Example 3.3. Let H = L*((0,00); dz),

d2

dz?’

Dom(A) = {g € L*((0,00);dx) | 9,4 € AC([0, R]) for all R > 0;
9(04) = ¢'(04) = 0; g” € L*((0,00); dx)},

N d?
A=
Dom(A*) = {g € L*((0,00);dx) | g,¢' € AC([0, R]) for all R > 0;
g" € L*((0, 00); dz)},

d2
Ay =Ap = —o Dom(A;) = {g € Dom(A") | g(04) = 0},
d2
A= g

Dom(Az) = {g € Dom(A") | ¢'(04) +27"*(1 — tan(a))g(04) = 0},
a € [0,m)\{r/2},

where Ap denotes the Friedrichs extension of A (corresponding to a = 7/2).
One then verifies,

Ker(A* —2) = {ceV** c € C}, Im(v/2) > 0, z € C\ [0, 00),
ni(A) = (1,1), w(i,z) = Q1/4givie, (i, z) = 91/4 iV i
P(z) = —(1 — tan(«) + i\/g)*l7 z € p(As), p@—l — tan(a) — i.
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Finally, Krein’s formula relating A; and A, reads

(A= 27 = (A= 2)7! = (2721 = tan(a)) +ivE) " (eVE, ),

z € p(Ay), Im (v/z) > 0.
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1 Preliminaries

The material in sections 1-5 of this manuscript can be found in the mono-
graphs [1]-[4], [6], [7].

For simplicity all Hilbert spaces in this manuscript are assumed to be
separable and complex. (See, however, Remark 3.8.)

Definition 1.1. (i) The set of bounded operators from a Hilbert space H;
to a Hilbert space Hsy is denoted by B(H1, Ha). (If Hy = Hy = H we write
B(H) for simplicity.)

(ii) The set of compact operators from a Hilbert space H; to a Hilbert space
Hs is denoted by Boo(Hi,Hz). (If H1 = Hy = H we write By (H) for
simplicity.)

(iii) Let T be a compact operator. The non-zero eigenvalues of [T = (T*T)2
are called the singular values (also singular numbers or s-numbers) of T. By
{s;(T)};es, J C N an appropriate index set, we denote the non-decreasing
sequence! of the singular numbers of 7. Every number is counted according
to its multiplicity as an eigenvalue of (T*T )%

(iv) Let B,(H1, Hz2) denote the following subset of B (Hi, H2),

Z(sj(T))p < oo}, p € (0,00). (1.1)

JjeTJ
(If Hy = Hy = H, we write B,(H) for simplicity.) For T" € B,(H,H.),
p € (0,00), we define

Bp(H17H2> = {T € BM(H17H2>

17, = (Dsjmv’)p. (1.2)

JjeT
(v) For T' € Bo(H), we denote the sum of the algebraic multiplicities of all
the nonzero eigenvalues of 7" by v(T') (v(T') € NU {oo}).

We note that By (Hi, Hz) € B(Hi, Ha).

2 Properties of singular values of compact
operators and Schatten—von Neumann ideals

Theorem 2.1. ([9], Thm. 7.7.)

! This sequence may be finite.



(i) Let S, T € Boo(H1,Hs). Then s1(T) = ||T|| and
(a) For all* j € N,

(M) = it sl £ € hf L{gugih Il =1} (21)

(b) For all j, k € Ny,

Sjh41(S + 1) < 8541(5) + sp1(T). (2:2)
(11) Let T € Bo(H, H1) and S € Boo(H1, H2). Then for all j, k € Ny,
Sjk+1(ST) < 8541(5)8p41(T). (2.3)
(i1i) Let T € Bo(H,H1) and S € B(Hi1, H2). Then for all j € N,
$(ST) = s;(1°5%) < 18] 55(T) = |15°]| (). (2.4)

Corollary 2.2. (/1], Cor. X1.9.4.)
(i) For S,T € Boo(H1, H2) and for all j € N,

|55(5) = s;(T) < [I5 =T (2.5)
(i) For T € Boo(H,H1),S € B(H1,Hz), and for all j € N,
s;(ST) < [|S] 5;(T). (2.6)

Corollary 2.3. ([1], Lemma X1.9.6., [4], Ch. II, Cor. 3.1.)

Let T € B (H) and denote the sequences of nonzero eigenvalues of T and
s-numbers of T by {)\j(T)}JV-(:Tl) and {s;(T)}jer, respectively.

(i) For p € (0,00) and 1 <n < v(T) we have

Y INDP <Y s(T) (2.8)
=1 j=1
s;(T) = s;(T7), jeJ. (2.9)
(i) For 1 <n <v(T) and r any positive number we have
H(l +r|\(T H (1+7rs;(T (2.10)
i=1 i=1

2If the sequence of singular numbers is finite, that is, |J| < oo, we have s;(T) = 0,

J>1J|



Theorem 2.4. ([9], Thm. 7.8.)
(1) If S,T € B,(H,H1), 0 < p < o0, then S+ T also belongs to B,(H,H)
and

15 +Tl, < ASl, +171,), »=1, (2.11)

15+l <2 (ISIE+ITIE) . p<1 (2.12)

The sets B,(H,H1), p € (0,00), are therefore vector spaces.
(ii) If T € By(H, Hy), S € By(Hi, Ha), p,q € (0,00), and ; = -+ <, then
ST € B.(H,Hz) and

IST(l, < 2= [[ST, T, - (2.13)

(111) If T € B,(H,H1), p € (0,00), and S € B(H1, Hs), then ST € B,(H,H2)
and

IST|L, < ISIHIT, - (2.14)

The corresponding results hold for T € B(H,H1) and S € B,(H1,Ha), p €
(0, 00).

Proof. (i) We recall from (2.2) that for all j,k € Ny we have s, 441 (S+7T) <
Sj+1(T) + 8k+1(T). ThUS,

1S +T|7 = ZSJ‘(S +T) = Z{Szj—l(s + 1)+ 595(S +T)"}

= D {sG-0+G-0+1(8 + TP + sG-14501(S + T)}

J

< D {s(8) + 5 (TP + [35(5) + sa(T)).

J

If p > 1: By Minkowski’s inequality for the [, norm, the above estimate



implies that

1S+ Tl

VAN
1
Yol
-
\)CI:)
v
_l’_
YUY
-
MCIJ
v
S =
S

+ [<z >> - >T
< 2[Isl, +171,]"
If p < 1: We use the fact that |a|? + |3]P > |+ B]P. Then,
IS+705 < S {lsi(S) + ;DI + [5(8) + 5532 (D))
< i[ 5(S) + (T + 5;(S)” + 541(T)")
< 22 5;(S)P + 5;(T)7)
- (||S||;§+ 1)

(i) Note that 1 = 11] + % implies that * + £ = 1. We recall from (2.3) that



for all j,k € Ny we have $;4441(ST) < $j41(5)sg1(T"). Thus,
1

ST, = (Z 5j<ST>r> "

J
1
s

(S s) (Ssmr))
J J
=2 (Z sj<s>q> (Z sj<T>p>
J J

=2+ |51l Il -
(iii) We recall from (2.4) that for T € Boo(H,H1) and S € B(Hi, Hs) we
have

5;(ST) = 5;(T*5") < ||S]| s;(T) = [|5*[| 5;(T7), jeN

Thus,

1

15T, = (ZJ: > (Zj: 1S s;(T ”)i

_ (nsupzsmp)p _ |5 (Z sj<T>p> N

J J

=
=



Remark 2.5. i) and i) above imply that the linear spaces B,(H), p €
(0, 00}, are two-sided ideals of B(H) and that for S € B(H) and T' € B,(H)
we have [|ST'||, < [[S]|[|T']|, and | TS|, < [[T[/[|S]|,- One can show, in fact,
that By (H) is the maximal and only closed two-sided ideal of B(H) (see [4],
Ch. III, Thm. 1.1 and Cor. 1.1).

Definition 2.6. Given T € B(H) and A\™! ¢ o(T'), the Fredholm resolvent
T(\) is defined by

I+ AXT(\) = (I —\T)"". (2.15)

Lemma 2.7. For |A| < |T|™! the Fredholm resolvent T'(\) has the expansion

[o¢]
T(A\) => N1
§=0
which is convergent in operator norm. From (2.15) we have

(I + XTI = AT) = (I = XT)(I + A T(\) = I

which implies

T(A) =T+ MNTT(\) =T + AT(\T.

Therefore, if T € By(H) for some p € (0,00), then its Fredholm resolvent
T(X) € By(H) as well.

1
Remark 2.8. (i) It can be verified that the object ||T'[|, = (Zjej |s; (T)\p)
is a norm on the B,(H) spaces, p € [1,00) (see [4], Ch. 3, Thm. 7.1). For
p € (0,1), |||l lacks the triangle inquality property of a norm.
(ii) If we regard sequences of singular numbers {s;(7)};cs as members of
[,(J), then it follows that for T € B, (H), p1 € (0,00),if 0 < p; < py < 0
then [|T],, < [[T']],, - The inclusion By, (H) C By,(H), 0 < p1 < p2 < 00
follows. Indeed, we have

By, (H) € Bp,(H) € Boo(H) € B(H), 0<p1 <py<oc.

Moreover, we have the following lemma regarding completeness of the B,
spaces:



Lemma 2.9. ([1/, Lemma XI1.9.10.)

Let T,, € B,(H) be a sequence of operators such that for some p € (0,00),
| T — Tnll, — 0 as m,n — oo. Then there exists a compact operator T' €
B,(H) such that T,, — T in the B,(H) topology as n — oo. In particular,
the spaces B,(H), p > 0, are complete and in fact Banach spaces for p > 1.

Proof. Given T,, as above, there exists a compact operator T € B, (H) such
that T,, — T as n — oo in the uniform topology. (We are using the facts
that B, C B,, C B, p1 < p2 and that compact operators are closed in the
uniform topology of operators.) Then by (2.5), we have for fixed j € J

‘SJ'(Tm) - Sj(T)‘ < HTm - TH )
which implies

lim s;(T}) = s;(7T),

m—00

which in turn implies that for fixed n, k

lim sp(T,, — 1)) = si(T, = T).

m—00

We then have

N % o)
<Z |8k(Tn - T)|p> < lim sup <Z ‘Sk(Tn - Tm)|p>
k=1 e k=1
= lim sup||T,, — T, -

D=

Letting N — oo so that

1
N p
<Z |5k (Tn — T)I”) — 1w =T,
k=1
implies
1T, — T||p < nlli%o sup [T, — Tme'
Finally, letting n — oo yields

Jing T, =7, < tim (Jim sup [T, =T, ) =0



Definition 2.10. An operator T in the set By (H) (the trace class) has trace
defined by

tr(T) = Z(ea, Tey,), (2.16)

acA

where {e,}aca is an orthonormal basis of H and A C N is an appropriate
index set.

Definition 2.11. For operators S,T € By(H) (the set of Hilbert—Schmidt
operators) we define a scalar product by

(S, T) gy = tr(S°T) = > _(€a, S Teq), (2.17)

acA

where {e,}aeca is an orthonormal basis of H and A C N is an appropriate
index set.

1
2

Remark 2.12. One can verify that ((S,5)g,m))
Therefore, Bo(H) is a Hilbert space.

= [|S||, for S € By(H).

3 Definition and properties of the determi-
nant for trace class operators

Let T be an operator of finite rank in ‘H with rank < n. Let {2 be an arbitrary
finite-dimensional subspace which contains the ranges of the operators 7" and
T*. Then § is an invariant subspace of T and T vanishes on the orthogonal
complement of Q. Let {e,}";, m < n, be an orthonormal basis for Q. Then

we denote by det(I + T) the determinant of the matrix djk + (ej,fek) :

1 < 5,k < m. This determinant does not depend on the choice of the
subspace €2 or the basis for it since we have

v(T)
det(1+7T) = [T+ N(T)),

where {\;(T )};'(YP are the nonzero eigenvalues of 7' counted up to algebraic

multiplicity. This suggests that the determinant of any operator T € B (H)



should be defined by the formula
v(T)
det(1+7) = [ (1+ (D)), (3.1)

n=1

where {)\n(T)}Z(:Tl) are the nonzero eigenvalues of 17" counted up to algebraic
muliplicity. The product on the right-hand side of (3.1) converges absolutely,
since, for any T € B (H),

v(T)

> (T < (T (32)

Theorem 3.1. ([4], p. 157)
For T € Bi(H), where {\,(T) Z(:Tl) are the nonzero eigenvalues of T counted
up to algebraic muliplicity, det(1 + 2T) is an entire function and

[ det(1 + 2T < exp (|2[ [ T];) (3.3)

Proof. Certainly, det(1 + 27") is an entire function by the definition. Then

v(T)

[det(1+27)] < [+ [zlM(D)])

< I+ lzlsa(@)),

n=1

where {s,(T")}22, are the s-numbers of T". Here the second inequality follows
from (2.10). Then, using 1 + = < exp x, one infers

[T+ [2l5a(T)) < exp (2] Y 5a(T)) = exp (2] [ T1,).

Theorem 3.2. ([8],Thm. 3.4.)
The map
Bi(H) = C: T+ det(1+1T)

is continuous. Explicitly, for S, T € Bi1(H),
| det(1+.5) —det(1+T)| < IS =Tl exp (1 +max(|[S],, [|T;)).  (3.4)

10



Remark 3.3. The above inequality is actually a refinement of the inequality
found in the cited theorem (see [8], p. 66, for details).

Theorem 3.4. ([8/,Thm. 3.5.)
(i) For any S,T € B,(H),

det(14+ S+ T+ ST) = det(1+ S)det(1 +T). (3.5)

(ii) For T € By(H),det(1 +T) # 0 if an only if 1 + T is invertible.

(iii) For T € Bi(H) and 2o = —\~* with X\ an eigenvalue with algebraic
multiplicity n,det(1 + 2T) has a zero of order n at z.

Theorem 3.5. (Lidskii’s equality, [4], Ch. III, Thm. 8.4, [8], Thm. 3.7.)

For T € Bi(H), let {\.(T) Z(:Tl) be its nonzero eigenvalues counted up to
algebraic mulitiplicity. Then,

v(T)
> X(T) = tr(T).

Corollary 3.6. Let S,T € B(H) so that ST € Bi(H) and TS € Bi(H).
Then, tr(ST) = tr(TS).

Remark 3.7. The corollary follows from the fact that ST and TS have
the same eigenvalues including algebraic multiplicity. Lidskii’s equality then
gives the desired result.

Remark 3.8. The determinant of a trace class operator ' € B;(H) can
also be introduced as follows (cf. [4], Sect. IV.1, [7]): Let {¢k}rex, K C N an
appropriate index set, be an orthonormal basis in H. Then,

det(I —=T) = A}l_t)noo det ((5]-,k — (¢4, T¢k))1§j7kSN)'

Moreover, assume {1 }rex, £ € N an appropriate index set, be an orthonor-
mal basis in Ran(7"). Then,

det(I —T) = lim det <<5j,k; — (wjvT¢k))1§j,k§N>'

N—oo

Since the range Ran(T') of any compact operator in H is separable (cf. [9],
Thm. 6.5; this extends to compact operators in Banach spaces, cf. the proof
of Thm. I11.4.10 in [6]), and hence Ran(T") is separable (cf. [9], Thm. 2.5 (a)),
this yields a simple way to define the determinant of trace class operators in
nonseparable complex Hilbert spaces.

11



4 (Modified) Fredholm determinants

We seek explicit formulae for g(u) = (1 + uT)™', T € By (H) which work
for all p such that —u=' ¢ o(T). g(u) is not entire in general, but it is
meromorphic and can be expressed as a ratio of entire functions:

9(p) = %-

B(p) must have zeros where g(u) has poles. These poles are where (14 uT') is
not invertible. By Theorem 3.4, these are the values of u where det(14pu7T") =
0. det(1 + pT') is then a candidate for B(u).

Remark 4.1. Let T be an n X n matrix with complex-valued entries and I,
the identity in C". Then Cramer’s rule gives

_ My
~ det(I, + uT)’

where the entries of M (i)« are polynomials in u. Using (I, + uT)™' =
I, — pT(I,, + pT)~! we then have

(L +pT)™

g M ()
L+ uT) ' =1,

(In + uT) T 3et(T, + 4T)
with M (14)nxn having polynomial entries in pu.

Remark 4.2. Alternatively, for T" an n x n matrix with complex-valued
entries, notice that (I,, + pT') satisfies the Hamilton—Cayley equation

Zam n+ul)™m =0, a,=1, = tdet(L, + pT).
Then
n+ 1) Z O (I + p )" = Fdet(L, + pT)1,
and so
(o)™t = = Z(ﬁ:tl(sz;;) - det(]f\,:(i)uT)
(1),

det (I, + uT)’

where N (), N(1) are n x n matrices with entries being polynomials in .

12



Definition 4.3. Let X,Y be Banach spaces. A function f : X — Y is
finitely analytic if and only if for all oy, ..., € X, i1, ..., pn € C, fyag+
-+« + lpap) is an entire function from C™ to Y.

Definition 4.4. Let f : X — Y be a function between Banach spaces X, Y.
Let xp € X. F € B(X,Y) is the Frechet derivative of f at z, (denoted
F = (Df)(w0)) if and only if |[f(z + x0) — f(20) — F(2)[| = of[|])-

Theorem 4.5. ([8], Thm. 5.1.) Let X,Y be Banach spaces. Let f be a
finitely analytic function from X to'Y satisfying || f(z)|| < G(||z||) for some
monotone function G on [0,00). Then f is Frechet differentiable for all
x € X and Df is a finitely analytic function from X to B(X,Y) with
I(Df) ()|l < G(|lz]| +1).

Corollary 4.6. ([8], Cor. 5.2.) For S,T € By(H), the function f : B;(H) —
C given by f(T) = det(I + T) is Frechet differentiable with derivative given

by
(DFNT) = +T) " det(I +T)
for those T with —1 ¢ o(T). In particular, the function
D(T)=-T({I +T) 'det(I +T) (4.1)

(henceforth the first Fredholm minor) defines a finitely analytic function from
B1(H) to itself satisfying:

ID(T)|l, < [IT']], exp ([|T]];)
and
|D(S) = D), < 1S =T, exp(1 + maz(||S]|,, | T]],))-

Remark 4.7. The two inequalities above are refinements of the actual in-
equalities listed in Cor. 4.6 (see [8], p. 67 for details).

By definition,

D(uT) —uT (I + pT)~tdet(I + puT) _1
Tl T det(I + 1) P+ pT)
But (I +uT)™' =1— puT(I+ pT)"! implies that
D(uT)

(I+uT) ' =1+ (4.2)

det(I + pT)

13



Remark 4.8. The estimates for D(u1") above and for det(I + p7") in Theo-
rem 3.1 allow one to control the rate of convergence for D(uT") and det(I+uT)
and to obtain explicit expressions on the errors obtained by truncating their
Taylor series.Our original question of finding explicit formula for (I + p7")~*
has now shifted to finding expressions for the Taylor coefficients of D(uT)
and det(I + uT).

Theorem 4.9. ([8], Thm. 5.4.) For T € Bl(H) define a,,(T), 5,(T) b

det(I 4+ pT) = Zan

and
= Z 6n(T) Mn_H
Then
tr(T) (n—1) 0 0
tr(T?)  tr(T) (n—2) 0 cee e 0
an(T) = : tr(T*  tr(T) (n—=3) 0 .- 0
tr(:T”) tr(j”:n—l) . .:. . .:. . .:. . .:. tr(:T) .
and
Bu(T) =
T n 0 e 0
T tr(T) (n-—1) 0 0
tr(T?)  tr(T) (n—2) 0 0
tr(T?)  tr(T) (n—3) 0 0
Tr;—l-l tr(j’m) tr(f”‘l) . . . . tr(‘T) (1) x (nt1)

As a concrete application, we now consider an integral operator T° €

Bi(L*((a,b); dr)) such that
/ K(o,)fw)dy, [ € L*((a,b); dx)
with —00 < a < b < 0o and with K continuous on [a, b] X [a, b].

14



Theorem 4.10. (/8], Thm. 3.9.) Let T € B1(L*((a,b);dx))) with a,b € R,
a < b, and integral kernel K(-,-) continuous on |a,b] X [a,b]. Then,

= /abK(x,a:)d:U

Definition 4.11.

w( ) el el
K(xy,y1) K(x1,92) - K(z1,9n)
_ K(fﬁz,yl) K(x2,y2) K($2,yn)

Theorem 4.12. (Fredholm formula, [8], Thm. 5.5.)
Let T € By(L?*((a,b); dz))) with integral kernel K(-,-) continuous on [a, b] X
la,b]. Then

det(I + uT) = Zan

and

n+1

Zﬁn =,

/ / l.rl l(L‘ ( Ty, 5 Tn >
1 Tty yn

b b
Kn(s,t):/---/ dxl---dan(i’ Z’ o ;j:)

Remark 4.13. The above results are not unique to T € By(L*((a,b); dz)).
One can extend the formulas above to T' € B,,(L*((a,b);dz)), n € N.

where

15



Lemma 4.14. ([8], Lemma 9.1.) Let T' € B(H). Define

Rn(T)=(I+T)exp (” 1 ) (4.3)

J=1

Then for any T € B,,(H), n € N, we have R,,(T) € Bi(H) and T — R, (T)
1s finitely analytic.

Definition 4.15. For T’ € B,,(H),n € N, we denote
det, (T +T) = det(I + R (T)). (4.4)

Theorem 4.16. (/8/, Thm. 9.2.) Let S,T € B,(H), n € N, with nonzero

eigenvalues {)\k(T)}Z(:Tl) counted up to algebraic multiplicity. Then:
(i) For z € C,

v(T) n—1 j
det, (I + 2T) = H (14 2X,(T)) exp ( _1> )\k(T)jz])] . (4.5)
(i)
et (I +T)] < exp (Cy |TI7). (46)
(iii)

|det,, (1 + 5) — det, (I + T)| < [|S = T1|,, exp [Ca([|Sl,, + T, + 1] (4.7)
(i) If T € B,_1(H), then

Tn—l
det, (I +T) = det,—1 (I +T)exp {(—1)”_1M} (4.8)
n p—
In particular, if T € B,(H), then
n—1 (T
det,,(I +T) = det(I + T)exp | > % . (4.9)
7j=1

(v) (I +T)7" exists if and only if det, (I + T) # 0.

(vi) For T € B,(H), n € N, and zg = —\~" with A an eigenvalue of algebraic
multiplicity m, det, (I + 2T°) has a zero of order m at z.

(vii) For S,T € By(H),

deto((1 + S)(I + 1)) = deto(I + S)deta(I + T) exp (—tr(ST)).  (4.10)
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Definition 4.17. For T' € B,,(H),n € N, the nth Fredholm minor is
n—1 ]Tj
D, (T) = —=Td(R(T)) exp (4.11)
7j=1
where
d(T) = (I+T) det(I +T).
Theorem 4.18. (Plemej-Smithies formula for B,(H), [8], Thm. 9.3.)
Let T € B,(H). Define of?(T), B5(T) by

det, (1 +uT) = 3 al(T) 2

and

Then the formulae for o)) (T), () (T') are the same as those for a,,(T), B (T),
repectively, in Theorem 4.9 after replacing tr(T), ... tr(T™ ') with zeros.

Theorem 4.19. (Hilbert—Fredholm formula, [8], Thm. 9.4.)
Let T € By(L*((a,b);do)), (a,b) C R, o any positive measure on (a,b), be
an operator with square integrable kernel over (a,b) X (a,b), that is,

b b
/ / | K (z,y)*do|z|doly| < oo.
Then

dety(I + pT) = Z a@)“ (4.12)

where



and

% L1, ooy Tn
K g ) = det[(K (x;, y:)) (1 — &,
() =i —s,
0 K(z1,92) -+ K(z1,Yn)
_ K(x2,1) 0 s K(29, )
K(xn7y1> o . e O

Theorem 4.20. For T € Bi(H),—u~' ¢ o(T),

pnD(p)

T+ul) ' =T+ ———
(L4 4T) T 3ot + 4T’

where D(p) = > "D, is an entire operator function with D, € By(H),

n > 1, and the D,, are given by the recurrence relation,

~ ~ ~ 1 ~
DO = T, Dn = Dn_lT - —(tT(Dn_l))T7 n Z 1. (413)
n

5 Perturbation determinants

Let S,T € B(H) with S — T € By(H). If p~* ¢ o(S), then
(I =pT)I = pS)™ =1 — (T = S)(I —puS)™

with (T — S)(I — puS)™' € Bi(H).

Definition 5.1. Dr/g(p) = det[(I — pT')(I — pS)~"] is the perturbation de-
terminant of the operator S by the operator T — S.

Remark 5.2. By definition, we have for S, T € Bi(H),u~ ! ¢ o(9),

det(I — pT)

DT/S(#) = det([—,uS)

Theorem 5.3. If S,T € By(H),S — T € By(H), and u=' ¢ o(S), then

det2(] — /LT)

= detoI = 19) exp [ptr(S —1T)].

Drys(p)

18



Corollary 5.4. Let R,S,T € B(H). If p=' ¢ o(R), p=' ¢ o(S), and
S—R,T—S¢eB(H), then

Drys(p)Dsyr(p) = Dryr(p)-

Corollary 5.5. Let S,T € B(H). If u=' ¢ o(S), p' ¢ o(T), and S —T €
By(H), then

Dsr(p) = [Drys(p)]) .
Theorem 5.6. Let S,T € B(H). If p* ¢ o(S), p' ¢ o(T), and S —T €
Bi(H), then
%ln[DT/s(u)] = tr[S(u) — T(u)]
= tr[(I — p)7N(S — T)(I — pS)™Y,

where S(pu), T'(1) are the Fredholm resolvents of S and T, respectively, as
defined in (2.15). In particular, for |u| sufficiently small, we have

d

gulnDrys()]) = > wtr(ST =TI,

J=0

6 An example

The material of this section is taken from [5], p. 299 — 301.
Let T be an operator acting on L*((0,1);dx), defined as follows: Let

K(-,-) € L*((0,1) x (0,1); dz dy),
K(z,y) =0, y > z.

Given K (-,-), the Volterra integral operator T is then defined by
T = [ KWy, o€ ©.1), € P(0,1):ds).
0
Consider the eigenvalue problem T'f = \f, 0 # f € L?((0,1);dx). Let
g(z) be defined by g(x) = [; [f(y)]*dy. Then g(z) is monotone and differ-
entiable with ¢/(z) = |f(z)|* a.e. Let a be the infimum of the support of g,
that is, g(a) = 0 and g(z) > 0 for a < z < 1. We note that 0 < g(1) < oo.
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A (@) = Tf(x) = / Ko f)dy ae.
so that
ARI ()] < / "\K (2, y)Pdy / fPdy ac.

which implies that

|/\|2gg/((xx))§/0x]K(x,y)]2dy ae in (0,1).

Integrate to get

2 1 ! 29 (y) b 2 2

Plog o)t = [ Py < [ [ e Py o = 3.
a 9(y) o Jo

But 0 < ¢g(1) < oo and g(a) = 0 imply that [A|]?log g(z)|} is unbounded for

non-zero A. The only possible eigenvalue of the operator 7" is thus 0.

Theorem 6.1. (The Fredholm alternative.)

For T € Bo(H), if p # 0, then either:

(i) (T —ul)f =g and (T* — p*I)h = k are uniquely solvable for all g,k € H,
or

(1)) (T — pl)f =0 and (T* — p*I)h = 0 have nontrivial solutions.

Since T' is compact, the Fredholm alternative implies that 0 is the only
number in the spectrum of T'. Therefore, every Volterra operator is quasinilpo
tent.

Next, let K (z,y) be the characteristic function of the triangle {(z,y)|0 <
y < x < 1} (this is then a Volterra kernel). The induced operator is then

(SF)(x) = / " fy)dy, x e (0.1), f € L2((0,1); da).

To find the norm of S, we recall that ||.S|| = s1(S5), that is, ||.S]| equals the
largest non-zero eigenvalue of (5*5)2.

(5" f)(z) = / fw)dy « € (0,1), f e L((0,1); do).
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We can find the integral kernel S*S(z,y) of S*S to be

Then, for f € L*((0,1);dy),

(5°5f)(a / F)dy — / F(y)dy - /;yﬂy)dy .

Differentiating the equation (S*Sf)(xz) = Af(z) twice with respect to x then
yields —f(x) = Af”(x). Solving this differential equation yields the eigenval-
ues

1

A -
CT ket e

ke Ny =NU{0},

with corresponding orthonormal eigenvectors
fiul@) = V2cos [m(k+ (1/2))x], k € Ny.

The largest eigenvalue of [S*S|2 then occurs when k = 0. Therefore,

2
151 =~

The singular values of T" are

(2k+ 1)’

One can then show that S € By((L*(0,1));dy) but S ¢ By ((L*(0,1));dy).
Specifically,

x>
m
Z
o

—~

N

~

o
N——

N

151, = (Z |5k
2
s



and

151 =D Isu(S)

keNy
- iy
T = 2k +1

= OQ.

Since S is Hilbert-Schmidt and quasinilpotent, it can be approximated in
the Hilbert-Schmidt norm by nilpotent operators S,, of finite rank. One then
obtains,

deto(I +S) = lim dety(! + S,)
n—1 ]t j
= lim det(I +S,) exp( TS )
But ¢r(S7) =0, j > 1 and
det(I+8,) = [J A+ M(S) = [[(1+0) =1
keNy keNg

implies that
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ABSTRACT. We revisit the computation of (2-modified) Fredholm
determinants for operators with matrix-valued semi-separable inte-
gral kernels. The latter occur, for instance, in the form of Green’s
functions associated with closed ordinary differential operators on
arbitrary intervals on the real line. Our approach determines the
(2-modified) Fredholm determinants in terms of solutions of closely
associated Volterra integral equations, and as a result offers a nat-
ural way to compute such determinants.

We illustrate our approach by identifying classical objects such
as the Jost function for half-line Schrédinger operators and the in-
verse transmission coefficient for Schrédinger operators on the real
line as Fredholm determinants, and rederiving the well-known ex-
pressions for them in due course. We also apply our formalism to
Floquet theory of Schrodinger operators, and upon identifying the
connection between the Floquet discriminant and underlying Fred-
holm determinants, we derive new representations of the Floquet
discriminant.

Finally, we rederive the explicit formula for the 2-modified Fred-
holm determinant corresponding to a convolution integral opera-
tor, whose kernel is associated with a symbol given by a rational
function, in a straghtforward manner. This determinant formula
represents a Wiener—Hopf analog of Day’s formula for the deter-
minant associated with finite Toeplitz matrices generated by the
Laurent expansion of a rational function.
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2 F. GESZTESY AND K. A. MAKAROV

1. INTRODUCTION

We offer a self-contained and elementary approach to the compu-
tation of Fredholm and 2-modified Fredholm determinants associated
with m x m matrix-valued, semi-separable integral kernels on arbitrary
intervals (a,b) C R of the type

AN fl(x)gl(x,)v G<I/<$<b,
Kw,') = {fg(x)gg(x’), a<zx<x <b, (1.1)

associated with the Hilbert—Schmidt operator K in L?((a,b);dz)™, m €
N,

(K f)(x) = / dr' Ko, ) f(o), [ e L((ab)dr)y™,  (12)
assuming

fi € L*((a,b);dx)™ ™ g; € L*((a,b);dx)™ ™, n; €N, j=1,2.
(1.3)

We emphasize that Green’s matrices and resolvent operators associated
with closed ordinary differential operators on arbitrary intervals (finite
or infinite) on the real line are always of the form (1.1)—(1.3) (cf. [11,
Sect. XIV.3]), as are certain classes of convolution operators (cf. [11,
Sect. XIII.10]).

To describe the approach of this paper we briefly recall the principal
ideas of the approach to m x m matrix-valued semi-separable integral
kernels in the monographs by Gohberg, Goldberg, and Kaashoek [11,
Ch. IX] and Gohberg, Goldberg, and Krupnik [14, Ch. XIII]. It consists
in decomposing K in (1.2) into a Volterra operator H, and a finite-rank
operator QR

K = H, + QR, (1.4)

where

(Haa) = [ ) f @), S € Plabpday, (19
H(z,z") = fi(z)q(2") — fa(x)ga(2'), a<a' <z <b (1.6)
and

Q: C" — L*((a,b);dx)™, (Qu)(z) = folz)u, uweC™,  (1.7)

R: L*((a,b);dz)™ — C", (Rf) :/ dx’ go(2") f(2), (1.8)
f € L*((a,b);dx)™.



FREDHOLM DETERMINANTS AND SEMI-SEPARABLE KERNELS 3

Moreover, introducing

Clx) = (fi(z) fol@), B)=(n) —g@)" (19

and the n x n matrix A (n = ny + ny)

_( a@) fi(z)  gi(z)fa2(z)
A“)—(—gz(x)fl(x) —gz(x)fz(x))’ (1.10)

one considers a particular nonsingular solution U(-, «) of the following
first-order system of differential equations

U'(z,a) = aA(x)U(x,a) for a.e. z € (a,b) and a € C (1.11)
and obtains
(I —aH,) ' =1+aJ,(a) forall a € C, (1.12)

(ala)f)la) = [ de' S (@), f € Dl bido), (L13)
J(z, 2, a) = C(2)U(z,a)U(z', ) ' B(2), a<a' <x<b (1.14)
Next, observing
I —aK = (I —aH)[I— ol —aH,) 'QR] (1.15)
and assuming that K is a trace class operator,
K € By(L*((a,b); dx)™), (1.16)
one computes,
det(I — aK) = det(I — aH,)det(I — a(l — aH,) 'QR)
=det(I — ol — aH,) 'QR)
= detcns (I, — aR(I — aH,) ' Q). (1.17)
In particular, the Fredholm determinant of I — aK is reduced to a
finite-dimensional determinant induced by the finite rank operator QR
n (1.4). Up to this point we followed the treatment in [11, Ch. IX]).
Now we will depart from the presentation in [11, Ch. IX] and [14,
Ch. XIII] that focuses on a solution U(-,«) of (1.11) normalized by
U(a,a) = I,. The latter normalization is in general not satisfied for

Schrodinger operators on a half-line or on the whole real line possessing
eigenvalues as discussed in Section 4.
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To describe our contribution to this circle of ideas we now introduce
the Volterra integral equations

b

filz,a) = fi(z) — a/ de' H(z,2') fi (2, ),
- (1.18)

folz, ) = folz) +a/ de' H(z,2) fo(z',a), «eC

with solutions f;(-, a) € L2((a,b);dz)™ ", j = 1,2, and note that the

first-order n x n system of differential equations (1.11) then permits

the explicit particular solution

Uz, )
_ (Im —a f;cb dz' g1 (2') fr(2', ) af, da’ gl(xl)fQ(f’{/7 ) >

~

osz dx’ go(2') f1(2, @) Ly, — o [ da! go(2)) foa!, @)
x € (a,b). (1.19)

Given (1.19), one can supplement (1.17) by
det(I — aK) = detcns (I, — aR(I — aH,) ™' Q)

= detcns (Im —a / b dz go(z) folz, a)>
= deten (U(b, @), ' (1.20)

our principal result. A similar set of results can of course be obtained by
introducing the corresponding Volterra operator Hy in (2.5). Moreover,
analogous results hold for 2-modified Fredholm determinants in the case
where K is only assumed to be a Hilbert—Schmidt operator.

Equations (1.17) and (1.20) summarize this approach based on de-
composing K into a Volterra operator plus finite rank operator in (1.4),
as advocated in [11, Ch. IX] and [14, Ch. XIII], and our additional twist
of relating this formalism to the underlying Volterra integral equations
(1.18) and the explicit solution (1.19) of (1.11).

In Section 2 we set up the basic formalism leading up to the solution
U in (1.19) of the first-order system of differential equations (1.11). In
Section 3 we derive the set of formulas (1.17), (1.20), if K is a trace
class operator, and their counterparts for 2-modified Fredholm deter-
minants, assuming K to be a Hilbert—Schmidt operator only. Section 4
then treats four particular applications: First we treat the case of half-
line Schrédinger operators in which we identify the Jost function as
a Fredholm determinant (a well-known, in fact, classical result due to
Jost and Pais [23]). Next, we study the case of Schrodinger operators on
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the real line in which we characterize the inverse of the transmission co-
efficient as a Fredholm determinant (also a well-known result, see, e.g.,
(31, Appendix A}, [36, Proposition 5.7]). We also revisit this problem
by replacing the second-order Schrodinger equation by the equivalent
first-order 2 x 2 system and determine the associated 2-modified Fred-
holm determinant. The case of periodic Schrodinger operators in which
we derive a new one-parameter family of representations of the Floquet
discriminant and relate it to underlying Fredholm determinants is dis-
cussed next. Apparently, this is a new result. In our final Section 5,
we rederive the explicit formula for the 2-modified Fredholm determi-
nant corresponding to a convolution integral operator whose kernel is
associated with a symbol given by a rational function. The latter rep-
resents a Wiener—Hopf analog of Day’s formula [7] for the determinant
of finite Toeplitz matrices generated by the Laurent expansion of a ra-
tional function. The approach to (2-modified) Fredholm determinants
of semi-separable kernels advocated in this paper permits a remarkably
elementary derivation of this formula compared to the current ones in
the literature (cf. the references provided at the end of Section 5).

The effectiveness of the approach pursued in this paper is demon-
strated by the ease of the computations involved and by the unifying
character it takes on when applied to differential and convolution-type
operators in several different settings.

2. HILBERT-SCHMIDT OPERATORS WITH SEMI-SEPARABLE
INTEGRAL KERNELS

In this section we consider Hilbert-Schmidt operators with matrix-
valued semi-separable integral kernels following Gohberg, Goldberg,
and Kaashoek [11, Ch. IX] and Gohberg, Goldberg, and Krupnik [14,
Ch. XIII] (see also [15]). To set up the basic formalism we introduce
the following hypothesis assumed throughout this section.

Hypothesis 2.1. Let —oo < a < b < oo and m,ny,ne € N. Suppose
that f; are m X n; matrices and g; are n; x m matrices, j = 1,2, with
(Lebesgue) measurable entries on (a,b) such that

fi € L*((a,b);dx)™ ™, g; € L*((a,b);dx)™"™, j=1,2. (2.1)
Given Hypothesis 2.1, we introduce the Hilbert—Schmidt operator
K e BQ(LQ((av b)a dm)m)a

b 2.2
(Kf)(x)z/ da' K (z,2') f(2'), [ € L*((a,b);dx)™ 22
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in L?((a,b); dz)™ with m x m matrix-valued integral kernel K (-,-) de-
fined by

K(z,2') = {fl(x)gl(x’), a<zr <x<b, (2.3)

fo(2)ga(2"), a<z<a' <D

One verifies that K is a finite rank operator in L?((a, b); dz)™ if f1 = f5
and g; = g a.e. Conversely, any finite rank operator in L?((a, b)); dz)™
is of the form (2.2), (2.3) with f; = f, and g1 = ¢» (cf. [11, p. 150]).

Associated with K we also introduce the Volterra operators H, and
Hy in L*((a,b); dz)™ defined by

Uﬂﬁuﬁz/meﬂ%fﬁ@% (2.4)

a

b
<mnw:—/dmewﬂw;feﬁWWWM% (2.5)

with m x m matrix-valued (triangular) integral kernel

H(z,2") = fi(x)g1(z') — fa(2)ga(z). (2.6)

Moreover, introducing the matrices!
C(z) = (filz) falx)), 2.7
B(z) = (g:1(z) — g2(x))", 2.8

one verifies

! b for H
H(z,z') = C(z)B(z'), where ¢ =osodor i (2.9)
a<zx<x <b for H,
and?
I, — Py)B(x’ /
K(z.a') = C(z)(I, — Py)B(z'), a<a' <x<b, (2.10)
—C(z)PyB(2'), a<zx<xz <b
with
0 0
Py = <0 [n2> . (2.11)

IMT denotes the transpose of the matrix M.
2]}, denotes the identity matrix in C*, k € N.
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Next, introducing the linear maps

Q: C™ — L*((a,b);dx)™, (Qu)(x) = fo(x)u, uweC™, (2.12)

B L bpda)” o €0 (R = [ a6, @19
f & L((a,by: da)",
S: C™ — L*((a,b);dx)™, (Sv)(z) = fi(zx)v, veC™, (2.14)
7 (0, bido)” o €, (T5) = [ g, (215)
f € L((a, )™
one easily verifies the following elementary yet significant result.

Lemma 2.2 ([11], Sect. IX.2; [14], Sect. XIIL.6). Assume Hypothesis 2.1 J]
Then

K=H,+QR (2.16)
= H,+ ST. (2.17)

In particular, since R and T are of finite rank, so are K — H, and
K — H,,.

Remark 2.3. The decompositions (2.16) and (2.17) of K are signifi-
cant since they prove that K is the sum of a Volterra and a finite rank
operator. As a consequence, the (2-modified) determinants correspond-
g to I — aK can be reduced to determinants of finite-dimensional
matrices, as will be further discussed in Sections 3 and 4.

To describe the inverse® of I — aH, and I — aH,, a € C, one intro-
duces the n x n matrix A (n = ny + ng)

_( a@)filz)  gi(z)fa(z)
Ale) = (—m(az)fl(x) —92(93)fz(56)) (2.18)
= B(z)C(x) for a.e. z € (a,b) (2.19)

and considers a particular nonsingular solution U = U(z,«) of the
first-order n x n system of differential equations

U'z,a) = aA(x)U(z,a) for a.e. z € (a,b) and o € C. (2.20)

3T denotes the identity operator in L?((a,b);dx)™.
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Since A € L'((a,b))"™, the general solution V of (2.20) is an n x n
matrix with locally absolutely continuous entries on (a, b) of the form
V = UD for any constant n x n matrix D (cf. [11, Lemma IX.2.1])%.

Theorem 2.4 ([11], Sect. IX.2; [14], Sects. XIII.5, XIIL.6).

Assume Hypothesis 2.1 and let U(-,«) denote a nonsingular solution
of (2.20). Then,

(1) I —aH, and I — aHy, are invertible for all « € C and

(I —aH,) ' =1+ al,(a), (2.21)
(I —aHy) ™' =1+ ak(a), (2.22)
(@)@ = [ I ) @), (229
b
(W@)f)w) == [ d' S )f () S € L(abido)”
: 2.24)
J(z,2',a) = C(2)U(z,a)U (2, )t B(a), (2.25)

a<z <x<b forlJ,
where ,
a<x<x' <b for .

(17) Let a € C. Then I — «K 1is invertible if and only if the ny X ngy
matriz I, —aR(I —aH,)*Q is. Similarly, [ —aK is invertible if and
only if the ny x ny matriz I,, — oT(I — aHy)7'S is. In particular,

(I —aK) ' = —aH,) ' +a(l —aH,) '"QR(I —aK)™" (2.26)

(I —aH,)" (2.27)
+a(l —aH,) 'Q[I,, — aR(I — aH,) 'Q) 'R(I — aH,)™!

= —aHy) +a(l —aH,)'ST(I —aK)™* (

= (I —aH,)™ (

+ ol — aHy) 'S, —aT(I — aH,) 'S]'T(I — aH,) ™"

4If @ > —o0, V extends to an absolutely continuous n x n matrix on all intervals
of the type [a,c), ¢ < b. The analogous consideration applies to the endpoint b if
b < oo.
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Moreover,
(I —aK)™' =1+ al(a), (2.30)
(L(a)f)(z) = /ab da' L(z, ', a) f(2), (2.31)
L(z, 2, ) (2.32)
_ {C(x)U(x,a) I —Pla)U(x,a)'B(z), a<a' <z<b,
—C(x)U(z, ) P()U (2, )1 B(2), a<z<az <b,

where P(«) satisfies

PoU (b, a)(I — P(a)) = (I — P)U(a,a)P(a), Py— (8 ]S> .

(2.33)

Remark 2.5. (i) The results (2.21)—(2.25) and (2.30)—(2.33) are eas-
ily verified by computing (I — aH,)(I + aJ,) and (I + aJ,)(I —aH,),
etc., using an integration by parts. Relations (2.26)—(2.29) are clear
from (2.16) and (2.17), a standard resolvent identity, and the fact that
K — H, and K — H, factor into QR and ST, respectively.

(27) The discussion in [11, Sect. IX.2], [14, Sects. XIIL.5, XIIL.6] starts
from the particular normalization

Ula,a) =1, (2.34)

of a solution U satisfying (2.20). In this case the explicit solution for
P(«) in (2.33) is given by

0 0
P(a) = (UQ’2 (b.0) U, (b, ) Im) . (2.35)

However, for concrete applications to differential operators to be dis-
cussed in Section 4, the normalization (2.34) is not necessarily possible.

Rather than solving the basic first-order system of differential equa-
tions U’ = aAU in (2.20) with the fixed initial condition U(a, ) = I,
in (2.34), we now derive an explicit particular solution of (2.20) in terms
of closely associated solutions of Volterra integral equations involving
the integral kernel H(-,-) in (2.6). This approach is most naturally
suited for the applications to Jost functions, transmission coefficients,
and Floquet discriminants we discuss in Section 4 and to the class of
Wiener—Hopf operators we study in Section 5.
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Still assuming Hypothesis 2.1, we now introduce the Volterra integral
equations

ﬁ@wwzﬁ@j—@/dﬁH@Jﬂﬁ@ﬁm (2.36)

folz, ) = folz) + a/z de' H(z,2') fo(z',a); o €C, (2.37)

with solutions f;(-, ) € L*((a,b); dz)™ ", j =1,2.

Lemma 2.6. Assume Hypothesis 2.1 and let o € C.
(1) The first-order n xn system of differential equations U' = a AU a.e.
on (a,b) in (2.20) permits the explicit particular solution

Uz, )

_ (e LA @) h@e) o flde@) b a)
a [ da’ go(a!) fr (2, ) Ly, —a [T da! go(2)) o2 ) |
x € (a,b). (2.38)

As long as’

b A
deteny (]m — a/ dx g1 (x) f1(x, a)) # 0, (2.39)

or equivalently,

b A
detcns (In2 - a/ dx go(x) fo(x, a)> # 0, (2.40)

U is nonsingular for all x € (a,b) and the general solution V' of (2.20)
is then of the form V.= UD for any constant n X n matriz D.

(i1) Choosing (2.38) as the particular solution U in (2.30)—(2.33), P(«)
in (2.33) simplifies to

mwz%:(gij. (2.41)

Proof. Differentiating the right-hand side of (2.38) with respect to x
and using the Volterra integral equations (2.36), (2.37) readily proves
that U satisfies U’ = « AU a.e. on (a,b).

Sdetcr (M) and trex (M) denote the determinant and trace of a k x k matrix M
with complex-valued entries, respectively.
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By Liouville’s formula (cf., e.g., [21, Theorem IV.1.2]) one infers

deten (U(z, @) = deten (U(zo, o)) exp (a / " trcn(A(:r’))),

x0

(2.42)
x,xo € (a,b).
Since tren(A) € L' ((a,b); dz) by (2.1),
lgﬁldet@n(U(:r,a)) and l%)ldetcn(U(x,a)) exist. (2.43)

Hence, if (2.39) holds, U(z, «r) is nonsingular for z in a neighborhood
(a,c), a < ¢, of a, and similarly, if (2.40) holds, U(x, «) is nonsingular
for = in a neighborhood (¢, b), ¢ < b, of b. In either case, (2.42) then
proves that U(z, «) is nonsingular for all z € (a,b).

Finally, since Uy (b, ) = 0, (2.41) follows from (2.35). O

Remark 2.7. In concrete applications (e.g., to Schrdodinger operators
on a half-line or on the whole real azis as discussed in Section 4), it
may happen that detcn (U(x, ) vanishes for certain values of intrinsic
parameters (such as the energy parameter). Hence, a normalization of
the type U(a, ) = I,, is impossible in the case of such parameter values
and the normalization of U is best left open as illustrated in Section 4.

One also observes that in general our explicit particular solution U in
(2.38) satisfies U(a,a) # I,, U(b,ar) # I,.

Remark 2.8. In applications to Schrodinger and Dirac-type systems,
A is typically of the form

Az) = e M A(z)eM*,  x € (a,b) (2.44)
where M is an x-independent n x n matriz (in general depending on a

spectral parameter) and A has a simple asymptotic behavior such that
for some xy € (a,b)

o . . b ~ ~
/ we(z)dr |A(x) — A_| +/ wy(z)dr |A(x) — ALl < oo (2.45)

for constant n X n matrices A/i and appropriate weight functions w, >
0, wy > 0. Introducing W (z,a) = eM*U(z, a), equation (2.20) reduces
to

W'z, a) = [M + aA(x)|W(z,0), z e (a,b) (2.46)
with
deten (W (z, @) = deten (U(z, @))e e e g e (a,b). (2.47)
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The system (2.46) then leads to operators H,, Hy,, and K. We will
briefly illustrate this in connection with Schrodinger operators on the
line in Remark 4.8.

3. (MoDIFIED) FREDHOLM DETERMINANTS FOR OPERATORS WITH
SEMI-SEPARABLE INTEGRAL KERNELS

In the first part of this section we suppose that K is a trace class
operator and consider the Fredholm determinant of [ — K. In the
second part we consider 2-modified Fredholm determinants in the case
where K is a Hilbert—Schmidt operator.

In the context of trace class operators we assume the following hy-
pothesis.

Hypothesis 3.1. In addition to Hypothesis 2.1, we suppose that K 1is
a trace class operator, K € Bi(L*((a,b);dz)™).

The following results can be found in Gohberg, Goldberg, and Kaash-
oek [11, Theorem 3.2] and in Gohberg, Goldberg, and Krupnik [14,
Sects. XIIL.5, XIII.6] under the additional assumptions that a,b are
finite and U satisfies the normalization U(a) = I,, (cf. (2.20), (2.34)).
Here we present the general case where (a,b0) C R is an arbitrary
interval on the real line and U is not normalized but given by the
particular solution (2.38).

In the course of the proof we use some of the standard properties of
determinants, such as,

det((In — A) (I — B)) = det(Iny — A)det(I — B), A,B € Bi(H),

3.1
det(In, — AB) = det(I — BA) for all A € By(Hy, H), ()
B € B(H,H;) such that AB € By(H;), BA € Bi(H), (3.2)
and
det(Iy — A) = detex (I — Dy) for A = <8 gk) , H=K+Ch
(3.3)
since
Ly — A= (](’)C Ik_—ODk) = <I(’)C I ! Dk> <]6C _]S> : (34)

Here H and H; are complex separable Hilbert spaces, B(H) denotes
the set of bounded linear operators on H, B,(H), p > 1, denote the
usual trace ideals of B(H), and Iy denotes the identity operator in H.
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Moreover, det, (I —A), A € B,(H), denotes the (p-modified) Fredholm
determinant of I;— A with detl(IH—A) =det(Iy—A), A€ Bi(H), the
standard Fredholm determinant of a trace class operator, and tr(A),
A € By(H), the trace of a trace class operator. Finally, + in (3.3)
denotes a direct but not necessary orthogonal direct decomposition of
H into K and the k-dimensional subspace C*. (We refer, e.g., to [12],
[18, Sect. IV.1], [34, Ch. 17], [35], [36, Ch. 3] for these facts).

Theorem 3.2. Suppose Hypothesis 3.1 and let o« € C. Then,
tr(H,) = tr(Hy) =0, det(/ —aH,) =det(l —aHy,) =1, (3.5)

/da:tr(cnl a0 fi( :/ dotren (fi(2)g1(z)  (3.6)

= [trten @) = [ o (p@ne). 67
Assume in addition that U is given by (2.38). Then,

det(I — aK) = deteni (I,, — oT(I — aH,)™'9) (3.8)

= detgm (Im —« / bdx g1(2) fi(z, a)) (3.9)

= deten (U(a, o)) (3.10)

= detcns (I, — aR(I — aH,) ' Q) (3.11)

— detens <1n2 —a / "t () o a)) (3.12)

= deten (U (b, o). (3.13)

Proof. We briefly sketch the argument following [11, Theorem 3.2] since
we use a different solution U of U’ = aAU. Relations (3.5) are clear
from Lidskii’s theorem (cf., e.g., [11, Theorem VII.6.1], [18, Sect. IIL.8,
Sect. IV.1], [36, Theorem 3.7]). Thus,

tr(K) = tr(QR) = tr(RQ) = tr(ST) = tr(T'5) (3.14)
then proves (3.6) and (3.7). Next, one observes

I —aK = (I—-aH)[I —a(l —aH,) 'QR] (3.15)
= (I — aHy)[I — a(l — Hy) 'ST] (3.16)
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and hence,

det(I — aK) = det(I — aH,)det(I — a(l — aH,) 'QR)
=det(I — a(I — aH,) 'QR)
=det(] — aR(I — aH,) Q)
= detens (I, — aR(I — aH,) Q) (3.17)
= deten (U (D, @t)). (3.18)

Similarly,
det(I — aK) = det(I — aH,)det(I — a(l — aH,) *ST)
=det(I — a(l — aH,) 'ST)
=det(I — oT(I — aH,)™'S)
= detcm (I,,, — oT(I — aHy)™'S) (3.19)
= detcn (U(a, @)). (3.20)

Relations (3.18) and (3.20) follow directly from taking the limit « 1 b
and x | a in (2.39). This proves (3.8)—(3.13). O

Equality of (3.18) and (3.20) also follows directly from (2.42) and

[ a4 = [ arliren (a6 ~ trens (@)
" " (3.21)
— tr(H,) = tr(H,) = 0. (3.22)

Finally, we treat the case of 2-modified Fredholm determinants in
the case where K is only assumed to lie in the Hilbert-Schmidt class.
In addition to (3.1)—(3.3) we will use the following standard facts for
2-modified Fredholm determinants dety(I — A), A € By(H) (cf. e,g.,
[13], [14, Ch. XIII], [18, Sect. IV.2], [35], [36, Ch. 3]),

deto(I — A) = det((I — A)exp(A)), A € By(H), (3.23)

dety((I — A)(I — B)) = dety(I — A)dety(I — B)e A8 (3.24)
A, B € By(H),

dety(I — A) = det(I — A)e" | A e Bi(H). (3.25)

Theorem 3.3. Suppose Hypothesis 2.1 and let o € C. Then,
deto(I — aH,) = dety(I — aHy) = 1. (3.26)
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Assume in addition that U is given by (2.38). Then,

deto(I — aK) = detens (I, — T (I — aHy)™'S) exp(a trem (ST))
(3.27)

b
= detem (Im — a/ dx gl(:v)fl(x, a))
X exp (oz/ dx trcm(fl(x)gl(x))> (3.28)
— deten (U(a, ) exp (a / dar b fl(x)gl(x))) (3.29)
= detens (I, — aR(I — aH,) ' Q) exp(atrem (QR))  (3.30)

— detens (zm —a / ' b ga() fo( a))
X exp (a / " di e fg(x)gg(a:))) (3.:31)
_ deten (U (b, ) exp (a / "t e fg(x)gg(x))). (3.32)

Proof. Relations (3.26) follow since the Volterra operators H,, H, have
no nonzero eigenvalues. Next, again using (3.15) and (3.16), one com-
putes,

dety (I — aK) = dety(I — aH,)dety(I — a(l — aH,) 'QR)
x exp(—tr(a?H,(I — aH,) 'QR))
=det(I — a(I — aH,) 'QR)exp(atr((I — aH,) 'QR))
x exp(—tr(a*H,(I — aH,) 'QR))
= detens (I, — aR(I — aH,) Q) exp(a tr(QR)) (3.33)

— deten (U (b, a)) exp <a / " i trom fl(a:)gl(x))) (3.34)
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Similarly,

deto(I — aK) = dety(I — aHy)dety (I — ol — aH,)~1ST)
x exp(—tr(a®Hy(I — aH,)~'ST))
= det(I — (I — aH,) 'ST) exp(atr((I — aH,) *ST))
x exp(—tr(a®Hy(I — aH,) ' ST))
= deten (I, — oT(I — aHy) ™' S) exp(atr(ST)) (3.35)

b
= detcn (U(a, a)) exp (a/ dxtr@m(fg(x)gg(a:))). (3.36)
0

Equality of (3.34) and (3.36) also follows directly from (2.42) and
(3.21).

4. SOME APPLICATIONS TO JOST FUNCTIONS, TRANSMISSION
COEFFICIENTS, AND FLOQUET DISCRIMINANTS OF
SCHRODINGER OPERATORS

In this section we illustrate the results of Section 3 in three particular
cases: The case of Jost functions for half-line Schrédinger operators, the
transmission coefficient for Schrodinger operators on the real line, and
the case of Floquet discriminants associated with Schrodinger opera-
tors on a compact interval. The case of a the second-order Schrodinger
operator on the line is also transformed into a first-order 2 x 2 sys-
tem and its associated 2-modified Fredholm deteminant is identified
with that of the Schrodinger operator on R. For simplicity we will
limit ourselves to scalar coefficients although the results for half-line
Schrodinger operators and those on the full real line immediately ex-
tend to the matrix-valued situation.

We start with the case of half-line Schrodinger operators:
The case (a,b) = (0,00): Assuming

V e L'((0,00); dz), (4.1)

(we note that V' is not necessarily assumed to be real-valued) we in-
troduce the closed Dirichlet-type operators in L?((0,00);dz) defined
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e
fedom(HY) = {g € L*(0,00);dx) | g,¢' € ACioe([0,R])  (4.2)
for all R > 0, f(0,) =0, f” € L*((0,00);dx)},
Hyf =—f"+VFf,
f € dom(H) = {g € L*((0,00);dz) | 9,9 € ACioc([0, R])  (4.3)
for all R >0, f(0,) =0, (—f"+ Vf) € L*((0,00); dx)}.
We note that HJ(FO) is self-adjoint and that H, is self-adjoint if and only

if V' is real-valued.
Next we introduce the regular solution ¢(z, -) and Jost solution f(z, -)

of —"(2) + Vip(2) = 215(2), = € C\{0}, by

Pz, z) = 2% sin(22x) + /»’0 de' g0 (z,x, 2" \V (2 )p(z,2'),  (4.4)
0

flz,z) = =" — / dx’gf)(z,x, YW (') f(z,2"), (4.5)
Im(zY%) >0, 240, z >0,
where

gf)(z, z,1') = 272 sin(2Y2(z — 2)). (4.6)

We also introduce the Green’s function of HJ(FO),

B -1/2 Sin(zl/Qx)eizl/Qx’ <

GO N=(H - 2) (@, 2) =" gL
Vzwal) = (HY —z) (x,2) 2V 2sin(2 20 ) e w >
(4.7)

The Jost function F associated with the pair (H+, HSP)) is given by
F(z) = W(f(2),0(2) = f(2,0) (4.8)
=1+ 21/2/ dz sin(2"22)V (z) f(z, x) (4.9)
0
=1 +/ dx eizl/sz(x)qﬁ(z,x); Im(2'/?) >0, 240, (4.10)
0

where

W(f,9)(x) = f(z)g'(x) — f'(x)g(z), = =0, (4.11)
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denotes the Wronskian of f and g. Introducing the factorization
V() = u(z)v(z),
u(x) = [V ()2 exp(iarg(V (2))), v(z) = |[V(x)]'/?,
one verifies®

(Hy —2)" = (HY - 2)

(4.12)

-1

-1

— (HJ(rO) — z)flv[] + u(H(f) — z)lelu(HJ(rO) — z) ,
z € C\spec(H;).  (4.13)

To establish the connection with the notation used in Sections 2 and
3, we introduce the operator K (z) in L?((0,00);dz) (cf. (2.3)) by

K(z) = —u(HJ(FO) — z)_lv, z € (C\spec(HJ(rO)) (4.14)
with integral kernel

K(z,2,2") = —u(z)G (2, 2,2/ v(2), Tm(z/?) >0, 2,2’ >0,
(4.15)

and the Volterra operators Hy(z), Hoo(2) (cf. (2.4), (2.5)) with integral
kernel

H(z,z,2") = u(z)g" (2,2, 2" )o(x'). (4.16)
Moreover, we introduce for a.e. x > 0,
filz,z) = —u(x)eizl/zx, g1(z, ) = v(x)z Y sin(2Y22),
folz,2) = —u(z)27V?sin(2%2),  gao(z,2) = v(x)eizl/%. (4.17)

Assuming temporarily that
supp(V') is compact (4.18)

in addition to hypothesis (4.1), introducing fJ (z,x), 7 =1,2, by

filz,z) = fi(z,x) — /oodtzxx)fl(z x'), (4.19)
fg(zx = fo(z,x) —|—/ dezxx)fg(zm) (4.20)
Im(z1/%) >0, z#0, = >0,

ST denotes the operator closure of T and spec(-) abbreviates the spectrum of a
linear operator.
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yields solutions f;(z,-) € L*((0,00);dz), j = 1,2. By comparison with
(4.4), (4.5), one then identifies

fl(Z,J?) = —u(:c)f(z, I), (421)
fa(z,2) = —u(x)p(z, ). (4.22)

We note that the temporary compact support assumption (4.18) on V/
has only been introduced to guarantee that

fa(z,4), falz, ) € L*((0, 00); dx). (4.23)

This extra hypothesis will soon be removed.
We start with a well-known result.

Theorem 4.1 (Cf. [33], Theorem X1.20). Suppose f,g € L4(R;dx) forl}
some 2 < q < co. Denote by f(X) the maximally defined multiplica-
tion operator by f in L*(R;dx) and by g(P) the mazimal multiplica-
tion operator by g in Fourier space’” L*(R;dp). Then® f(X)g(P) €
B,(L*(R;dz)) and

1F(X)g(P) s, z2any < 7)Y fllpo®an 9] Loman).  (4.24)

We will use Theorem 4.1, to sketch a proof of the following known
result:

Theorem 4.2. Suppose V € L*((0,00);dx) and z € C with Im(2'/?) >
0. Then

K(z) € Bi(L*((0,00); dx)). (4.25)

Proof. For z < 0 this is discussed in the proof of [33, Theorem XI.31].
For completeness we briefly sketch the principal arguments of a proof
of Theorem 4.2. One possible approach consists of reducing Theorem
4.2 to Theorem 4.1 in the special case ¢ = 2 by embedding the half-line
problem on (0, 00) into a problem on R as follows. One introduces the
decomposition

L*(R;dz) = L*((0,00); dr) @ L*((—o0,0); dx), (4.26)

"That is, P = —id/dz with domain dom(P) = H?1(R) the usual Sobolev space.
8B,(H), ¢ > 1 denote the usual trace ideals, cf. [18], [36].
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and extends u,v,V to (—o0,0) by putting u,v,V equal to zero on
(—00,0), introducing

i(z) = {u(x), x>0, 3(z) = {U(ZE), x>0,

0, x < 0, 07 T < 07
V() = {V(x)’ z>0, (4.27)
0, x < 0.

Moreover, consider the Dirichlet Laplace operator Hg)) in L*(R; dx) by

Hy) f = 1",
dom(HY) = {g € L*(R;dz) | g, ¢ € ACinc([0, R]) N ACioe([— R, 0])
for all R > 0, f(0+) =0, ' € L*(R;dx)} (4.28)

and introduce

K(z)=—a(HY —2) o= K(2) @0, Im(z"/?)>0.  (4.29)

By Krein’s formula, the resolvents of the Dirichlet Laplace operator
Hg)) and that of the ordinary Laplacian H® = P? = —d?/dx? on
H?2%(R) differ precisely by a rank one operator. Explicitly, one obtains

GO (z,2,2") = GO (z,2,2') — GO(z,2,00G(2,0,0) ' GO (2,0,

= GOz n,) — o exp(i ) expliz 2],
z

Im(z"?) >0, 2,2/ € R,  (4.30)

where we abbreviated the Green’s functions of H\ and H© = —d?/dx?
by

G(DO)(Z,x,ZL’/) (Hg)) — z)_l(:c,a:’), (4.31)

1

(x,2') = ! exp(iz'/?|z — 2'|). (4.32)

GO(z,2,2') = (H(O) - Z>7 T 9,1/2
z

Thus,

K(z) = —a(HO - 2) "5 - ﬁ(@ exp(iz2[ - ), - )aexp(iz'/? - |).
(4.33)

By Theorem 4.1 for ¢ = 2 one infers that

[a(HO — 2)7%] € By(L*(R; dx)), Tm(z"/%) >0 (4.34)
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and hence,
[ﬂ(H(O) — z)fl/z] [(H(O) — 2)71/217} € Bi(L*(R;dz)), Im(zY?)>0.
(4.35)

Since the second term on the right-hand side of (4.33) is a rank one
operator one concludes

K(2) € Bi(L*(R;dz)), Im(z"?) >0 (4.36)
and hence (4.25) using (4.29). O

An application of Lemma 2.6 and Theorem 3.2 then yields the follow-
ing well-known result identifying the Fredholm determinant of [ — K (z)
and the Jost function F(z).

Theorem 4.3. Suppose V € L'((0,00);dx) and z € C with Im(2'/?) >
0. Then

det(I — K(z)) = F(z). (4.37)

Proof. Assuming temporarily that supp(V') is compact (cf. (4.18)),
Lemma 2.6 applies and one obtains from (2.38) and (4.17)—(4.22) that

SRR e i T CR OV ICRO N T TCRAT G
7 [ da’ ga(z,2) fi(z,2) 1= [ da’ g2(2,2)) fo(z, @)
1+ [ da’ Sin(zzll#\/(x’)f(z,x’) — fo dz’ Sin(:ll#\/(x’)qﬁ(z,x’)
— [ da eizl/2z/V(a:’)f(z,z’) 1+ [y da’ 6121/21,V(m’)¢(z,x’)
x>0. (4.38)

Relations (3.9) and (3.12) of Theorem 3.2 with m = n; = ny = 1,
n = 2, then immediately yield

det(I — K(2)) =14 z71/2 /000 dz sin(2'/%2)V (z)f(z, )

=1+ /000 dx eizl/Z”V(:ﬂM(z, x)
= F(z) (4.39)

and hence (4.37) is proved under the additional hypothesis (4.18). Re-
moving the compact support hypothesis on V' now follows by a standard
argument. For completeness we sketch this argument next. Multiply-

ing u,v,V by a smooth cutoff function y. of compact support of the
type

1, ze€l0,1],

0<x<1, X(l’)z{ 01

0, |z|>2, Xe(x) = x(ex), e >0, (4.40)
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denoting the results by u. = ux., v- = vx., Vz = Vx., one introduces

in analogy to (4.27),

() = {us(x), x>0, 5u(2) = {vg(x), x>0,

0, x <0, 0, x <0,

0, x <0,

7 {Vs(x), x>0,

and similarly, in analogy to (4.14) and (4.29),

K.(2) = —u.(HY = 2)"'o.,  Im(z"/?) >0, (4.42)

K.(2) = —i.(HY — =)

One then estimates,

1K (2) = Ke(2)l| g, 200
HO — N %5+ a0 (HO — )%
H 2) U (HO = 2) 0 B1 (L2 (Rsda))
2’ WQH vexp(izl/?]-]), -)ﬁexp(iz1/2|-|)

— (UE exp(iz'/?] -]), ')115 exp(iz1/2| . |)‘

B1(L2(R;dx))

Ve
Bi(L?(R;dzx))

——— || (Fexp(iz/?] - |), - )dexp(iz'/?] - |)

— (Bexp(iz'2]-]), - ) exp(iz'/?] - |)

+ (vexp(izl/2| 1), ~)ﬂ€ exp(izl/z\ )

— (Ve exp(iz!/?] - ]), - )@ exp(iz'/?] - DHB (L?(R;dz))
1 AT

IN

2) 1@ = el r2rian) + |0 — Ocl 22 (Roan) ]

O
C(Z) “,ﬁ - ﬁs”[ﬁ(R;dz)
O

IN

b, = K.(2)®0, Im(2/?)>0. (4.43)

Z)”U - Ua||L2((0,oo);da:)7 (444)

where C(z) = 25(2) > 0 is an appropriate constant. Thus, applying

(4.29) and (4.43), one finally concludes

lim 15(2) = Ke(2)| 5, 120,001

= 0. (4.45)
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Since V. has compact support, (4.39) applies to V. and one obtains,
det(I — K.(2)) = F-(2), (4.46)

where, in obvious notation, we add the subscript ¢ to all quantities
associated with V. resulting in ¢, f., F:, fej, fej, 7 = 1,2, etc. By
(4.45), the left-hand side of (4.46) converges to det( — K(z)) as e | 0.
Since

161%1 H‘/E — VHLl((O,oo);dx) = 0, (447)

the Jost function F. is well-known to converge to F pointwise as € | 0
(cf. [5]). Indeed, fixing z and iterating the Volterra integral equation
(4.5) for f. shows that |z='/2sin(2'/2x)f.(z, )| is uniformly bounded
with respect to (z,e) and hence the continuity of F.(z) with respect to
e follows from (4.47) and the analog of (4.9) for V.,

F(z)=1+ 2_1/2/0 dz sin(2%2)Vi(z) f.(2, z), (4.48)

applying the dominated convergence theorem. Hence, (4.46) yields
(4.37) in the limit ¢ | 0. O

Remark 4.4. (i) The result (4.39) explicitly shows that detca (U(z,0))
vanishes for each eigenvalue z (one then necessarily has z < 0) of the
Schradinger operator H. Hence, a normalization of the type U(z,0) =
I, is clearly impossible in such a case.

(17) The right-hand side F of (4.37) (and hence the Fredholm determi-
nant on the left-hand side) admits a continuous extension to the positive
real line. Imposing the additional exponential falloff of the potential of
the type V € L'((0,00); exp(ax)dz) for some a > 0, then F and hence
the Fredholm determinant on the left-hand side of (4.37) permit an an-
alytic continuation through the essential spectrum of Hy into a strip of
width a/2 (w.r.t. the variable z*/?). This is of particular relevance in
the study of resonances of Hy (cf. [37]).

The result (4.37) is well-known, we refer, for instance, to [23], [29],
[30], [32, p. 344-345], [37]. (Strictly speaking, these authors addi-
tionally assume V' to be real-valued, but this is not essential in this
context.) The current derivation presented appears to be by far the
simplest available in the literature as it only involves the elementary
manipulations leading to (3.8)—(3.13), followed by a standard approxi-
mation argument to remove the compact support hypothesis on V.
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Since one is dealing with the Dirichlet Laplacian on (0, 00) in the
half-line context, Theorem 4.2 extends to a larger potential class char-
acterized by

/0 dxx|V(x)|+/Roodx]V(ac)| < o0 (4.49)

for some fixed R > 0. We omit the corresponding details but refer to
(33, Theorem XI.31], which contains the necessary basic facts to make
the transition from hypothesis (4.1) to (4.49).

Next we turn to Schrodinger operators on the real line:
The case (a,b) = R: Assuming

V € L'(R;dx), (4.50)

we introduce the closed operators in L?(R; dz) defined by
HOf=—f"  fedom(H") = H**(R), (4.51)
Hf=—-f"+Vf{, (4.52)

fedom(H) = {g € [*(R;dx)| g, 9" € ACic(R);
(=f"+Vf) € L*(R);da)}.
Again, H is self-adjoint. Moreover, H is self-adjoint if and only if V'
is real-valued.

Next we introduce the Jost solutions fi(z,-) of —¢"(z) + Vip(z) =
21(z), z € C\{0}, by

+o0
Fulz,z) = e=#'/% — / dz' g0 (2, 2, 2V (') fo(z,2'), (4.53)
Im(z/%) >0, 2#0, z € R,

where ¢\ (2, z, 2') is still given by (4.6). We also introduce the Green’s
function of H©®,
GO (z,z,a") = (HO = 2) (2, 2)) = — e ='] (4.54)

o 9-1/2
Im(z*/?) > 0, z,2' € R.

The Jost function F associated with the pair (H H (0)) is given by
W(f_
f‘(Z) — (f (Z)aer(Z))

2iz1/2
1 .
242172 / da F* 0V (2) fo(z,2), Im(=1%) 20, 2 40,
12 R
(4.56)

(4.55)

=1
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where W (-, -) denotes the Wronskian defined in (4.11). We note that
if HO and H are self-adjoint, then

T(\) = hFolf(A +ie)™h, A >0, (4.57)
denotes the transmission coefficient corresponding to the pair (H H (0)) .

Introducing again the factorization (4.12) of V' = wv, one verifies as in
(4.13) that

(H-2)"=(HY - z)fl
—(HY — z)_lv[] +u(HO — Z)_IUJ _1u(H(0) — z)_l,
z € C\spec(H).  (4.58)

To make contact with the notation used in Sections 2 and 3, we intro-
duce the operator K (z) in L?(R;dx) (cf. (2.3), (4.14)) by

K(z) = —u(HO® — z)_lv, z € C\Spec(H(O)) (4.59)
with integral kernel

K(z,z,2') = —u(z)GO(z,z, 2" o(z'), Tm(z"?) >0, 240, 2,2/ € R,
(4.60)

and the Volterra operators H_o(z), Hx(z) (cf. (2.4), (2.5)) with inte-
gral kernel

H(z,z,2') = u(x)g® (2, z, 2" )v(a)). (4.61)

Moreover, we introduce for a.e. x € R,

1/2 1/2

filz o) = —u(@)e™, gi(z,w) = (i/2)2 "V u()e =,

j : (4.62)
folz,x) = —u(@)e™™ "%, go(z,2) = (i/2)z V20 (x)e™ ™2,
Assuming temporarily that
supp(V) is compact (4.63)

in addition to hypothesis (4.50), introducing fj(z,x), j=1,2 by

filz,z) = fi(z,z) — /00 de' H(z, z,2') f1(z, 2'), (4.64)

fQ(Z,x) = fo(z,2) +/ de' H(z,x,2") fo(z,2), (4.65)

— 00

Im(z"/2) >0, 2#0, z € R,
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yields solutions f](z,) € L*(R;dz), j = 1,2. By comparison with
(4.53), one then identifies

fl(Z,ZL‘) = —U(ZL‘)]C_,_(Z,LL'), (466)
folz ) = —ul@)f(2,). (4.67)

We note that the temporary compact support assumption (4.18) on V'
has only been introduced to guarantee that f;(z,-), f;(z, ) € L*(R; dx),
j = 1,2. This extra hypothesis will soon be removed.

We also recall the well-known result.

Theorem 4.5. Suppose V € L*(R;dx) and let z € C with Im(2"/?) >
0. Then

K(2) € Bi(L*(R;dx)). (4.68)

This is an immediate consequence of Theorem 4.1 with ¢ = 2.

An application of Lemma 2.6 and Theorem 3.2 then again yields the
following well-known result identifying the Fredholm determinant of
I — K(z) and the Jost function F(z) (inverse transmission coefficient).

Theorem 4.6. Suppose V € L'(R;dx) and let z € C with Im(2"/?) >
0. Then

det(I — K(2)) = F(2). (4.69)

Proof. Assuming temporarily that supp(V') is compact (cf. (4.18)),
Lemma 2.6 applies and one infers from (2.38) and (4.62)—(4.67) that

U(z,x)

_ (1= [ da’ g1(z, :L‘i)ftl(z, ) 7 da gl(z,x’)fg(Az,x’)
[Zda’ go(z,2) fi(z,2') 1= [T da’ go(z,2)) fo(z,27) |

reR, (4.70)

becomes
Upa(z,z) =1+ ﬁ /:O d' e =V (2)) o (2, 2), (4.71)
Upa(z,x) = _#.1/2 /9; dx’ e_izl/Qm/V(x’)f_(z,x’), (4.72)
Uyi(z,x) = —#‘1/2 /:0 dx’ eizl/%/V(x’)er(z,x'), (4.73)

Usp(z,2) = 1+ ﬁ/ da' e "7V () f_ (2, 7). (4.74)
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Relations (3.9) and (3.12) of Theorem 3.2 with m = n; = ny = 1,
n = 2, then immediately yield

1 1/2
o Fiz'/‘x
22,21/2/Rd3176 V(x)fe(z,x)

=F(z) (4.75)

det(I — K(2)) = 1

and hence (4.69) is proved under the additional hypothesis (4.63). Re-
moving the compact support hypothesis on V' now follows line by line
the approximation argument discussed in the proof of Theorem 4.3. [J

Remark 4.4 applies again to the present case of Schrodinger operators
on the line. In particular, if one imposes the additional exponential
falloff of the potential V' of the type V € L'(R;exp(a|z|)dz) for some
a > 0, then F and hence the Fredholm determinant on the left-hand
side of (4.69) permit an analytic continuation through the essential
spectrum of H into a strip of width a/2 (w.r.t. the variable z'/2). This
is of relevance to the study of resonances of H (cf., e.g., [8], [37], and
the literature cited therein).

The result (4.69) is well-known (although, typically under the ad-
ditional assumption that V' be real-valued), see, for instance, [9], [31,
Appendix A], [36, Proposition 5.7], [37]. Again, the derivation just
presented appears to be the most streamlined available for the reasons
outlined after Remark 4.4.

For an explicit expansion of Fredholm determinants of the type
(4.15) and (4.60) (valid in the case of general Green’s functions G
of Schrédinger operators H, not just for G associated with H(®)) we
refer to Proposition 2.8 in [35].

Next, we revisit the result (4.69) from a different and perhaps some-
what unusual perspective. We intend to rederive the analogous result
in the context of 2-modified determinants dets(+) by rewriting the scalar
second-order Schrodinger equation as a first-order 2 x 2 system, taking
the latter as our point of departure.

Assuming hypothesis 4.50 for the rest of this example, the Schrédin-
ger equation

—"(z,2) + V(2)Y(z, 1) = 29(z, 1), (4.76)

is equivalent to the first-order system

V(2 z) = <V(x§’_z (1)> V(). W)= <$(é?>> )



28 F. GESZTESY AND K. A. MAKAROV

Since ®©) defined by

—iz1/2 1/2
0) _ exp(—iz'/%x) exp(iz'/2x) 1/2) >
¢ (z, ) <—z’z1/Qexp(—izl/2x) izY? exp(iz'/?x) )’ Im(z77%) = 0
(4.78)
with
detc2 (@ (z,2)) =1, (z,2) € C xR, (4.79)

is a fundamental matrix of the system (4.77) in the case V = 0 a.e.,
and since

®O (2, 2)00 (2, 2)7!

B cos(2'/?(z — 2)) 27 V26in(21%(z — 2))
a <—zl/2 sin(2'/?(z — 2)) cos(2'2(x — 2')) ) ’ (4.80)

the system (4.77) has the following pair of linearly independent solu-
tions for z # 0,

Fi(z,2) = F(2,2)

[T sz —at)) 2 sin( A (e — o))
[ >

—22sin (2% (2 — 2')) cos(z'/%(x — 2'))
0 0 ,
X (V(x’) 0) Fi(z,2")
_ O, ) oo o 21 2sin(2V2(x — 2')) 0 3:, Y
= Iy ( ) ) /x d ( COS(Zl/Q(x—I/)) O) V( )Fi< ) )’

Im(z'2) >0, 2#0, z € R, (4.81)]

where we abbreviated
0 1 )
FOz,z) = <j:izl/2> exp(ziz'/?z). (4.82)

By inspection, the first component of (4.81) is equivalent to (4.53) and
the second component to the z-derivative of (4.53), that is, one has

Fi(z,,z) = <chi§z:g) , Im(22) >0, 240, z €R. (4.83)
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Next, one introduces

ie) = —uta) (s ) expliz"22),

folz,3) = —u(z) (_;1 /2) exp(—iz"/%),

s gimertion
(2, 7) = v(x) ( 2;1 5 exp(iz"/*a) o)
and hence
H(zo2,2') = fi(22)a1 (2 2) — folz, 2)ga(z ) (4.85)
i) (TG ) Oy s

and we introduce
. / /
K(Z,JT,Z'/) _ fl(Z,ZE)gl(Z,CL’ )7 r <z, (487)
fo(z,2)g2(2,2"), =<2,
iz712 0
-1 0
iz712

—u(z)3 exp(—iz"/?(z — o)) ( L0

Im(2'/%) >0, 2 #£0, 2,2’ €R. (4.88)

—u(z)} exp(iz'/?(z — 2')) <

We note that K (z,-,+) is discontinuous on the diagonal x = z’. Since

K(z,-,-) € L*R*dxdz’), Im(z/?) >0, z#0, (4.89)

the associated operator K (z) with integral kernel (4.88) is Hilbert—
Schmidt,

K(z) € By(L*(R; dx)), Im(z"?) >0, z 0. (4.90)
Next, assuming temporarily that

supp(V') is compact, (4.91)
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the integral equations defining fj(z,x), j=1,2,

filz,2) = filz,z) — /OO de' H(z, 2z, 2') fi(z, 2'), (4.92)

folzs2) = falz2) + / 0! H(z,2,0) fo = 2'), (4.93)

— 00

Im(zl/Q) >0, 2z#0, z € R,

yield solutions f](z, ) € L*(R;dz), j = 1,2. By comparison with
(4.81), one then identifies
f1<27$) = —U(QJ)F+(Z7I), (494)
folz,2) = —u(z)F_(z, z). (4.95)

We note that the temporary compact support assumption (4.91) on V/
has only been introduced to guarantee that

£z, fi(z, ) € (R dx)?, j=1,2. (4.96)

This extra hypothesis will soon be removed.
An application of Lemma 2.6 and Theorem 3.3 then yields the fol-
lowing result.

Theorem 4.7. Suppose V € L*(R;dx) and let z € C with Im(2/?) >
0, z#0. Then

deto(I — K (2)) = F(2) exp ( - ﬁ /R dx V(m)) (4.97)
= dety( — K(2)) (4.98)
with K(z) defined in (4.59).

Proof. Assuming temporarily that supp(V') is compact (cf. (4.91)),
equation (4.97) directly follows from combining (3.28) (or (3.31)) with
a=—00,b=00,(3.17) (or (3.19)), (4.69), and (4.84). Equation (4.98)
then follows from (3.25), (3.6) (or (3.7)), and (4.84). To extend the re-
sult to general V' € L'(R; dx) one follows the approximation argument
presented in Theorem 4.3. O

One concludes that the scalar second-order equation (4.76) and the
first-order system (4.77) share the identical 2-modified Fredholm de-
terminant.
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Remark 4.8. Let Im(2'/2) >0, 2 # 0, and x € R. Then following up
on Remark 2.8, one computes

_ gl(Z,ZE)fl(Z,ZL’) gl(Z,:E)fg(Z,IE)
A(Z,ZE) B (—QQ(Z,iE)f1(Z,l') _QQ(va)fQ(va))

7 1 —2iz1/2g

= ——221/2V($) (_621.21/2:[ 1 ) (499)
. i 1)/2 : 1/2
) e 1z xX 0 1 1 e’LZ X 0

- —221/2V<I> ( 0 eizl/Qx) (_1 _1> ( 0 e—iz1/2x> :

Introducing
M)z (1l 0
W(z,x)=e U(z,x), M(z) =iz 0 —1)° (4.100)

and recalling
Ulz,2) = A(z,2)U(z, z), (4.101)

(cf. (2.20)), equation (4.101) reduces to

W(z,x) = [izm ((1) _01> - %WV(Q;) (_11 _11) ]W(z,x).

(4.102)
Moreover, introducing
T(z) = (Z-;p _;1/2) , Im(2Y%) >0,z #£0, (4.103)
one obtains
{z’zln <(1) _01) — %1/21/(1;) (_11 _11” (4.104)

=T(2)" <V(x())— ; (1)) T(z), Im(z"?)>0,2#0, z € R,

which demonstrates the connection between (2.20), (4.102), and (4.77).

Finally, we turn to the case of periodic Schrodinger operators of
period w > 0:
The case (a,b) = (0,w): Assuming

Ve L'((0,w); dx), (4.105)
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we now introduce two one-parameter families of closed operators in
L*((0,w); dx) defined by

Hy'f ="

f € dom(H") ={g € L*((0,w);dz) | g, g € AC((0,w]);

g(w) = €’9(0), ¢'(w) = €“g'(0), ¢" € L*((0,w);dx)},  (4.106)
Hof =—f"+Vf,
f € dom(Hy) = {g € LX(0,w);d) | g.g € AC(0,]);  (4.107)
g9(w) = €9(0), ¢'(w) = €“g'(0), (—¢" + Vyg) € L*((0,w); dx)},

) is self-

where 6 € [0,27). As in the previous cases considered, H(go
adjoint and Hy is self-adjoint if and only if V' is real-valued.

Introducing the fundamental system of solutions ¢(z, ) and s(z, -) of
—9"(2) + Vip(2) = z¢(2), z € C, by
c(z,0) =1=5(2,0), (z,0)=0=s(z0), (4.108)

the associated fundamental matrix of solutions ®(z, x) is defined by

O(z, 1) = (C(z’ z) sz, x)) . (4.109)

d(z,z) §'(z,)

The monodromy matrix is then given by ®(z,w), and the Floquet dis-
criminant A(z) is defined as half of the trace of the latter,

A(z) = tre2(P(z,w)) /2 = [e(z,w) + §'(2,w)]/2. (4.110)
Thus, the eigenvalue equation for Hy reads,
A(z) = cos(0). (4.111)
In the special case V = 0 a.e. one obtains
Oz, x) = cos(21?x), 59(z,2) = sin(z"/%x) (4.112)
and hence,
A (2) = cos(2*w). (4.113)

Next we introduce additional solutions ¢ (z,-), ¥4(z,) of =" (z)+
Vip(z) = z¢(2), z € C, by

oz, x) = et +/ dr'g O (z, z, 2" \V (') ps(z, 2'), (4.114)
0

Yy(z,x) = Lz —/ dz' g O (z, 2, 2V (2" )bs (2, o), (4.115)

xT

Im(z'/%) > 0, = € [0,w),
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where g0 (z, z, 2') is still given by (4.6). We also introduce the Green’s

function of He(o),

Gy (z,0,2") = (Hy = 2) " (x,2)
7: ’L’Zl/2|mfx/‘ 6izl/2(x—x/) 6—izl/2(x_x/)

 9.1/2 i | | i i e |

Im(2%) > 0, z,2’ € (0O,w).  (4.116)

Y

Introducing again the factorization (4.12) of V' = wv, one verifies as in
(4.13) that

(Hg —2)' = (HG(O) — z)_l

— (He(o) — z)_lv[f + u(Hg(O) — z)_le_lu(Héo) — z)_l,
z € C\{spec(Hy) Uspec(H\ )}, (4.117)

To establish the connection with the notation used in Sections 2 and
3, we introduce the operator Ky(z) in L*((0,w);dx) (cf. (2.3), (4.14))
by

Ky(z) = —u(H(gO) — z)flv, z € (C\spec(He(o)) (4.118)
with integral kernel
Ky(z,x,2") = —u(m)Géo)(z,x, " v(x'), (4.119)

z € (C\spec(He(O)), z, 2’ € ]0,w],

and the Volterra operators Hy(z), H,(2) (cf. (2.4), (2.5)) with integral
kernel

H(z,z,2") = u(z)g (2, z, 2" v(z"). (4.120)
Moreover, we introduce for a.e. z € (0,w),
fl(zax) = f2(z7$) = f(Z,fL') - _u(m)(eiz

. exp(if) exp(—iz!/2w) exp(—iz'/?x)
¢ ( exp(if) exp(—izl/2w)—1 > ’ (4121)

1/2 i 1/2
X e 1z x)’

g(z,x) = WU@?) exp(iz!/2x)
exp(—i0) exp(—izl/2w)—1

. exp(—iz!/2z)
¢ exp(i6) exp(—izl/2w)—1

92(2, ) = mv(w) exp(—i6) exp(—iz!'/%w) exp(iz!/2x)
exp(—i6) exp(—izl/2w)—1
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Introducing fj(z,x), j=1,2 by

~

fi(z2) = f(za) / S da! H ) fi(2,0), (4.122)

~

falz,2) = f(z,2) + /f’f de' H(z,z,2') fo(z, 2'), (4.123)
0
Im(z42) >0, 240, 2 >0,

yields solutions f;(z,-) € L2((0,w);dz), j = 1,2. By comparison with
(4.4), (4.5), one then identifies

filz, @) = —u(@) (4 (2,7) Y(2,2)), (4.124)
falz,2) = —u(@) (4 (2, 2) ¢ (2,2)). (4.125)
Next we mention the following result.

Theorem 4.9. Suppose V € L'((0,w);dz), let 6 € [0,27), and 2 €
C\Spec(Hg(O)). Then

Ky(2) € Bi(L*((0,w); dz)) (4.126)
and

A(z) — cos(0)

cos(21/2w) — cos()

det(I — Ky(z)) = (4.127)

Proof. Since the integral kernel of Ky(z) is square integrable over the
set (0,w) x (0,w), one has of course Ky(z) € Bo(L?((0,w);dz)). To
prove its trace class property one imbeds (0,w) into R in analogy to
the half-line case discussed in the proof of Theorem 4.2, introducing

L*(R;dx) = L*((0,w); dz) @ L*(R\[0, w]; dz) (4.128)

(2) = {u(m), z € (0,w), 5(z) = {v(m), z € (0,w),

u 0, z ¢ (0,w), 0, ré¢ (0,w
~ V(z), z€(0,w) (4129)
Viw) = {07 zd (0,w).

At this point one can follow the proof of Theorem 4.2 line by line
using (4.116) instead of (4.30) and noticing that the second and third
term on the right-hand side of (4.116) generate rank one terms upon
multiplying them by @(x) from the left and ©(2") from the right.
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By (4.111) and (4.113), and since

det(] — Ky(z)) = det <(H(§O) — z)_l/Q(He —2) (HéO) B z)_1/2)’
(4.130)

det(I — Ky(2)) and [A(z) — cos(6)]/[cos(z/?w) — cos(6)] have the same
set of zeros and poles. Moreover, since either expression satisfies the
asymptotics 1 + o(1) as z | —oo, one obtains (4.127). O

An application of Lemma 2.6 and Theorem 3.2 then yields the fol-
lowing result relating the Fredholm determinant of I — Ky(z) and the
Floquet discriminant A(z).

Theorem 4.10. Suppose V € L'((0,w);dz), let 6 € [0,27), and z €
C\spec(Héo)). Then

A(z) — cos(0)
cos(21/2w) — cos(h)

det(I — Ky(2)) =

7 eiee—izl/Qw w
= —izl/2g
- [1 * 221/2 gifp—iz!/Pw _ /0 dre V(:c)z/@(z’x)}
: 1 ¢ iz1/2g
8 [1 D er— /0 dr eV (@)Y (2, x)}
1 eiée—izl/gw

E [ewefizl/%.) _ 1} [efiaefizl/%.) _ 1}

X /Ow dx eizl/%V(x)im(z, x) /Ow dx e’izl/%V(:v)w,(z, x)

(4.131)
- {1 + ! ! /w dx e_izl/%V(x) (z a:)}
221/2 eiee—iz1/2w -1 0 Pz,
7 e—iOe—izl/2w w
izl 2z
% |i1 + 221/2 p—if p—izt/?w _ q /(; dre V(.I')QO,(Z, x>:|
1 671’9671'21/2“)

4z [eibe—iz"P0 ] [e=i0e—iz"%0 1]

x/ d:veizl/ng(x)gp+(z,x)/ dxe_izl/%V(:p)go_(z,x).
0 0
(4.132)
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Proof. Again Lemma 2.6 applies and one infers from (2.38) and (4.121)—
(4.125) that

Ulz,z) = (1 - d$'g1(z,xi)f(z,x’) IN dx’gl(z,x’)f(%,x’) >
’ [ da go(z,2)) f(z,2') 1= [ dal go(z,2) f(2,27))
0w,  (4133)

becomes

exp(i0) exp(—iz1/2w) exp(—iz!/2x")

{ Y exp(i0) exp(—iz!/“w)—
Ul,l(Z,ZL‘) :]2+W/ dz’ p(i0) p1(/2 /1/2 )—1 V(ZL‘/)

eZZ

exp(—1i6) exp( iz1/2w)—

X (Y (z,2") - ,

1/2

i z exp(i0) exp(—iz'/“w exp( 121/2
/2
U172(Z, ZL‘) _ / dz’ exp(i6) exp(—izl/2w)
0

(4.134)

2-,1/2 exp(iz!/2a’) V
exp(—i6) exp(— zz1/2w

)
X (oi(z,2") o z,x')), (4.135)

i w exp(—iz'/ 2z ’)
- __ / exp(i0) exp (—i21/2w)—1
UQ,l(Zy x) - 221/2 / dl‘ exp(fza) exp( 1/2w) exp 121/2 /
x

exp(—i0) exp( zz1/2w

<

X (Yy(z,2') ¥_(z,2"), (4.136)

i z exp( 1/2 /
_ ¢ / exp(i6) exp(—izl/2w)—1 /
U2’2(Z’ I) - I2 + 2-,1/2 /0 dx (exp(—iel)pexp(—lemw) exp(izl/22) V(I )

exp(—i0) exp(—izl/2w)—1

X (pi(z,2) p-(2,27).  (4.137)

Relations (3.9) and (3.12) of Theorem 3.2 with m = 1, ny = ny = 2,
n = 4, then immediately yield (4.131) and (4.132). O

To the best of our knowledge, the representations (4.131) and (4.132)
of A(z) appear to be new. They are the analogs of the well-known
representations of Jost functions (4.9), (4.10) and (4.56) on the half-line
and on the real line, respectively. That the Floquet discriminant A(z) is
related to infinite determinants is well-known. However, the connection
between A(z) and determinants of Hill-type discussed in the literature
(cf., e.g., [27], [14, Ch. III, Sect. VI.2], [28, Sect. 2.3]) is of a different
nature than the one in (4.127) and based on the Fourier expansion of
the potential V. For different connections between Floquet theory and
perturbation determinants we refer to [10].

5. INTEGRAL OPERATORS OF CONVOLUTION-TYPE
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WITH RATIONAL SYMBOLS

In our final section we rederive the explicit formula for the 2-modified
Fredholm determinant corresponding to integral operators of convolu-
tion-type, whose integral kernel is associated with a symbol given by a
rational function, in an elementary and straghtforward manner. This
determinant formula represents a truncated Wiener-Hopf analog of
Day’s formula for the determinant associated with finite Toeplitz ma-
trices generated by the Laurent expansion of a rational function.

Let 7 > 0. We are interested in truncated Wiener—Hopf-type opera-
tors K in L*((0,7);dx) of the form

(Kf)(z) = /OT de' k(x — ) f(z'), f € L*(0,7);dx), (5.1)

where k(+), extended from [—7, 7] to R\{0}, is defined by

k(t) = {E’ﬂ e, >0, (5.2)
Y mer Bmetmt, <0
and
aqeC, telL={1,...,L}, LeN,
Bn€C, meM={1,... M}, M €N,
M €C, Re(N) >0, LeL,
tm € C, Re(pm) >0, m € M.

(5.3)

In terms of semi-separable integral kernels, k can be rewritten as,

o) =) {0 (SUESTT
where
fi(z) = (ale”\lx, .,are ’\L‘”),
f2($) = (516“”, 76M€qu)7
a(z) = (eA”‘“, ’e)\Lm)T, (5.5)
go(z) = (77, ... ,e_“M‘U)T.

Since K (+,+) € L*((0,7)x(0,7); dx dz'), the operator K in (5.1) belongs
to the Hilbert—Schmidt class,

K € By(L*((0,7);dx)). (5.6)
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Associated with K we also introduce the Volterra operators Hy, H,
(cf. (2.4), (2.5)) in L*((0, 7); dz) with integral kernel

h(z —a') = H(z,2") = fi(z)gi(2") — fa(z)ga2(2), (5.7)
such that
h(t) = Z e M — Z Betmt. (5.8)
el meM

In addition, we introduce the Volterra integral equation

~

fa(x) = folx) + /Ox dr' h(z — Z'/)fg(ﬂf/), x € (0,7) (5.9)

with solution fo € L2((0, 7); dz).
Next, we introduce the Laplace transform F of a function f by

F(C) = /0 T e (), (5.10)

where either f € L"((0,00);dt), r € {1,2} and Re(¢) > 0, or, f satisfies
an exponential bound of the type |f(t)] < Cexp(Dt) for some C' >
0, D > 0 and then Re(¢) > D. Moreover, whenever possible, we
subsequently meromorphically continue F into the half-plane Re({) < 0
and Re((¢) < D, respectively, and for simplicity denote the result again
by F.

Taking the Laplace transform of equation (5.9), one obtains

F2(¢) = Fa(¢) + H(O)F-(C), (5.11)
where
Fa(C) = (B1(C— ), Bur(C = pan) 1), (5.12)
HC) =Y ae(C+A) ™ = > B¢ — )™ (5.13)
leL meM

and hence solving (5.11), yields
Fa(Q) = (1 =H(C) " (B¢ — )™, Bu(C = par) ™). (5.14)

Introducing the Fourier transform F(k) of the kernel function k by
F(k)(z) = / dte™'k(t), x€R, (5.15)
R
one obtains the rational symbol

Fk) (@) =Y i —ix) ™ + Y Bl +ix) " (5.16)

lel meM
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Thus,
1 — H(—iz) = 1 — F(k)(z)
= [[(—iz+i¢) [[(—iz+ )™ T] (—iz = )™ (5.17)

neN lel meM
for some
GeEC, neN={1,...,.N}, N=L+ M. (5.18)
Consequently,
1-H(() = [T¢+i) [T+ [T C—m)™, (5.19)
neN Lel meM
(1=HQ) ' =1+l +iG) (5.20)
neN
where
Tn = H ('LCn - iCn’)_l H(AZ - ZCn) H (_Zgn - ;um)7 n € ./\/
z’/;jx teL mem

(5.21)

Moreover, one computes

B = [T+ 207 TT (o = )™ ] (i +iG0), - e M.

el m/eM neN
m'#m

(5.22)
Combining (5.14) and (5.20) yields

Fy(C) = (1 Y z'cnw) (Bu(C = 1), Bar(C = ) ™)
" (5.23)

and hence

folx) = (ﬂl {em =3 (€T — e (uy + z'gn)—l] o

neN

-2 Par [G#W = (€T — V) (s + zcn)l] )
- (5.24)

In view of (3.31) we now introduce the M x M matrix

G = (Gomm') et = /0 " 92(2) fo (). (5.25)
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Lemma 5.1. One computes

Gm7m, — 5m7m, + e—MmTﬁm/ Z ,yne—iCn‘r(lum + iCn)_l<Mm’ + iCn)_l,
neN
m,m' € M. (5.26)

Proof. By (5.25),

G = / dt e By (e“m” =D (e = et (i + umf)*)
0

neN
= ﬁm’ / dt 6_(Mm_um/)t (1 + Z ’Yn(zgn + Nm/)—l)
0 neN
- ﬁm’ / dt e_“mt Z ’Yne_icnt(icn + Mm’)_l
0 neN
= =B D n(iCu+ o)™ / dt e~ ntrm)t
neN 0
= ﬁm’ Z Tn |:6_(7:Cn+/im)t — 1:| (ZC'IZ —+ ll’Lm)_l(ZCn + Mm’)_l. (527)
neN

Here we used the fact that

1+ Z ’yn(ZCn + Mm’)_l =0, (528)
neN
which follows from
14 37 3G + ) ™ = (1= Hp)) ™ =0, (5.29)

neN
using (5.19) and (5.20). Next, we claim that
B 3 Y0+ pi) GG+ ) = G (5.30)
neN
Indeed, if m # m’, then

D i + ) (i + pom) ™! (5.31)

neN

= = > it = ) (0o ) = (i )] = 0,
neN
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using (5.28). On the other hand, if m = m/, then
d

B 3 i+ )™ = =B (1 = H(O) ™
neN (=pm
d _
= Bes (H(O) 1 ~BQ)|
d
= —Res 7 log (1 - H(()™)
S (5.32)
using (5.19). This proves (5.30). Combining (5.27) and (5.30) yields
(5.26). O

Given Lemma 5.1, one can decompose I, — G as
Iy — G =diag(e ™7, ... e *™7)'diag(f, .. ., Bum), (5.33)

where diag(:) denotes a diagonal matrix and the M x M matrix T is
defined by

I'= (Fm’ml)m,m’EM

= ( = > T (o A+ iG) ™ (pr + z'gn)—l) C(5.34)
m,m’eM

neN

The matrix I' permits the factorization

I = Adiag(y1e77, ..., yve “N) B, (5.35)
where A is the M x N matrix
A= (Am’”)me./\/l,ne/\f - ((,um + ZCn)il)me/\/l,ne/\/’ (5.36)
and B is the N x M matrix
B = (Bum)errment = (= (m +36) ™) vonrmens (5:37)
Next, we denote by ¥ the set of all monotone functions
v {l,..., M} —={1,...,N} (5.38)
(we recall N = L + M) such that
(1) < - <(M). (5.39)

The set U is in a one-to-one correspondence with all subsets Mi =
{1,...,N}\M of {1,..., N} which consist of L elements. Here M C
{1,..., N} with cardinality of M equal to M, |IM|= M.
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Moreover, denoting by A, and BY the M x M matrices

Ay = (Ango) e V€, (5.40)
BY = (Bym) )y ers ¥ E W, (5.41)
one notices that
Ay =-B" 4eWl. (5.42)
The matrix A¥ is of Cauchy-type and one infers (cf. [24, p. 36]) that
Ajt=DYA]Dy, (5.43)

where D}p, 7 = 1,2, are diagonal matrices with diagonal entries given
by

(DY), = 11 o +iCoim) T (=iCoimn) +iCum) ™", m e M,

m/eM m' e M
m''Zm
(5.44)
(ng)m’m = H (/Lm + ZCz!z(m’)) H (Nm - ,Um”) 17 m e M.
m/eM m' e M
m"'Zm
(5.45)

One then obtains the following result.

Lemma 5.2. The determinant of Iy — G is of the form
deth (]M - G)

= (=)™ exp (— Ty um> (g@) wezm (/ng(e'))

meM

X exp < — T Z Cw(g//)) [deth (Dip)det(cM (Dg))] _1. (546)
el
Proof. Let ¢ € W. Then
det@M (Aw)det(cM (BTP) = (—1)M [det(cM (ATP)] 2
= (=1)M[deten (DY) deten (DY)] . (5.47)

An application of the Cauchy—Binet formula for determinants yields

detem (I) = Z detem (Aw)det(clw (B#’) H fm)(m)e*if%(m). (5.48)
Pew meM

Combining (5.33), (5.47), and (5.48) then yields (5.46). O
Applying Theorem 3.3 then yields the principal result of this section.
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Theorem 5.3. Let K be the Hilbert-Schmidt operator defined in (5.1)—
(5.3). Then

deto(I — K) = exp (Tk:(()_) —T Z Mm) Z Vi exp ( — iTvg)

meM L£C{1,...,N}
|£|=L
(5.49)
= exp (Tk(0+) -7 Z )\g) Z Wi exp (iTwiy)-
teL MC{1,...,N}
|M|=M
(5.50)

Here k(04) = lim. o k(xe), |S| denotes the cardinality of S C N, and

VZ = H ()‘Z - ZCm) H (Mm/ + ZC@/)

CeL, meLL velm' eM
X H (Hm// —I— )\g//)_l H (iCm/// — ng///)_17 (551)
elLm’"eM K”’EE,m”’GZL
Wo= I e—=ic) I (w +ice)
(€L, meM VEME M eM
B RTPES R R | T
el m’”eM Z”’G/\?L,m’”e/\?
(5.52)
ve= Y Gms (5.53)
meLt
wg= Y G (5.54)
LeM-
with
LY={1,...,N\C for LC{1,...,N}, |L| =L, (5.55)

ME={1,.... NA\M for MC{1,...,N}, IM|=M.  (5.56)

Finally, if L =0 or M =, then K is a Volterra operator and hence
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Proof. Combining (3.31), (5.44), (5.45), and (5.46) one obtains

deta(I — K) = detenr (Ing — G) exp ( / e fg(x)gg(x))

0

= deteum (Ipy — G) exp (7’ Z Bm>
meM
= detem (I — G) exp(Tk(0-)) (5.57)

= exp (Tk(o_) = um)

meM

< S veew(-i X G)
£C{1,..,N} meL+

|£l=L

where

v5:<—1>M( 11 ﬁm)( 11 vm/) IT I G —ic)

meLt m/eLt m/’eLt peLt
pFEm

X H H (o — 1) H H (Hg +iCq)_1

pEMpeM qeﬁm qgeM
p"#p'

< T 1T (e + 607 (5.58)

TEM picpl
r'F#r

Elementary manipulations, using (5.21), (5.22), then reduce (5.58) to
(5.51) and hence prove (5.49). To prove (5.50) one can argue as follows.
Introducing

—~—

F&)(z) = F(k)(—z), zeR (5.59)

with associated kernel function

k(t) = k(—t), teR\{0}, (5.60)
equation (5.17) yields

—~—

1= F(k)(z) = [+ ) [[(x=ix)™ T (= +ipm) ™. (5.61)

neN el meM

Denoting by K the truncated Wiener-Hopf operator in L*((0,7); dx)
with convolution integral kernel & (i.e., replacing k by k in (5.1), and
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applying (5.49) yields

dety(] — K) = exp (7’]2‘(0_) - TZ )\g) Z Wiy exp (ir Z Go)-

teL MCA{1,...,N} teML

|IM|=M
(5.62) J
Here W is given by (5.52) (after interchanging the roles of A\, and j,,

and interchanging (,, and —(, etc.) By (5.60), k£(0-) = k(0). Since
K = KT, where KT denotes the transpose integral operator of K (i.e.,
KT has integral kernel K (z/, ) if K(x,2") is the integral kernel of K),
and hence

dety(I — K) = dety(I — KT) = dety(I — K), (5.63)

one arrives at (5.50).

Finally, if £ = () then £(0;) = 0 and one infers dety(I — K) = 1 by
(5.50). Similarly, if M = (), then £(0_) = 0 and again dety(/ — K) =1
by (5.49). O

Remark 5.4. (i) Theorem 5.3 permits some extensions. For instance,
it extends to the case where Re(A\) > 0, Re(pm) > 0. In this case the
Fourier transform of k should be understood in the sense of distribu-
tions. One can also handle the case where —i\, and ip,, are higher
order poles of F(k) by using a limiting argument.

(it) The operator K is a trace class operator, K € Bi(L*((0,7);dx)),
if and only if k is continuous at t = 0 (cf. equation (2) on p. 267 and
Theorem 10.3 in [12]).

Explicit formulas for determinants of Toeplitz operators with rational
symbols are due to Day [7]. Different proofs of Day’s formula can be
found in [2, Theorem 6.29], [19], and [22]. Day’s theorem requires that
the degree of the numerator of the rational symbol be greater or equal
to that of the denominator. An extension of Day’s result avoiding
such a restriction recently appeared in [6]. Determinants of rationally
generated block operator matrices have also been studied in [38] and
[39]. Explicit representations for determinants of the block-operator
matrices of Toeplitz type with analytic symbol of a special form has
been obtained in [20]. Textbook expositions of these results can be
found in [2, Theorem 6.29] and [3, Theorem 10.45] (see also [4, Sect.
5.9]).

The explicit result (5.50), that is, an explicit representation of the
2-modified Fredholm determinant for truncated Wiener-Hopf operators
on a finite interval, has first been obtained by Béttcher [1]. He succ-
ceeded in reducing the problem to that of Toeplitz operators combining
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a discretization approach and Day’s formula. Theorem 5.3 should thus
be viewed as a continuous analog of Day’s formula. The method of
proof presented in this paper based on (3.31) is remarkably elementary
and direct. A new method for the computation of (2-modified) determi-
nants for truncated Wiener-Hopf operators, based on the Nagy—Foias
functional model, has recently been suggested in [26] (cf. also [25]),
without, however, explicitly computing the right-hand sides of (5.49),
(5.50). A detailed exposition of the theory of operators of convolution
type with rational symbols on a finite interval, including representa-
tions for resolvents, eigenfunctions, and (modified) Fredholm determi-
nants (different from the explicit one in Theorem 5.3), can be found
in [11, Sect. XIII.10]. Finally, extensions of the classical Szegé—Kac—
Achiezer formulas to the case of matrix-valued rational symbols can be
found in [17] and [16].
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1 Preliminaries

The results on half-line Jacobi operators in this manuscript are taken from
2], Sect. VIIL.1 and [1], Ch. 4. The results on Jacobi operators on Z are based
on [2], Sect. VIL3, [3], and [4].

Definition 1.1. We denote Ny = NU{0}. Let I?(Np) be the Hilbert space of
all sequences u = (uo, u1,...), u; € C, j € Ny, such that Z;io |uj|2 < oo with
scalar product (-, ) to be linear in the second argument. Let [2(Ng) C ?(Np)
be the dense subspace of all sequences of finite support

u = (ug, u1,...,un,0,0,...),
where N = N(u) depends on u.
Definition 1.2. Let L be the following Jacob: difference expression:
(Lu); = aj_quj_1 + bju; + ajujrr, j€Z, uel™(Z), (1.1)
where a; and b; are given real-valued coefficients with a; > 0, j € Z.

Remark 1.3. A straigtforward calculation shows that the following version
of Green’s formula is valid for the difference expression (1.1)

[(Lu),v; — uj(Lv)j} = a;(U10; — WU41) (1.2)

— a1 (URDp—1 — Up—1T), k,l € Z.

2 Jacobi operators on N

The results in this section are taken from [2], p. 501-503.

Definition 2.1. Let H, : [3(Ny) — [5(Ny) be the linear operator defined as
(H'u); = (Lu);, j € Ng with u_; = 0 on the Hilbert space {3(Np).

Remark 2.2. (i) The condition u_y = 0 plays the role of a boundary condi-
tion.

(ii) Using Green’s formula (1.2) it is easy to see that the operator H', is
symmetric.



In the following we denote by H, = H—’+ the closure of the operator H’,.

Remark 2.3. H, is symmetric because H' defined on the dense subset of
1(Ny) is symmetric and H is the closure of H!, .

Lemma 2.4. Dom (H*) = {v € I*(Ny) | Lv € I*(Ny)}.

Proof. Using Green’s formula (1.2) we have the following equality:
(Hyu,v) = (Lu,v) = (u, Lv) = (u, H}v) for all u € I{(No),v € I*(Np).

Therefore, H} acts in I*(Ny) as the difference expression (1.1). The required
statement then follows from the previous equality and the definition of the
domain of an adjoint operator,

Dom (H}) = {v € I?(No) | For all u € Dom (H..), there exists a unique
w € I*(Np) s.t. (Hyu,v) = (u,w), w= Hiv}.

0]

Remark 2.5. In general, H, G HY, that is, Dom (H;) & Dom (H}). In
the latter case, H, is symmetric but not self-adjoint and HY is not symmet-
TiC.

Definition 2.6. The deficiency indices of a symmetric operator A are the di-
mensions of the orthogonal complements of Ran (A — z/) and Ran (A + zI),
respectively, for any nonreal z.

Lemma 2.7. The deficiency indices of the operator H, are equal and hence
independent of z.

Proof. The deficiency index of the symmetric operator is known to be con-
stant in the open upper and lower half-planes. Therefore, there are at
most two different deficiency numbers of the operator H, corresponding to
Im (z) = 0. But because the coefficients of H, are real, H, is real, that is,
the domain of H is invariant under the involution v — ¥ and H, 7 = H v.
Therefore, for all v € Ran (H — zI), there exists v € Dom (H) such that
(Hy —2I)u = v. By the invariance of the domain of H, under the involution
we get

ueDom(Hy) and (Hy —zl)u= (Hy — z[)u =7,



which implies 7 € Ran (H, — ZI). Therefore,
Ran (H; — 2I) C Ran (Hy —ZI)

and by symmetry the converse also holds:

Ran (Hy — zI) D Ran (H, —ZI).

The previous inclusions imply

dim (Ran (Hy — z])) = dim (Ran (H, — zI)),
which proves equality of the deficiency indices of H. O

Remark 2.8. The action of the operator Hy on u € [*(Ny) can be rep-
resented as the multiplication of the following matriz by the vector u =
(uo, u1,...) from the right

bp ap 0 0 O
aoblal()()

J = 0 aq bg a9 0

Matrices of this form are called Jacobi matrices and the corresponding oper-
ators H, are called Jacobi operators.

3 Polynomials of the first kind

The results in this section are taken from [2], p. 503-508.
Consider the equation

(LU)] = a;1Uj_1 + bjUj + ajuj1 = 2uy, j e No, (31)
U1 = O, Uy = 1,

where 2z is some complex number. It can be considered as a recursion relation
for the determination of w;;; from w; and u;_;. By the hypothesis a; # 0,
this relation is always solvable. Define P, ;(z) for j > 1 by (3.1). Clearly,
P, ;(z) is a polynomial of degree j in z. Explicitly, one obtains

P+70(Z) = 1,
Pra(z) = (z—=b)/ao,
P .s(z) = [(z—=0b)(z—bo)/ao — apl/a1, etc.



Definition 3.1. The polynomials P, ;(z) are called polynomials of the first
kind, generated by the difference expression L.

Theorem 3.2. The operator H, has deficiency indices (0,0) or (1,1). The
first case is characterized by the divergence of the series Z;’;O ]P+7j(z)|2 for
all nonreal z, and the second case by the convergence of this series.

In the second case, the deficiency subspace Nz is a one dimensional sub-
space, and is spanned by the vector

Pi(2) = (Prol2), Pra(2),...). (3.2)

Proof. Let Im (z) # 0, and denote by N5 the orthogonal complement of
Ran (H, — zI), that is, the deficiency subspace of the operator H,. Then,

0= ((Hy —zl)u,v) = (u,(H} — zI)v) for all v € Nz, uw € Dom (H, ).

Therefore, Nz coincides with the subspace of solutions of the equation H}v =
zv or, because of the form of H}, with the subspace of the solutions of the
difference equation (Lv); = zv;, v_; = 0, which belong to I*(Np). By (3.1)
each solution of this equation is represented in the form v; = vo P, ;(2), and
therefore the deficiency subspace is at most one-dimensional; moreover, it is
nonzero if and only if v = Py (z) € I?(No), that is, Y377 1Py i(2)] <oo. O

Remark 3.3. Because of the constancy of the deficiency indices in the open
upper and lower complex half-planes, a sufficient condition for H, to be self-
adjoint is that the series )7~ |P, ;(2)|* diverges for just one nonreal z.

Definition 3.4. The difference expression L is said to be in the limit point
case at oo if the deficiency indices of the operator H, are (0,0), that is, the
operator H, is self-adjoint, and L is said to be in the limit circle case at oo
if the deficiency indices of H, are (1,1), that is, H, is symmetric but not
self-adjoint.

Remark 3.5. (i) P.(z) in (3.2) is called a generalized eigenvector of H,
because

(Pi(2), (HY —zDu) = (L — 2I)Py(2),u) = 0 for all u € I§(Ny).

(11) If the real-valued sequences {a;}jen, and {b;};en, are bounded, then the
operator H is bounded and hence self-adjoint.



4 The eigenfunction expansion

The results in this section are taken from [2], p. 508-513.

In the following we will assume H, to be a self-adjoint operator.

By &, € 1*(Z), k € Z we will denote a vector, such that (0); = 0,
Jj € Z.
Theorem 4.1. There is a family of projection operators {E.(\)} er corre-
sponding to the operator H, and the following representations are valid,

I:/dE+(>\) and H+://\dE+(/\).

R R
Theorem 4.2. The following formula is valid,
g = [ PralP-sO) dloo, E-O)0) (4.1)
R

In particular, the polynomials Py j(\) are orthonormal with respect to the
measure d(8o, E1(\)dg) on R.

Proof. First, note that because of
(H+5j>u) = (5j>H+u) = (H+u)j
= aj-1uj-1 + ajuji1 + bju;
= (Cljfléjfl + Gj5j+1 + bjéj,u), u e lg(N()),
H_ acts on each 0, as
H+(5j = (13;15];1 + aj6j+1 + bjéj, J € No,
where we assume 6_; = 0. Therefore, ¢; belongs to the domain of any H?,
n € N, and analogously to (3.1) we find that
0 = Py ;(Hy)do.
Now it is easy to establish (4.1) using
Okj = (Ok, 0;)
= (P+,k(H+)607 P+,j(H+)5o)
= (00, Py ;(H+) Py 1 (H+)d0)

_ / Py (V) Ps k() d(60, By (V)d0).



Definition 4.3. Let 0 (\) = (Jo, E+(N)dp), then do()) is called the spec-
tral measure associated with H .

Remark 4.4. Following the usual conventions we also call doy(\) the spec-
tral measure of H, even though this terminology is usually reserved for
the operator-valued spectral measure dE,(X). (This slight abuse of notation
should hardly cause any confusion.)

Lemma 4.5. The set of points of increase of the function o, (\) is infinite,
that is, for all polynomials P(\) € L*(R,do()\)),

/|P(>\)\2da+(/\) =0 if and only if P()\) = 0.

5 Eigenfunction transforms

The results in this section are taken from [2], p. 513-518.
Definition 5.1. For any u = (u;),.y, € [*(No) the function

W) = Y uiPey() € LR do () (5.1)

is called the eigenfunction transform of w.

Remark 5.2. The sum in (5.1) converges in the L*(R,do()\)) space for

each u € 1*(Ny) because Py ;(N) form an orthonormal system of polynomials
in L*(R,do(\)).

Lemma 5.3. From (4.1) and (5.1) we have Parseval’s relation

= [a(\)o(\)dor(N), wu,v € *(Ny). (5.2)
R

Lemma 5.4. From (5.1) it follows that the set of eigenfunction transforms

of all sequences of finite support is the set of all polynomaials in \. And since

P, ;(\) € L*(R,do(N)), any polynomial belongs to L*(R,do.(N)); in other

words, the spectral measure do, (\) satisfies

/|)\|m doi(N\) < oo, m € Ny. (5.3)



Lemma 5.5. The operator H, on I%(Ny) is transformed by the eigenfunction
transform into the operator of multiplication by \ on the set of all polynomaials

in LA(R, do. ())).

Proof.
(Hyu)(A) = Z(H+U)jp+,j()\) = Zuj(H-i-P-i-()\))j

=\ i u; Py ;(N) = Na()).

0]

Theorem 5.6. The operator H. 1is self-adjoint if and only if the set of

eigenfunction transforms of all sequences of finite support 13(Ng) is dense
in L*(R,do(N)).

Theorem 5.7. Let do()\) be a nonnegative finite measure on R satisfying
condition (5.3). If Parseval’s formula (5.2) holds for any finite sequences
u,v and their eigenfunction transforms (or equivalently, if the orthogonality
relations (4.1) hold), then do,(\) is a spectral measure, that is, there exists
a resolution of the identity E, (\), such that doy(\) = d(dg, E1+(N\)dg).

Proof. Parseval’s formula establishes an isometry between [?(Np) and

——~——

I12(Ng) C L*(R,do,()\)) by which the operator H, is transformed into the
operator ]EI\:r of multiplication by A, defined to be the closure of the operator
of multiplication by A on polynomials. Now we can consider an operator
of multiplication by A on L?(R, do())), construct the resolution of identity
for it, and then by isometry between the Hilbert spaces obtain the required
resolution of identity for H, . O

6 The inverse problem of spectral analysis on
the semi-axis

The results in this section are taken from [2], p. 518-520.
So far we have considered the direct spectral problem: for a given differ-
ence operator H, we constructed a spectral decomposition. However, it is

8



natural to consider the inverse problem, whether one can recover H, from
appropriate spectral data. In this section we will show that such a recovery
is possible when the spectral data consist of the spectral measure do ().

Roughly speaking, this reconstruction procedure of {a;, b;};en, starting
from do () proceeds as follows: Given the spectral measure do (), one first
constructs the orthonormal set of polynomials { Py ;(\)}jen, with respect to
do,(\) using the Gram-Schmidt orthogonalization process as in the proof
of Theorem 6.1 below. The fact that P, ;(\) satisfies a second-order Jacobi
difference equation and orthogonality properties of P, () then yield explicit
expressions for {a;, b;}jen, -

To express the coefficients {a;, b;}jen, in terms of P, ;(A) and do () one
first notes that

1P j1(A) + a; Py jia(N) +6;P1 5 (A) = APy ;(A), j € No,
P+7_1(A) == 0

Taking the scalar product in L*(R, doy(\)) of each side of this equation with
P, () and using the orthogonality relations (4.1), we obtain

a; = /AP+,j(/\)P+7j+1<>‘) do(A), by = /)‘Pi,j()‘> doy(X), j € No.
R R
(6.1)

Theorem 6.1. Let do,(\) be a nonnegative finite measure on R, for which
0.+ (A) has an infinite number of points of increase, such that

/dcr+()\) _1, /\)\|md0+(/\) <0, meN,
R R

Then do(X) is necessarily the spectral measure for some second order fi-
nite difference expression. The coefficients of this expression are uniquely
determined by doy () by formula (6.1), where {Py ;(\)}jen, is the orthonor-
mal system of polynomials constructed by the orthogonalization process in the
space L*(R,do, ()\)) of the system of powers 1, \, N\, . ...

Proof. Consider the space L?(R,do(\)) and in it the system of functions
1,\, A2, .... Orthogonalize this sequence by applying the Gram-Schmidt or-
thogonalization process. If a polynomial is zero in the norm of L*(R, do,(\)),



it is identically zero because of the infinite number of points of increase of
04+ (A). Thus, in the end we obtain an orthonormal sequence of real polyno-
mials Py o(A) = 1, Py 1(A),..., where Py ;(\) has degree j and its leading
coeflicient is positive.

Define a; and b; by means of the equation (6.1) for the polynomials
P ;(X). It is easy to see that a; > 0, j € Ng. In fact, APy () is a
polynomial of degree 7+ 1 whose leading coefficient is positive, and therefore
in the representation APy ;(A) = ¢j11 Py jr1 + -+ + coPro(N), ¢j41 > 0. But
¢j+1 = a;j, and thus the numbers a; and b; may be taken as the coefficients
of some difference expression H, .

Now we will show that the P, j(\) are polynomials of the first kind for
the expression H, just constructed, that is, we will show that

AP ;(N) = aj 1Py jo1(N) +a; Py ja(N) +0;Py (), J €N,
P+7_1(>\> - O, P_A'_’O(A) - 1

For the proof, it is sufficient to show that in the decomposition of the poly-
nomial AP, ;(\) of degree j + 1 with respect to Py o(N),..., Py j+1(A), the
coefficients of Py o(M), ..., Py j_o are zero, that is,

[APGOPLN o) =0, k=0, -2
R

But APy (A) is a polynomial of degree at most j—1, so Py () is orthogonal
to it as required. O

7 Polynomials of the second kind

The results in this section are taken from [2], p. 520-523.
Consider the difference equation

(LU)J = aj—1Uj—1 + bjuj + a;jUj41 = Uy, j c No, (71)
up =0, uy =1/ay,
where 2z is some complex number. Let Q1 (2) = (Q11(2), Q+2(2),...) be a
solution of this equation. It is easy to see that Q4 ;(2) is a polynomial of

degree 7 — 1 with real coefficients, and whose leading coefficient is positive.
Therefore, Q) ;(z) is uniquely defined.

10



Definition 7.1. The polynomials @) j(z) are called polynomials of the sec-
ond kind, generated by the difference expression L.

Remark 7.2. Clearly Py (z) and Q4 (2) form a linearly independent system
of solutions of the second order difference equation (Lu); = zu;, j € Ny.

Lemma 7.3. The polynomials Q4 ;(z) and Py ;(z) are connected by the fol-
lowing relation

P, (N — Py
Q.4(2) :/ i A)_ZH(Z) do (\), jeN, (7.2)
R

Proof. In fact, the sequence u; = [, w doy(N) satisfies the equa-
tion

LP_(\);, — (LP ; P (N — Py
(LU)J :/ ( +( ))] ( +(Z))] d0'+()\) _ Z/ +7]( ) +7](Z> dO'Jr()\)

A—2 A—2z
R R

+ [ Py don )
R
=zuj, jJ€N.
Here we used | Py ;(A)doy(\) =0, j € N, due to the orthogonality of P, ;,
R
J € N with respect to Py = 1. In addition, vy = 0 and

ul—/i()\_bo)_a_lo(z_bo) do ()\):i.

A—z ao

R
Thus, u; = Q4 (), j € N, and relation (7.2) is established. O

Lemma 7.4. Let R, (2) = (Hy —zI)7', 2 € o(H,) be the resolvent ! of the
difference operator Hy. Then

R,(z) = / (A — =) \dE, (V)

and

(6;, Ri(2)61) = / F ”'(;)_P ;"“(A) do ()\), j,keN,.

R

Lo (Hy) denotes the resolvent set of H .

11



Definition 7.5. The function

me2) = 6o e = [ e o),

R

that is, the Stieltjes transform of the spectral measure, is called the Weyl-
Titchmarsh function of the operator H, .
Remark 7.6. Let o, € R, o < 3. Then the spectral measure do, (\) can
be reconstructed from the Weyl-Titchmarsh function m(z) as follows,
] B+
o ((a, f]) = 1(%%1 181%1 - Im (my (X +ig)) dA. (7.3)
a+d
This is a consequence of the fact that my(z) is a Herglotz function, that is,
my(z) : C4 — C4 is analytic (CL ={z € C|Im(2) > 0}).
Theorem 7.7. R (z)0g = Q4 (2) + m4(2)Pi(2), 2z € 0 (H).

Proof.

(o) = [ L g o = [P =P gy

R R

—Z
sy [T Q@ +m PG, e
R

0
Corollary 7.8. For all z € o(H,)
Q4 (2) +my(2)Py(2) € I*(Ny). (7.4)

Theorem 7.9. If the operator H, is self-adjoint, then the Weyl-Titchmarsh
function m(2) is uniquely defined by the relation (7.4).

Proof. Suppose we have a function fi(z) which satisfies (7.4) for all z €
0 (H+)7 then

(f+(2) =mi(2))Py(2) € P(No), z€o(Hy).
From the fact that P, (z) ¢ [*(Ny) (since H, is assumed to be self-adjoint)
for all z € p(H,) we get

o) —mi(s) =0, =€ o(H,).
Thus, the Weyl-Titchmarsh function m (z) is uniquely defined by (7.4). O

12



8 Jacobi operators on 7Z

The results in this section are taken from [2], p. 581-587, [3], and [4].

Definition 8.1. Let [*(Z) be the Hilbert space of all sequences

(e e]
w=(...,u_q,up,u,...), such that Z |u; | < oo

j=—o0

with the scalar product (-,-) to be linear in the second argument. Moreover,
let I2(Z) C I>(Z) be the dense subspace of all sequences of finite support

w="_(...,0,0,ug, ..., u_1,up,Us,...,un,0,0,...),
where N = N(u) and K = K(u) depend on w.

Definition 8.2. Let H' : [2(Z) — [%(Z) be the linear operator defined as
(H'u); = (Lu);, j € Z on the Hilbert space 13(Z).

Remark 8.3. Using Green’s formula (1.2) it is easy to see that the operator
H' is symmetric.

In the following we denote by H = H’ the closure of the operator H'.

Lemma 8.4. H is symmetric because H' defined on the dense subset of 1*(7Z)
is symmetric and H is the closure of H'.

The spectral theory of such operators is in many instances similar to the
theory on the semi-axis; the difference is that now the spectrum may, in
general, have multiplicity two on some subsets of R. This multiplicity of the
spectrum leads to a 2 x 2 matrix-valued spectral measure rather than a scalar
spectral measure.

In the following we will assume H to be a self-adjoint operator, that is,
we assume the difference expression L to be in the limit point case at +oo.

Definition 8.5. Fix a site ng € Z and define solutions Py ;(z,n¢ + 1) and
P_ ;(z,ng) of the equation

(HU>] = Qj_1Uj—1 + bju]‘ + ajUjy) = 2Uj, 2 € C, j < Z,

13



satisfying the initial conditions

P—mo(zv nO) - 17 P—,no+1(27n0) = 07
Pyng(z,m0 +1) =0, Py pos1(z,n0 +1) =1

Similarly to (3.1), {P_ j(z,n0)};ez and {P; ;j(z,n0 + 1) },ez are two systems
of polynomials.

Corollary 8.6. Any solution of the equation
(Hu); = aj_1uj—1 + bju; + ajujy = zu;, z2€C, jei,
has the following form
w(2) = Uny(2)P-(2,m0) + tUng+1(2) Py (2,10 + 1).

Remark 8.7. Like the half-line difference operator H, , the operator H has
an associated family of spectral projection operators { E(\)}aer and the fol-
lowing representations are valid,

I:/dE()\) and H:/AdE()\).

R R

Theorem 8.8. The two-dimensional polynomials
Pi(z) = (P_J(z,no),PjL,j(z,no + 1)) C—C? jez,
are orthonormal with respect to the 2 x 2 matriz-valued spectral measure

_ (57107E<)‘)5n0) (57107E(/\)5n0 1)
YA o) = d (<6n0+1, E(N)on) (B, E(A)anll)) ’

that s,
Ok = /Pk()\) AN, no) Pi(N) " (8.1)
R
Proof. Like the half-line operator H, the operator H acts on each J; as
H(5j = aj_léj_l + aj5j+1 + bj(Sj, j € Z.

14



Taking into account Corollary 8.6 and analogously to (3.1) we find that
(Sj = P,’j(L, n0)5n0 + PJ’,’J’(L’ No + 1>5n0+1-
Now it is easy to establish (8.1) using

Ok = (O, 0;)
= (P—,k(Lﬂ n0)5n07 P—,j(L>n0)6 )
+ (Py(L,no 4 1)0ng11, P j(L,10)0n,)
+ (P (L n0)6n07 P+J(L no + 1) n0+1)
PJr k(L no + 1)5n0+17 P+](L No + 1) n0+1)
)

+(
= [ P50 1) P 0) By, B
R
+ P,J ()\, ng)PJr’k()\, Mo + 1) d(5n0+1, E()\>6n0)
P—‘r,j (/\, o + 1)P_7]§()\, ’flo) d(énga E<)\)5n0+1)

+ | Prj(Ano+1)Py (A no+ 1) d(ngs1, E(N)Ong+1)

B %; B

/Pk ) AN, ng) Pj(N) T
R
O]
Lemma 8.9. The two-dimensional polynomials
Pi(z) = (PJDJ-(Z, no+ 1), P_j(z, no))
satisfy the following equation
aj—1Pj1(2) + a; P (2) +0;P;(2) = 2Pi(2), z2€C, je,
and due to their orthonormality the following equalities hold,
0= [ AP PN, b = [ AP () a0 o) BOY',
R R
jEZ. (82)
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Definition 8.10. Let ¥, (z,n9) = (V1 (z,n0)),., be two solutions of the

following equation

jez

(L'U,)] = aj,luj,1 + bjuj + CLjUj+1 = ZUJ', z € C, j c Z,
Upy = 17 (83)

such that for some (and hence for all) m € Z
WU, (z,n) € *([m,£o0)NZ), z¢€C\R. (8.4)
The fact that such solutions always exist will be shown in the next result.

Theorem 8.11. If L is in the limit point case at +oo, then the solutions
U (z,ng) in (8.3) and (8.4) exist and are unique.

Proof. First of all note that U, ;(z,n9) # 0 for all z € C\R and k € Z,
since otherwise they would be eigenfunctions corresponding to the nonreal
eigenvalue z of the restrictions of the self-adjoint operator H to the half-lines
I?((k,400) N Z) with the Dirichlet boundary conditions at the point k.

Now suppose, for instance, we have two linearly independent functions
U, (z,n9) and @ (z,ng) satisfying (8.3) and (8.4). Then the following func-
tion

fi(2) =V (z,n0) — Py(2,n9), z€C\R.

also satisfies (8.3) and (8.4). Since f, ,,,(z) = 0, one obtains a contradiction
by the previous consideration. Therefore, ¥ (z,ng) are unique.

Now consider the restriction H, of the operator H to [*(Ny) with the
Dirichlet boundary condition at —1 and apply the result (7.4) from the pre-
vious section,

u;(2) = Q4 (2) + mu(2) Py j(2), jeN
By definition of )4 (2) and Py (z)
(Lu(z)); = zuj(z), jeN.

The rest of the components of u;, namely {u; }j;og, can be determined recur-
sively from (8.3). Now define ¥, (z,ng) as follows,

\Il—i-,j(z? no) = Uj(Z)/UnO(Z), J €L

Therefore, there exists at least one function W, (z,7ny). An analogous consid-
eration is valid for ¥_(z, ng). O
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Corollary 8.12. U (z,n) =V (z,n)/Vin(2,n0), n € Z.

Definition 8.13. If the difference expression L is in the limit point case at
+00, the (uniquely determined) solutions W4 (z,no) of (8.3) satisfying (8.4)
are called the Weyl-Titchmarsh solutions of Lu = zu. Let My(z,ng) be
functions, such that

V. (z,n9) = P_(2,n9) — LJ\LE(Z, no)Py(z,n0 + 1). (8.5)

ng
Such functions always exist due to Theorem 8.11 and Corollary 8.6.

In the following we denote by Hy ,, the restrictions of the operator H
to the right and left half-line with the Dirichlet boundary condition at the
point ng F 1, that is, Hy ,, acts on [?([ng, £00) N Z) with the corresponding
boundary condition ,,+; = 0.

Next, let m4(z,n9) be the Weyl-Titchmarsh functions for the half-line
operators Hy ,, with o4 (A, ng) the associated spectral functions, that is,

dO’i<)\, no)

) = (Hay = 21) 00, 800) = [ 500,

R

2 € 0(Hyin,)-

Then, analogously to (7.4),
Q:I:(ZJ nO) + m:t(z7 n(])P:I:(ZJ nO) < 12([71'07 :l:OO) n Z)?

where Py(z,ng) and Q+(z,ng) are polynomials of the first and second kind
for the half-line operators H ,,, that is,

(HingPr(z,n0)); = 2Py j(2,m0), J € [ng, £00) N Z,
(Hi,noQi(za nO))j = ZQi,j('ZanO)? ] € (n()a :l:OO) N Z?

and
P+,n0,1(z7n0) =0, P+ 10 (Z no) =
Q—l—,no (Z7 nO) = Oa Q-i—,no-i—l(z nO) 1/an0a
P—,no (Z, TL()) = 1, P n0+1( no) O,
Q- no-1(2:n0) = 1/any-1, Q—no(2,100) =
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Lemma 8.14. The following relations hold

M. (z,n9) = —=1/m.(z,n9) — 2 + bp,,

M_(z,n9) = 1/m_(2,n0). (8.6)

Proof. From the uniqueness of the Weyl-Titchmarsh functions W (z,ny) we
get
\I]:t,j('z? nO) = C:I:(ZJ nO) (Q:I:,j(za Tl()) + m:t(’Z? n(])P:t,j(Z, nO)) ) .] E no,

1 .
Wy j(z,m0) = P j(2,n0) — G—Mi(zvno)ﬂ,j(%no +1), jeZ.

no

Using the recursion formula (8.3) and

Pﬁno(za nO) = 17 P*,no+1(z7n0) = 07
P+7n0(2,n()+ 1) :O, P_s_,no_s_l(z,no—{—l) = 1,
one finds
1 =Wy ,,(2,n0) = cx(2,n0)me(2,n0),
M_(z,n 1 z— by,
_ M. (z,m0) =0, nor1(z,n0) = cy(z,n0) (— + m4(z,n0) O) , (8.7)
ano ano a%o
M_(z,n -1
—M =U_ ,,+1(z,n0) = c_(z,n9)—. (8.8)
Ay Ay
Therefore,
Ci(Z, nO) = 1/m:|:(Z, no),
and

M. (z,n9) = —1/m_(z,n9) — 2 + bp,,
M_(z,m9) = 1/m_(z,n0).

In particular, (8.7) and (8.8) yield
My (z,n0) = —ang Vi no+1(2,n0). (8.9)

Next, we introduce the Wronskian of two vectors u and v at the point m

by

W(U, U)(m) = am(umvm-i-l - um-i—lvm)'
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Lemma 8.15. The Wronskian of the Weyl-Titchmarsh functions V_(z,ng)
and Vi (z,ng), W(V_(2,n0), Vy(2,n0))(m), is independent of m and one
obtains

W(V_(2,n0), Vi (z,n0)) = M_(2,n0) — My(2,no).
Proof.
W,V )(m) = am[VemV—mi1 — Vi m1 Vo]
= —[am+1V4 mi2 + (b1 — 2) Vs 1)V
+ [am1 ¥V g2 + (g1 — 2)V 1|V

= am+1[\y+,m+1\p—,m+2 - \Ij+,m+2\p—,m+1]

Therefore, to find the Wronskian of the Weyl-Titchmarsh functions ¥ (z, ng)
it suffices to calculate it at any point, for instance, at ny,

W, (2,m0), U_(2,n0))(116) =g {—LM(z,no) + LM (2 o)

no a’nO

=M, (z,n0) — M_(2,n0).
O

Next, let R(z) = (H — zI)7', z € o (H), be the resolvent of the operator
H. Then

R(z) = /()\ _ ) UE(), € o(H).

R
Lemma 8.16.
1 U, v <k
(6;, R(2)01) = - 3(2,m0) V4 (2, o), J SR,
(W (2,710), Wi (2,m0)) | o (2, m0) W4 5(2,m0), J = F,
J,k €Z. (8.10)

Moreover, (8.10) does not depend on ng due to Corollary 8.12 and because it
15 homogeneous in .

Proof. Denote the expression on the right-hand side of (8.10) as T'(z, j, k)
and define a vector W(z, j) = (Uy(z,7))rez € [*(Z) as follows,

\I]k(Z>J):T(Zajak)a ke Z.
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Indeed, ¥(z,j) € [*(Z) because
1

U= o WUy, WUy Uy, Uy Wi, )
1
=7 (W i(co Uy, W 5,0,0...)

+ \P,,j(. .. ,0, O, \I/+7j+1, \Ij+’j+2, Ce )]

and

(o, Uy, W 4,0,0...) € 1%(2),
(00,0, 0, 510, U 1o, ... ) € IP(Z).

Define an operator T'(z) on [3(Z) as follows,
1= (L TCib) =S e, e i@
JET keZ ez
To prove (8.10) it suffices to show that,

(H—=1)T(z)8, =6, je,
T(z)(H —2)6, =6, jeL.

because {d;};ez is a basis in 1*(Z).
(H = 21)T(2) 6, =(H — =1)¥(5, )

1
:W(H - Z]) [\I/_J‘(. .. ,07 0, aj\11+7j+1, —aj\11+7j, O, 0, ce )

+ \Ij+’j<. .. ,0, 0, —CLJ'\I/,JJA, aj\IL,j, 07 0... )]
1

W
=;.

0505 [V_ Uy s — W ;U ]
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T(z)(H—=21)6; =T(2) [aj_léj +a;éj1 + (b — 2)5]}
=a; 1V (2,5 — 1) +a;V(z,j + 1)+ (b; — 2)¥(z, )

1

=0 a1V i1V +a; U Wy

W
+ (bj — 2)V_ ;0 ;]
1
+ (b — )V ;0]
5.

-

Corollary 8.17.

1 L
(0, R(2)6k) :W(\I,i(%no), U, (z,n0)) {\IJJc Z, Mo

=(0k, R(2)0;), J,k€Z.
Corollary 8.18. Using the definition of My (z,ng) one finds

\ij,no+1 (27 nO)\Ij+,no+l(Z> nU)
W(¥_(z,m0), ¥+ (2,n0))
1 My (2,n0)M_(2,n0)
"~ a2, M_(z,n9) — My(2,n0)’
U o (2,m0) Wy g (2, m0)
(O B0 = 5707 ), - (2, )
1
 M_(z,n9) — My (2,n9)’
(Ongs R(2)0ng11) = (Ong41, 12(2)0n, )
_ U_ 0 (2,m0) W ngt1(2,10)
W(V_(z,n0), V4 (z,n0))
1 M, (z,n0)
Apg M_(2,n9) — M, (2,n9)

(5n0+1a R(Z>5no+1) =
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Definition 8.19. The following matrix M (z,ng)

- _ (51107 R(Z)(;no) (5n07 R(Z)5n0+1)
Z ”0 / dQ ) B (<5n0+1’R<Z)5n0) (5n0+17R(2)5n0+1))

1 _1 M (z,n0)
= (_ ER TS R Ve 55,#5%?@,%;3“) , (8.11)

EM*(zvno)_Mﬁ’(zvno) EM*(zvnO)_Mﬁ’(zvno)
is called the Weyl-Titchmarsh matriz associated with the operator H.

Remark 8.20. In connection with some applications (cf. [3]) it is some-
times more natural to use the following matriz M (z,ng) instead of the Weyl—
Titchmarsh matriz M(z,ng),

ena= () 0 s (3 0) 10 )

1 1 M4 (2,m0)+M-—(2,n0)
— M_(z,n0)—M4(z,n0) 2 M_§z,nog—M+(z,n0) )

1 M4 (2,m0)+M-—(2,n0) M4 (z,n0)M_(z,n0)
2 M_(Z7TL0)7M+(Z,TL0) M_(Z,’no)fM_A,_(Z,’no)

Remark 8.21. The spectral measure dSQ2(\, ng) can be reconstructed from the
Weyl-Titchmarsh matriz M(z,ng) and hence from M(z,ng) as follows,

B+4
(0, B, m0) = limlim ~ [ Tm (M(A +i2,m0)) . (8.12)

610 €]0 7T
a+d

Remark 8.22. [t is possible to treat a generalization of the previous sec-
tions by introducing the general linear homogeneous boundary condition in a
neighborhood of the origin:

au_1 + Puy = 0, |OZ|—|-|ﬁ| > 0.

From Green’s formula (1.2) it is easy to see that L is symmetric if and only if
Im () = Im () = 0. In this case all of the theory developed in the previous
sections can be carried over to problems of the form

(Lu);j = aj_yuj—1 + bju; + ajujpy,  j € No,
au_r + Bup =0, |a|+|8] >0, Tm(a)=Im(3)=0.
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9 Examples

The results in this section are taken from [2], p. 544-546 and p. 585-586.

Example 9.1. Consider the following difference expression on Nj:

1 1 ,
(Lu); = o ti-1 + QUi+t € No, (9.1)

U_1 = O,

where a; =1/2,b; =0, j € N,.
First, we determine P, ;(z). These polynomials are the solution of the
following problem

1 1 )
5%‘—1 + 5“j+1 = zuj, J € Ny,

U_1 = O, Uy = 1.

The solution of the resulting recursion will again be unique; on the other
hand, introducing z = cos(#), the sequence u; = sin[(j + 1)6]/sin(d), j € No,
obviously satisfies it. Thus,

sin[(j + 1) arccos(z)]

P (2) = '
+i(2) sinfarccos(z)] J & Ro

will be the solution of problem (9.1). These polynomials are known as Cheby-
shev polynomials of the second kind. The polynomials @, ;(z) form the
solution of the problem

1 1

5 ti-1 + o Wit1 = 2y, J € N,

UOIO, U1:1/CI,0:2.

Comparing this problem with the previous one, we obtain

Q+’j(2) = 2Pj,1(2>, j € NO-

Since the coefficients of L are bounded, the operator L is bounded. The
unique spectral measure for L is given by?

2UT—NdN, A <1,

doy(\) =
7+(3) {o, A > 1.

2We define /- to be the branch with \/z > 0 for z > 0.
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This follows from Theorem 5.7 and the well-known orthogonality relations
for Chebyshev polynomials

1 ™
2
- / Pl (M) Py j(AN)V1I = Xd\ = — /sin[(k + 1)0] sin[(j + 1)0] df = 0y,
~1 0
J, k € Np.
Thus,

Spec (L) = [—1,1] and ||L|| = 1.

The function m, (z) has the form
V1—A2d\
/ —o(/F—1-2), zeC\[-1,1].

Example 9.2. Consider the following difference expression on Ny:

(LU)J = Qj1Uj—1 + ajUj41, VRS No,
U_1 = O,

where ag = 1/v/2, a; = 1/2, j € N, and b; = 0, j € Ny.
First, we determine P, ;(z). These polynomials are the solution of the
following problem

1 1 ‘
JUi-1 + QUi+l = ZUj, > 2,
1 1 1
ﬁul = ZUg, EUO + 5”2 = ZUz,

U_1 = 0, Uy = 1.

Set, as before, z = cos(6). It is not difficult to see that the solution of the
resulting recursion relation is the sequence u; = v2cos(j6), j € N. Thus,

P+70(Z) = 1,
Py j(z) = V2cos[jarccos(2)], j € Ny
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will be the solution of the problem. These polynomials are known as Cheby-
shev polynomials of the first kind. The polynomials Q)4 ;(z) satisfy the rela-
tion

1 1

5’&]’_1 + §Uj+1 = ZUjy, ] S N,

UOZO, ulzl/a():\/ﬁ.
Comparing this problem with the previous example, we obtain

sin[j arccos(z)]

Q-i—,j(z) = \/5 , J €No.

sin[arccos(2)]

As in the previous example, it is easy to see that L is bounded, and

—A__ )\ < 1,
do(\) = TV/1-22’ Al
0, A > 1,

Spec (L) = [<1,1] and ||L]| = L,

1

()_1/ dA N
T 0 oVioe  VEoT

-1

z € C\[-1,1].

Example 9.3. Consider the following difference expression on Z:

1 1 )
(LU)J = §Uj_1 + 5’&]'4_1, J € Z,

where a; =1/2,b; =0, j € Z.

In this example it does not matter which point to choose as a reference
point; therefore, without loss of generality, we will assume ny = 0.

The Weyl-Titchmarsh solutions W, ;(z,0) are then seen to be of the form

QMQJD:<$V%—1+zy, 2eC\[-1,1], j € Z
By (8.7) and (8.8) one obtains

A@@xn:%(iJ?iT—zy 2 eC\[-1,1].
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By (8.6) one infers
m_(z,0) =my(2,0)=2(vV22—-1—-2), =zeC\[-1,1].
Moreover, using (8.11), one finds for the Weyl-Titchmarsh matrix M(z, 0),

-1 —z
+1
M(z,0) = 71 1 Va1 , zeC\[-1,1].
Vz2-1 + Vz2—1

By (8.12) this yields the corresponding spectral measure d€2(A,0),

1 A
LVISR VISR gy | < L
dx(A, 0) = W(ﬁ \/%—A)
0, Al > 1.
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1 Floquet theory

We consider the differential equation

Ly(z) = {—— + q(m)} P(x) =0, reR, qeC(R), (1.1)

where ¥, )" € AC),.(R), and ¢ is a periodic function (possibly complex-
valued) with period € > 0. That is,

q(x+ Q) =q(x) forall xeR.

It is well-known that equation (1.1) has two linearly independent solutions
and any solution of (1.1) can be written as a linear combination of these two
linearly independent solutions. Also we can see that if ¢)(x) is a solution of
(1.1), then so is ¥(z + Q). Thus, one might ask whether or not these two
solutions ¥ (x) and ¥ (x + §2) are linearly independent.

When ¢(x) = 1, in which case 2 can be any positive real number, say
Q2 =1, we know that 1 (z) = e* and y(x) = e~* are linearly independent
solutions of (1.1). Then we see that ¢;(x) and 1;(x+1) are linearly dependent
for j = 1, 2, respectively. However, the solutions (11 4 ¥9)(x) and (¢; +
19)(x+1) are linearly independent. So for the special case ¢(z) = 1, whether
solutions ¥ (z) and ¥ (z + ) are linearly dependent depends upon the choice
of the solution 1 (x). In fact, this is true in general. (We will later see that
in some exceptional cases, all solutions of (1.1) are periodic.)

Now we prove the following theorem on the existence of a non-trivial
solution ¥ (x) of (1.1) such that ¥ (x) and ¥ (x + €2) are linearly dependent.

Theorem 1.1. There exist a non-zero constant p and a non-trivial solution
W of (1.1) such that

Y(x+ Q) =pp(z), zeR (1.2)
Proof. 1t is well-known that (1.1) has solutions ¢; and ¢, such that
¢1(0) =1, $2(0) =0,
¢1(0) =0, $5(0) = 1. (1.3)
So in particular,
W (1, ¢2)(x) = dr(x)Py(x) — ¢ (2)da(x) = 1. (1.4)



Then, since ¢1(z + Q) and ¢o(x + §2) are also solutions of (1.1), using
(1.3) we get

1z +Q) = 61(Qer(x) + $1(Q)a (),
G2z + Q) = $2(Q)(x) + P5(Q)da (). (1.5)

Since every solution ¥(z) of (1.1) can be written as (x) = ¢1¢1(x) +
caho(), it suffices to show that there exist a vector (c1, o) € C?\ {0} and a
constant p € C such that

(G0 o) ()= (2).

which, by (1.5), is equivalent to
Uz + Q) = py().

Now the question becomes whether the matrix

(0 6a(Q)
M—(qsam) ¢’2(Q>> (1.6)

has an eigenvector (¢, ¢2)” (the transpose of (c1, ¢3)) with the corresponding
(non-zero) eigenvalue p. Since an eigenvalue is a solution of the quadratic
equation

p* = [61(Q) + ¢5(D]p+1 =0, (1.7)
where we used (1.4) to get the constant term 1, it is clear that every eigenvalue
is non-zero. Therefore, matrix algebra completes the proof. O

We note that the matrix M in (1.6) is called the monodromy matriz of
equation (1.1).

In addition to the previous theorem, one can show that equation (1.1)
has two linearly independent solutions of a very special form:

Theorem 1.2. The equation (1.1) has linearly independent solutions 1 (x)
and Vy(x) such that either

(i) Y1 () = €™Tpi(z), o(x) = €™2py(x), where my, my € C and py(x) and
po(x) are periodic functions with period §; or

(i1) 1(x) = €™ pi(x), o(x) = €™ {xpi(x) + p2(x)}, where m € C and
p1(z) and py(z) are periodic functions with period €.
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Proof. We will divide the proof into two cases.

Case I: Suppose that the monodromy matrix M has two distinct eigenvalues
p1, pe. Certainly, (1.1) has two linearly independent solutions 4 (x) and
Yo(x) with ¢ (x + Q) = p;;(z) for j = 1, 2. Next, we choose constants m;
and msy so that

e =p; =12, (1.8)
and define

pi(z) = e M%P;(x), j=1,2. (1.9)
Then one can easily verify that p;(x) are periodic with period 2 as follows.

pi(z+Q) = ez +Q)

_ efmj:refmjﬂ p; wj (x)

= pi(z), j=1,2, zeR.
Thus, ¥;(x) = €™"p,(x), where p;(z) has period 2. So we have case (i) of
the theorem.
Case II: Assume the matrix M has a repeated eigenvalue p. We then choose
m so that e™ = p. By Theorem 1.1, there exists a non-trivial solution
U, (z) of (1.1) such that ¥y (z+ Q) = pW¥;(x). Since (1.1) has two linearly in-
dependent solutions, we can choose a second solution Wy(x) which is linearly

independent of W(x). Then, since Wy(x 4 ) is also a solution of (1.1), one
can write

Uy(z + Q) = d1 V() + doWs(x) for some dy,dsy € C.
Thus,
W(‘I]h WQ)(ZE + Q) = W(qul([)’}), \IJQ(J] + Q)) = deW(\Ijl, \112)(:L‘)

Since the Wronskian is a non-zero constant, we have

1
d2:—:p
p

and hence,

Us(z + Q) = d1¥y(x) + p¥sa(x) for some d; € C.



If dy = 0 this case reduces to case I with p; = ps = p. So we are again in
case (i) of the theorem.
Now suppose that d; # 0. We define

Pi(z) = e ™V (2)

and thus Pj(x) is periodic with period €. Also, we define

Py(z) = e ™ Wy () — ;l—;szl(:v).

Then

d
Pz +Q) = e ™0, (z+Q) - p—;)(g; + Q)P (z+ Q)

efma:

dy
= = {dy 0, () + pWy(z)} — p—Q(:c + Q) Pi(x)

= %Pl(x) + e My (x) — —xPi(x) — ?Pl(-%)

So we have part (i) of the theorem with ¢, (z) = Uy () and ¥y(z) = 22, (z).

The solutions v; and 1) in Theorem 1.2 are called the Floquet solutions of
(1.1).

Remark 1.3. These results form the basis of Floquet Theory of second-order
scalar differential equations (see, e.g., Eastham [1, Ch. 1]).

Remark 1.4. Case (i) of Theorem 1.2 occurs when the matrix M has two
linearly independent eigenvectors, while case (ii) occurs when M does not
have two linearly independent eigenvectors.

Definition 1.5. One calls
1
A= (@) + )
the Floquet discriminant of equation (1.1). The solutions p; and ps of
PP —20p+1=0 (1.10)

are called the Floquet multipliers of equation (1.1).
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Definition 1.6. The equation (1.1) is said to be (a) unstable if all non-trivial
solutions are unbounded on R, (b) conditionally stable if there is a non-trivial
bounded solution, and (c) stable if all solutions are bounded.

Later we will see that the conditional stability is intimately related to the
spectrum of the operator generated by L, defined in (1.1).

Remark 1.7. It is clear that p is a solution of the quadratic equation (1.10)
if and only if % is a solution of (1.10).

Remark 1.8. A non-trivial solution ¢ (z) of (1.1) with the property ¢ (z +
Q) = py(z) is bounded on R if and only if |p| = 1 since ¥ (z +nd) = p"(x)
for all n € Z.

We now prove the following theorem on stability of the equation (1.1).

Theorem 1.9. Suppose that A is real.

(1) If |A| < 1, then all solutions of (1.1) are bounded on R.

(i1) If |A| > 1, then all non-trivial solutions of (1.1) are unbounded on R.
(11i) If A = 1, then there is at least one non-trivial solution of (1.1) that is
periodic with period Q. Moreover, if ¢1(2) = ¢2(Q2) = 0, all solutions are
periodic with period Q. If either ¢} (Q) # 0 or ¢o(2) # 0, there do not exist
two linearly independent periodic solutions.

(i) If A = —1, then there is at least one non-trivial solution 1 of (1.1) that
is semi-periodic with semi-period Q0 (i.e., Y(x + Q) = —(x)). Moreover, if
& () = $2(Q) = 0, all solutions are semi-periodic with semi-period Q. If
either ¢} (Q) # 0 or ¢2(Q) # 0, there do not exist two linearly independent
semi-periodic solutions.

If A is nonreal, then all non-trivial solutions of (1.1) are unbounded on R.

Proof. Suppose A is real. Since the two solutions p; and ps of (1.10) are
A+VAZ T, (1.11)

we see that
1
lp1| =1, (and hence |ps] = — =1) ifandonlyif |A]<1. (1.12)

|,01|

When p; = e for some t € R, we have that

A= (@) + () = 1 (m ; pi) — cos(t).



Proof of (i): Suppose |A| < 1. By (1.12), we see that |p;| = |p2| = 1, and
hence p; = ¢ and py = e for some ¢ € R. Then we have A = cos (t).
Since |A| < 1, we get that ¢ is not a multiple of 7, and so p; # ps. So we
have case (i) of Theorem 1.2 with my; = £ and my = —% (see (1.8)), and
every solution of (1.1) is bounded on R.

Proof of (ii): Suppose |A| > 1. By (1.11), we see that both p; and ps are real,
and that either |p;| > 1 and |ps| < 1, or |p1] < 1 and |p2| > 1. In particular,
they are different. So we have case (i) of Theorem 1.2 with Rem; # 0 for
j = 1,2, and every non-trivial solution of (1.1) is unbounded on R (see
Remark 1.8).

Proof of (iii): Suppose A = 1. Then p; = ps = 1 since they are solu-
tions of (1.10). There is at least one eigenvector of the monodromy matrix
M, and hence there exists at least one nontrivial periodic solution. When
&1 (2) = ¢2(Q2) = 0, M is the identity matrix, and hence it has two linearly
independent eigenvectors. So there are two linearly independent Floquet so-
lutions that are periodic with period 2. Thus every solution is periodic with
period €2.

If either ¢} (£2) # 0 or ¢2(£2) # 0, then M has only one linearly indepen-
dent eigenvector, and so we have case (ii) of Theorem 1.2. Thus, there exists
a non-trivial solution that is not periodic.

Proof of (iv): Suppose A = —1. Then p; = ps = —1 since they are solutions
of (1.10). The proof is now similar to case (iii) above.

Finally, we suppose A is not real, and hence both p; and py are not real.
Also, |p1| # 1 and |ps| # 1, since otherwise A would be real. So from (1.8),
Rem; # 0 for j =1, 2, and every non-trivial solution is unbounded on R by
Theorem 1.2. O

We note that if ¢ is real-valued, then ¢;(€2) and ¢5(£2) are real, and so is
A,

2 The case where ¢(z) — q(x) — 2z, z€ C
In this section we introduce a complex parameter z into (1.1) and study the

asymptotic behavior of A(z) as |z]| — oo.
We consider

—"(z) + [q(x) — 2p(z) =0,  z€eR, (2.1)



where ¢, ¢/ € AC|,.(R), and ¢ € C(R) is a periodic function (possibly
complex-valued) with period €2 > 0.

We know that for each z € C, (2.1) has the solutions ¢;(z,-) and ¢o(z, )
such that

¢1(2,0) = 1, ¢9(2,0) = 0,
¢1(2,0) =0, ¢5(2,0) =1, (2:2)

as in (1.3), where we denote ;= =",

Let
AG) = 3 (61 D) + 03z ).

It is known that ¢;(z,x), j = 1, 2 for fixed € R as well as A(z) are entire
functions of z. Next we will study the asymptotic behavior of A(z) using the
following lemma.

Lemma 2.1. Forxz > 0 and z # 0, we have the following bounds for ¢;(z, x),
=12

|61(2,2)] < exp[[Im v/z|z] exp [lZ!_%/ dx1|9($1)|} , (2.3)
0
alea)] < Ll espliimyAlelexp [ [ dnla(en)] . (24)
0
Proof. One can see that ¢;(z,x) satisfy the following integral equations,

$1(z,2) = cos[\/;x]+/xdxlsin[\/5(x—x1)]

0 vz
sin[y/zx] ¢ dxlsin[\/g(x — 1))

oe) = T / )z (20

q(x1)¢1(z,x1), (25>

We note that these integral equations are invariant under the change v/z —
—+/z, so we can choose any branch for the square root.
Define a sequence {u,(z, z)}nen, of functions recursively as follows:

uo(z,z) = 0,

un(z,2) = cos[y/zx] + /Or dmlsin[\/g\(/g_ xl)]Q(xl)un_1(z,m1), n>1.




We will show that lim,, . u,(z, ) exists, and that the limit is the solution
of the integral equation (2.5).
Let v,(z,2) = up(z,2) — uy,—1(2,z) for n > 1. First, we claim that

(i day|g(an))"™
2" (n — 1)!

v (2, 2)| < expl|Im v/z|z] , x>0, n>1, (2.7)

which will be proven by induction.
The case n = 1 is clear since vy(z,z) = cos[\/zx]. Suppose that (2.7)
holds for some n > 1, that is, assume

(f day |g(z)])" "

|27 (n = 1)!

|vn(2, )| < exp[|Im v/z|x] , x>0. (2.8)

Then, since

v (2,7) = / df“lsmw\(f{ ")z ),

we have

|Un+1(z7$>‘ < /0 e 1’81n{\/‘2\(/ai’_xl)]‘|q<x1)ylvn(zvzl)|

< Lot o ([ analte)
(Jy dzilg(z1)])"

[2[%nl

x>0,

?

= expl[|Im v/2|7]

where we used (2.8) in the second step. Thus, by induction, (2.7) holds for
all n > 1, and hence,

S dadlq(a)])"
27 (n — 1)
vzl |

Z|vn(z,x)| < eXp[|Im\/E|x]Z(

= expl[|Im v/2|z] exp [

Thus,

oo
lim u,(z,2) = g U (2
n—oo

n=1

Ne}



exists and is the solution of the integral equation (2.5). Then by the unique-
ness of the solution, we have lim, . u,(z,2) = ¢1(z,2) and this proves
(2.3).

The proof of (2.4) is similar to the proof of (2.3), with (2.7) replaced by

(i dar |g()])" "

EEICES .

|vn (2, )| < exp[|Im v/z|7] x>0, n>1.

Theorem 2.2.

28() | =, Zeoslvall + &\/\/;m/o dr g(x) + O (%@) |

(2.10)

In particular, A(z) is of order % and type Q. Also, for each w € C, there is
an infinite set {2z, }nen, C C such that A(z,) = w.

Proof. First we differentiate (2.6) with respect to x to get

i) = cosly/za] + [ dmyeoslyEa — anlalen)onte )
Then we have
2A(2) = 61(2, Q) + (2,

= cos[v/29)] + /0 dr; sin[ﬁ%— 7)) q(x1)1(z, 1)

+eosly30) + [ dorcoslVEQ — an)la(ar ), )

= 2cos[v/2zQ] + /0 dry sin[\/EE/QE— xl)]q(xl) cos[v/zz1]

. /OQ . Sin[\/g\(/g— x1)] o) /Owl i, sin[\/gij% — x9)]
sin[y/zx1]

+/0 dxy cos[v/z(Q — ml)]q(xl)T

q(22)91(z, 72)
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+ /0 dzy cos[v/z(Q — z1)]q(z1) /OI1 do sinfv/z(z1 - xQ)]Q(m)@(Z, T3)

NZ
=2 cos[v/29)] + &\/\/;m/o dry q(z1)

v dmsm[ﬁfﬁ;‘ ooy [ o, Sinwjg =) ) 2,

+ /0 dy cos[v/z(2 — x1)]q(x1) /011 dmsm[ﬁ(j% — xQ)]Q(m)(ﬁz(Z, ),

where in the last step, we used sin(z; + z2) = sin(z1) cos(z2) + cos(z1 ) sin(zz).
Then, using (2.3) and (2.4) along with

|sin[v/z(Q — x1)] sin[v/z(z1 — 22)]|
expl[Im v/2|(Q — 21)] exp[|Im v/z| (1 — z2)]
= exp[|Imv/z|(2 — z3)], where 0<zo <z <Q,

IN

one can see that

28 | =, 2eoslvat + &f;m/o dr g(z) + O (%@) |

Next, we recall the definitions of the order and type of entire functions.
The order of an entire function f is defined as

order (f) = lilf’rLS(EP log (loiéﬁgr’ )

where M(r, f) = max {|f(re?)||0 < 6 < 2x} for r > 0. The type of f is
defined by
type (f) = limsup =% N log (M(r, f)) .
If for some positive real numbers c;, ¢y, d, we have M (r, f) < ¢; explcar?]
for all large r, then the order of f is less than or equal to d. Moreover,

type (f) = inf {K > 0 | for some 7o > 0, M (r, f) < exp[Krorer ()]
for all r > 7o }.

11



Thus claims on the order and type of A(z) are clear from the asymptotic
expression (2.10).

Finally, for each w € C the existence of an infinite set {z, },en, C C such
that A(z,) = w follows from Picard’s little theorem that states that any
entire function of non-integer order has such a set {z, }nen,. This completes
the proof. O

3 The Floquet discriminant A()) in the real-
valued case

Assume ¢ € C ([0, €2]) to be real-valued. In this section, we first investigate
some periodic and semi-periodic eigenvalue problems. Then with the help of
these eigenvalue problems, we study the behavior of the Floquet discriminant
A()) as A varies on the real line.

Consider the eigenvalue problem

=" (x) + q(a)y () = Mp(z), (3.1)
under the boundary conditions
Y(Q) =¥(0)e”,  P(Q) =¢(0)e", (3-2)

with ¢t € (—m, 7] fixed and ¥,y € AC(]0,€]). Then for every such ¢, the
eigenvalue problem is self-adjoint. So the eigenvalues are all real if they
exist. But the existence of countably infinitely many eigenvalues is clear by
Theorem 2.2 since for each t € (—7, 7],

An(t) is an eigenvalue (and hence real)

if and only if A(\,(¢)) = cos(t), n € Ny.
Thus for each t € (—m, 7],
{M@)|neNg} ={Ae C|A\) =cos(t)} = {\u(—1)|n € No}.

Also, one can see that for each ¢t € (—m, 7], the eigenvalues are bounded from
below since A(\) — oo as A — —oo.

(i) The periodic eigenvalue problem is the eigenvalue problem (3.1) under
the boundary condition (3.2) with ¢t = 0, that is,

(@) =¥(0), () =¢(0).

12



We denote the countably infinitely many eigenvalues by
MN<SAM <A< A<+, and A\, 500 as n — oo.

(ii) The semi-periodic eigenvalue problem is the eigenvalue problem (3.1),
under the boundary condition (3.2) with ¢t = m, that is,

V(Q) = —(0),  P(Q)=—y(0).
We denote the countably infinitely many eigenvalues by
o < pp K pe < puz3<---, and p, — 00 as n — oo.

Next, using these eigenvalue problems we examine the Floquet discrimi-
nant A(\).

Theorem 3.1. Suppose that ¢ € C ([0, Q]) is real-valued and X € R.
(i) The numbers X\, and i, occur in the order

A<t S <A <A< pp <3< A3 <A <o

(i) In the intervals [Aom, tom], A(N) decreases from 1 to —1.

(#1) In the intervals [piomi1, Aemi1], A(N) increases from —1 to 1.
(iv) In the intervals (—oo, Xg) and (Agm—1, Aam), A(N) > 1.

(v) In the intervals (pam, fam+1), AN) < —1.

Proof. We give the proof in several stages.

(a) There exists a A € R such that A(X) > 1 if X < A. Moeover, A(X)
changes sign infinitely often near +oo.

From (2.10), we see that as A — —o0,

A = expl]AFQ) (1 + o(Ml'%)).

Since A(A) is a continuous function of A, there exists a A € R such that if
A <A, then A(X\) > 1. Also from (2.10), we see that as A — oo,

A(X) = cos <|)\|%Q> — Smg)\)\;Q) /OQ drq(z)+ O (ﬁ) :

So A(\) changes sign infinitely often near +oc.

13



(b) AN) £ 0 if [AQN)] < 1, where A(\) = L (A(N)).

First we differentiate (3.1) with respect to A. This gives

Also, from ¢1(\,0) = 1, we have

991(A, 0)  d (%(A, 0)) _0
o\ dx O\ e

= gbl()\, I)

Then one can check that

aqéléi, ) _ /0 dt [p1 (N, 2) g2 (A, 1) — da (N, 2)pr (N, )] @1 (A1) (3.3)
Similarly,
8¢2g)\\, ) _ /Ox dt [p1 (N, 2)a( N, 1) — P (N, 2) 1 (A, 1)] P (N, 1), (3.4)

and we differentiate this with respect to x to obtain

) / "B, 2)éa(0 1) — b0 2)on (A )] (0 8).

0

This, along with (3.3) yields

2A() = / 0E[6, (0, Q)EEO 1) + (61(X ) — B\ Q))n (N, Dda(A, 1)
— da (A, Q)7 (A, 1)], (3.5)

)
where ¢1 = ¢1()‘7 Q) ¢ ¢ ( )a ¢2 = ¢2()‘7 Q)? and ¢l2 = ¢,2()‘7 Q)
Since W (g1, 92)(€2) = ¢105 — ¢1¢2 = 1,

N = (64200 + 63) =14 {01 P+ gt (30
Multiplying (3.5) by ¢» and rewriting the resulting equation one gets

/ 2
¢1 — ¢¢2<)\ 0

2R = — / dt [¢2¢1<A,t>—
—(1—A2()\))/ dt p2(\, 1), (3.7)

0

14



where we used (3.6).
Next, we suppose that |A(A)| < 1. Then from (3.7), we have

Ga (A, Q)A()\) < 0, and in particular, A()\) £ 0.
(c)At a zero A, of A(N) — 1,

AN =0 if and only if - $2(Me, Q) = ¢} (A, Q) = 0.

Also, if A()\n) =0, then K(/\n) < 0.
Suppose @a(A,, Q) = ¢ (A, ) = 0. Then we have

Dy (An, Q) = ¢1(An, Q) = 1.

So by (3.5), we have A(\,,) = 0. Conversely, if A(\,) =0, by (3.7), we have
20901 (A, t) + (o1 — dh)p2(A,t) = 0. Since ¢1(A,t) and ¢o(\, t) are linearly
independent, we get ¢o(\,, ) = 0 and ¢h(A,, Q) = ¢d1(A\n, Q). Finally, from
(3.5) we infer ¢} (\,, ) = 0.

Next, in order to prove that A()\,) < 0 if A(\,) = 0, we differentiate
(3.5) with respect to A, substitute A = \,,, and use ¢2(\,, Q) = ¢} (N, Q) =0
and ¢4 (A, Q) = ¢1( A\, ) = 1 to arrive at

2A(\,) = /0 ’ dt{w An(b%(An,t)
; (W - 005 M)@(An,tm@n,w (3.5)
-2 i)
Now we use (3.3) and (3.4) to get

2 -1 650 )61 (o 1),
o - —/OQ dt 62 (Mast),
%An = /OQ dt ¢3(An, 1),
% - - " 61 s ),

15



where we used again ¢q (A, ) = ¢h(A,, Q) =1 and @) (A, Q) = @2 (A, Q) =
0.
Thus, (3.8) becomes

Q 2 Q Q
A(An) = |:/0‘ dt(ﬁl()‘nat)ﬁbZ()‘nvt)} _/[; dt(ﬁ%()‘nvt)/o ds ¢§<)‘n75> S 07

where the last step follows by the Schwarz inequality. Since ¢;(\,,t) and

¢2(Ay, t) are linearly 1ndependent we get A(/\ ) < 0.
(d) At a zero p, of A(X) +

Apn) =0 if and only if ~ ¢a(pin, Q) = ¢ (pn, Q) = 0.

Also, if A(pn) =0, then A(u,) > 0.

We omit the proof here because the proof is quite similar to case (c)
above.

(e) Using the above (a)—(d), we now investigate the behavior of the con-
tinuous function A(\) as A increases from —oo to 0o,

Since A(A) > 1 near —oo and since it becomes negative for some A near
+00, we see that there exists a A\g € R such that A(\g) = 1, and A(N) > 1
if A < A\g. Since A(A) does not have its local maximum at )y, we obtain

that A()\O) # 0, by (c). Moreover, A(/\O) < 0. So as A increases from A,
—1 < A(N) <1 until A(N) = —1 at pg, where A(N) is decreasing by (b). So
in the interval (—oo, A\g), A(A) > 1, and in (Ao, o), A(N) is decreasing from
1 to —1.

If A(po) = 0, then A(A) has its local minimum at o by (d), and A(X)+1
has double zeros, and hence p; = po. Also, A(A) > —1 immediately to the
right of uy, and it increases until it reaches 1 at A;. If A(ug) # 0 (and so

A(po) < 0), A(N) < —1 immediately to the right of . Since by (a), A(X)
changes sign infinitely often near +oo, as A increases, A(\) = —1 again at
some gy with A(X) < —1 for pg < A < py. Since A(A) does not have its local
minimum at u1, we see by (d) that A(\) > —1 immediately to the right of
w1 until it reaches 1 at ;.

A similar argument can be applied to the cases where A(A;) = 0 and

A(\) # 0. Continuing this argument completes the proof. O
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Definition 3.2. The set

S = U ([M2m, pam] U [H2my1; Aame]) (3.9)

meENy
is called the conditional stability set of (3.1) in the case where ¢ is real-valued.

One can show that

S= |J {An(®)|m e No}.

te[0,7]

4 Some spectral theory

In this section, we will study a differential operator associated with equation
(3.1). But first we give various definitions of subsets of the spectrum of a
densely defined closed linear operator in a complex separable Hilbert space

H.

Definition 4.1. Let A: D(A) — H, D(A) = H be a densely defined closed
linear operator in a complex separable Hilbert space H. Let B(H) be the set

of all bounded linear operators in H.
(i) The resolvent set p(A) of A is defined by

o(A) = {z € C[ (A — 2I)|p(y is injective and (A — )7 € B(H)}.

Moreover, o(A) = C\ p(A) is called the spectrum of A.
(ii) The set

op(A) ={X € C|thereis a 0 # ¢ € D(A), AY = M}

is called the point spectrum of A.
(iii) The set

o.(A)={A € C|(A—A):D(A) — H is injective and
Ran(A — M) = H, Ran(A — XI) S H}

is called the continuous spectrum of A. The set

ar(A) = a(A) \ (0p(A) U a.(A4))

17



is called the residual spectrum of A.
(iv) The set

oap(A) = {X € C | there is { fu}nen C D(A)s.t. || full =1, n €N,
[(A = XI) fol| == 0} (4.1)

is called the approzimate point spectrum of A.

Theorem 4.2. Let A : D(A) — H, D(A) = 'H be a densely defined closed
linear operator in a complex separable Hilbert space H. Then
(i) o(A) is open, and o = C\ p(A) is closed in C.

(ii) The following relations are valid:

0,(A) = {A € C| (A= \): D(A) — His injective, Ran(A — \) C 'H},
0(A) =0,(A)Uoc.(A)Uo,.(A),
0p(A)No.(A) =0,(A) No(A) =0.(A) No.(A) = 0.

(111) If A is normal (i.e., A*A = AA*), then o,(A) = 0.

(i1) 0y(A) U 0(A) C 70p(A) C o(4).

(v) ar(A) € [0,(A)]* € 0. (A) U g, (A).

(Here E““={z € C|z € E}.)

Proof of (i). Write R(z) = (A — zI)~! for z € o(A). Suppose that 2y € o(A)

1
and |z — zp| < TRy Lhen

o

> (2= 20)"R(z)""!

n=0

converges to a bounded operator. Moreover, one obtains

(A— 2D R(z0)"™ = [A— 20l + (20 — 2)I|(A — 20I) ' R(2)"
= R(z)" — (2 — 20)R(z)".
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Thus,

(2 — 20)" R(z)"**

£N
5
NE

= > (z = 20)" (A= D) R(zo)""!
— Z(Z — 20)" [R(20)" — (2 — ZO)R(ZU)nH}
= (2= 2)"R(z0)" = ) (2 = 20)" " R(z0)""!

Similarly, one can show that > (2 — z9)"R(z0)" "' (A — zI) = I. Thus,
(A—zD)7' = (2= 2)"R(z0)"",
n=0

and in particular, z € p(A). Thus p(A) C C is open, and hence o(A) =
C\ o(A) is closed.
Proof of (iii). Suppose that A is normal. Then Ker(A—zI) = Ker(A*—ZI)
since ((A—zI)f,(A—zD)f) = (A*=Z)(A —zD)f, f) = (A — z])(A* —
zZDf, f) = ((A* =ZI)f, (A" — ZI)f). Here we want to show that if A — 21 is
injective, then (A — 2I)D(A) = ‘H. But (A — zI)D(A)L = Ker(A*—ZI) =
Ker(A — zI) = {0}. This proves (iii).
Proof of (iv). This is a consequence of the fact that (A—zI) has a continuous
inverse if and only if it is injective and its image is closed. So (A — zI) does
not have a continuous inverse if and only if either it is not injective or its
image is not closed.
Proof of (v). Suppose that z € 0,(A). Then (A—2I)D(A) & H, and
hence there exists go(# 0) € [(A— 2)D(A)]". So ((A — zI)f,go) = 0 for
all f € D(A). Since [(Af, g0)| < |z|llgollllf]] for all f € D(A), we see that
go € D(A*), and (f, (A* —ZI)gy) = 0 for all f € D(A). Since D(A) = H, we
have (A* —zI)go = 0, and hence z € g,(A").

Next suppose that Z € 0,(A*). Then there exists go(# 0) € D(A*) such
that A*go = Zgo. So for all f € D(A),

0=(f,(A"=ZI)go) = (A= zI)f, 90).

19



So go & (A—2I)D(A), and z € 0(A) \ 0.(A) = 0,(A) U, (A). O

5 The conditional stability set and the spec-
trum of periodic Schrodinger operators

In this section, we prove the main theorem regarding the connection between
the Floquet theory and the spectrum of the associated Schrédinger differen-
tial operator L on H**(R) defined by

d2
(L1)0) = |4 +al)| f0), 2 e R T € don() = H2R). (61
where ¢ € C(R) is periodic with period €2 (and possibly complex-valued).

Theorem 5.1. The spectrum of L is purely continuous. That is, o(L) =
o.(L) and 0,(L) = o,(L) = 0.

Proof. We first show that 0,(L) = (). Suppose that L has an eigenvalue A
with the corresponding eigenfunction 1 € L*(R). Then by Theorem 1.9, v
is unbounded (and then one can easily show that it is not in L*(R)), unless
1 is a multiple of a Floquet solution with |p| = 1. But even in the case that
Y is a Floquet solution with |p| = 1, ¥ € L*(R). So L does not have any
eigenvalues.

Next we show 0,(L) = . In doing so, we will use Theorem 4.2 (iv) (i. e.,
o.(L) C o,(L*)*), where

(L*f)(@) = —f"(x) + q(2) f(2), f € dom(L") = H**(R).

The above argument showing o,(L) = () can be applied to show o,(L*) = 0.
Thus, o,.(L) = 0. O

In the general case where ¢ is complex-valued, the conditional stability
set S is defined as follows,

S = {z € C|there exists a non-trivial distributionaly € L>(R)
of Lip = z1)}.
It is not difficult to see that
S={2e€C|A(z) € [-1,1]}.

The following is the main theorem of this section.
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Theorem 5.2. o(L) = S.

Proof. We first show that S C o,,(L) = o(L). Suppose v € S. Then there
exists a non-trivial solution (7, -) of (3.1) such that

(v, 2+ Q) = p(y,x), where |p|=1. (5.2)

In order to define a sequence {f, }nen as in the definition (4.1) of o,,(L), we
choose g € C?([0,]) such that

9(0) =0, g(Q) =1,
9'(0) =g¢"(0) = ¢'(2) = ¢"(2) =0,
0<g(z)<1,z€[0,9
Define
fa(7, ) = cn(V)Y (v, 2)ha(2), 7 €R,
where
1 if |x] < (n—1)9,
() = g(n€ —lal) if (n— 1) < fa] < Q.
0 if |z| > ng2,
and the normalization constant c,(7) is chosen to guarantee || f,||z2®) = 1.

From (5.2) and the definition of h,(x), we see that

Q
cn(y) = <2n/ dx [ (y, z)* + 0(1)> —0 as n — oo.
0
Next, using Ly = vy,

(L —~I) fu(x)
= —ca(7) [" (7, 2) P () 420" (7, 2) b () 4 (1, ) oy ()]
+ en(7)[a(z) = APy, 2)ha(2)
= Cohn(2)(L = D) (7, ) = ca(y) [2¢' (v, 2) By, (2) + (7, ) by (2)]
= —cu(7) [2¢' (v, 2) Iy, (%) + P (v, ) hyy (o)) -

So we have

1L = AD) full < () I (s YOI+ 1 () O]

D=
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From (5.2) and the definition of h,, one infers that
Woomer = f o |6/, 2) 0 (o)
(n—1)2< ] <n®

- [Ca et W] e

0

= 0.

n—oo

Similarly, one can show that
66 RO = O
Thus, since ¢,(v) — 0 as n — oo, we have
(L =AD)foll = 0 as n— oo.

Since || f,|| =1 for all n € N, we see that v € 04,(L). So S C 04,(L) = o(L).
Next, in order to show o(L) C S, we suppose that z € C\ S. Then
A(z) e C\ [-1, 1].
First, we note that since p,(z) # p_(z) we have by Theorem 1.2 (i) that

1/}-0—(27 x) - e_m(Z)xp+(Z7 I), Q/J— (Za l’) = em(Z)rp— (Za l’),
where Re (m(z)) > 0, and p4(z,-) are periodic with period 2. Hence

Vi(z,-) € L*((R,+00)), RER,
¢i(2,$ + Q) = €$m(z)ﬂ¢i(z’x>7 ‘eiFm(z)Q‘ = ’pi(z)‘ 7é L.

Define the Green’s function G(z,x,z’) by

Uy (z,2)_(z,2") if 2’ <z,

G(z,x,x’) =Wy, 7/17)71 { Uy (z, 2 _(z,x) if ' > .

Then we will prove below that

(R(2)f) () = / 02 G(z.r, ) (o), [ € I*(R)

R

is a bounded operator in L?(R).
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We note that
K2
’W(w-i-a ¢—) ’

where K is an upper bound of |p1(z, z)|, z € R, and

[(B(2)[) (z)] < (Gr(z) + Ga(x)) ,

Gila) = e [ d e ),

— 00

Go(r) = €e™m* /OO da’ e_m°$/|f(x')|, f e L*R),

where my = Re (m(z)) > 0.
See [1, page 84] for the proof of

16y < mioufu. (5.3)

Here we will prove that

1
IGall < =1,
0

We will closely follow the proof of (5.3) in [1, page 84]. For any X <Y, an
integration by parts yields

Y Y 00 ) 2
/ dx G5(r) = / dx e*™mo* (/ dx’ e”™mo% \f(x')])
X X T
eZmOm 00 - ) 27Y
o ([ 15

X

1 Y mox > ! _—mox’ /
b [Caregal ([ e 1)

= o (G0 - GO+ - [ Gl o)

2mo X

i)+ | " G / ' dw|f(x)l2r

2my X X
1

[ e i (5.4)

X

IN

IN

LGQ(Y) + {

2m0 mo
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Also,

GoY) = e / dz' ™ | f (')

Y

[ [Tl

| |
< moY[LQmoy ol

2m0

< moY

Thus, as Y — oo, G2(Y) — 0, and hence by letting X — —oo and Y — oo
in (5.4), we see that 0 < ||G5|| < oo and so

1Gall < —|1£11-
mo
Next, we show that
(L—zD)R(2)f = f for all fe L*(R), (5.5)
R(2)(L —zI)f = f for all f € L*(R)N H**(R). (5.6)

First, let f € L*(R). Then,

W) (RG] (@

- | [ w0 eare

-4 { / Zodx' Ve (@) + [ * be (2 (= x)f(ar’)}

= W(y, v-) f(x)
- V; da' 't (z, ) (2, ) f (') + /:O da' (2, w’)@bﬁ(z,x)f(x’)}

[e.9]

' b))

W) )+ — q(2) { | o)
[ w(z,w’)w(z,fc)f(:v’)]
= W, ) () + W (W ) (= — q(2)) / dx’ G(z, z,2/) f ().

R
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This proves (5.5). Similarly, one can show (5.6). Thus, (L — 2I)~! exists
and is bounded on L*(R). Hence, z € o(L) = C\ o(L) and this proves
o(L) CS. O

Before we introduce our next theorem, we give some definitions first.

Definition 5.3. A set o C C is an arc if there exists v € C([a, b]), a, b € R,
a < b such that o = {y(t) |t € [a, b]}. Then we call vy a parameterization of
the arc . The arc o is called simple if it has a one-to-one parameterization.
And the arc o is called an analytic arc if it has a parameterization v €
C*([a, b]) such that ¢ — () is analytic on [a, b].

Theorem 5.4. The conditional stability set S consists of countably infinitely
many simple analytic arcs in C.
Moreover,

S:U(L)C{ZEC|M1§IIH(Z)§MQ, Re(Z)ZMgg},

M; = inf [Im(q(z))], Ms= sup [Im(q(z))], Ms= inf [Re(q(z))].

z€[0, Q] z€[0, Q] z€[0, 9]

Next, we provide, without proofs, some additional results of Tkachenko
9, 10].

Theorem 5.5 ([9, Theorem 1]). For a function A to be a Floguet dis-
criminant of the operator L in (5.1) with ¢ € L*([0,9]), it is necessary and
sufficient that it be an entire function of exponential type 2 of the form

Q . Q° f(Vz)
A(z) = cos(Q/z) + 7 sin(Qv/z) — 5 cos(Q/z) + - for some Q € (C,I

where f is an even entire function of exponential type not exceeding ) satis-
fying the conditions

+o0 +oo
/ A\ [f)P <400, ) |f(n)| < +oo.

o0 n=—o00
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Theorem 5.6 ([9, Theorem 2]). For any operator L in (5.1) with a po-
tential ¢ € L2 (R) periodic of period 2 and for any ¢ > 0 there exists a
potential g € L}, (R) periodic of period Q such that ||q — qc| 1200 < € and
the spectrum of the corresponding periodic Schrédinger operator L. in L*(R)
with potential q. is the union of nonintersecting analytic arcs. Each spectral

arc is one-to-one mapped on the interval [—1, 1| by the Floquet discriminant

A, of L..

Also, see [10] for some results regarding one-to-one correspondence be-
tween classes of operators L with ¢ € L?*([0, Q]) and certain Riemann sur-
faces.
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ON HALF-LINE SPECTRA FOR A CLASS OF
NON-SELF-ADJOINT HILL OPERATORS

KWANG C. SHIN

ABSTRACT. In 1980, Gasymov showed that non-self-adjoint Hill
operators with complex-valued periodic potentials of the type

oo oo
V(z) = Zakei’”, with Z lax| < oo,
k=1 k=1

have spectra [0, 0o0). In this note, we provide an alternative and
elementary proof of this result.

1. INTRODUCTION

We study the Schrodinger equation
—"(z,x) + V(2)(z,2) = 2¢(z,2), x€R, (1)

where z € C and V' € L>*(R) is a continuous complex-valued periodic
function of period 2m, that is, V(x 4 27) = V(x) for all x € R. The
Hill operator H in L*(R) associated with (1) is defined by

(Hf) (@) =—f"(z) +V(2)f(z), fe€W*(R),
where W22(R) denotes the usual Sobolev space. Then H is a densely
defined closed operator in L?(R) (see, e.g., [2, Chap. 5]).
The spectrum of H is purely continuous and a union of countablely
many analytic arcs in the complex plane [9]. In general it is not easy to
explicitly determine the spectrum of H with specific potentials. How-

ever, in 1980, Gasymov [3| proved the following remarkable result:

Theorem 1 ([3]). Let V(z) = Y22, ape™ with {ax}ren € (1(N).
Then the spectrum of the associated Hill operator H s purely con-

tinuous and equals [0, 00).

Date: August 11, 2003.
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In this note we provide an alternative and elementary proof of this
result. Gasymov [3] proved the existence of a solution ¢ of (1) of the

form
_ izx o ikx
Y(z,x) =e (1 + ;:1 EENE g:j Vj ke ) ;

where the series

oo 1 oo ‘ o0 ‘
D5 D Kk =Dkl and Yl
=1 kS j=1

converge, and used this fact to show that the spectrum of H equals
[0, 00). He also discussed the corresponding inverse spectral problem.
This inverse spectral problem was subsequently considered by Pastur
and Tkachenko [8] for 27-periodic potentials in LZ (R) of the form
ey ake’.

In this paper, we will provide an elementary proof of the following

result.

Theorem 2. Let V(z) = 1o, axe™™ with {ay}ren € (*(N). Then
A(V; 2) = cos(2mv/2),

where A(V'; z) denotes the Floquet discriminant associated with (1) (cf.
equation (2)).

Corollary 3. Theorem 2 implies that the spectrum of H equals [0, 00);

it also implies Theorem 1.

Proof. In general, one-dimensional Schrodinger operators with peri-
odic potentials have purely continuous spectra (cf. [9]). Since —1 <
cos(2my/z) < 1if and only if z € [0, o), one concludes that the spec-
trum of H equals [0, co) and that Theorem 1 holds (see Lemma 5
below). O

Remark. We note that the potentials V' in Theorem 1 are nonreal and
hence H is non-self-adjoint in L*(R) except when V = 0. It is known
that V' = 0 is the only real periodic potential for which the spectrum
of H equals [0, co) (see [1]). However, if we allow the potential V' to



3

be complex-valued, Theorem 1 provides a family of complex-valued po-
tentials such that spectra of the associated Hill operators equal [0, co).
From the point of view of inverse spectral theory this yields an inter-
esting and significant nonuniqueness property of non-self-adjoint Hill
operators in stark contrast to self-adjoint ones. For an explanation of
this nonuniqueness property of non-self-adjoint Hill operators in terms

of associated Dirichlet eigenvalues, we refer to [4, p. 113].

As a final remark we mention some related work of Guillemin and
Uribe [5]. Consider the differential equation (1) on the interval [0, 27|
with the periodic boundary conditions. It is shown in [5] that all poten-
tials in Theorem 1 generate the same spectrum {n*:n =0,1,2,...},
that is, A(V;n?) =1foralln=0,1,2,....

2. SOME KNOWN FACTS

In this section we recall some definitions and known results regarding
(1).
For each z € C, there exists a fundamental system of solutions
c(V;z, x), s(V;z, x) of (1) such that
c(V;2,00=1, d(V;2,0)=0,
s(V;2z,0)=0, §(V;z,0)=1,
where we use ' for a% throughout this note. The Floquet discriminant
A(V; z) of (1) is then defined by
1
A(V;z) = 3 (e(V; 2, 2m) + §'(V; 2, 2m)) . (2)
The Floquet discriminant A(V; 2) is an entire function of order § with

respect to z (see [10, Chap. 21]).

Lemma 4. For every z € C there ezists a solution ¥ (z,-) # 0 of (1)
and a number p(z) € C\ {0} such that ¥(z,z + 2w) = p(2)Y(z, ) for
all x € R. Moreover,
1 1
AV;z:—(pz+—). 3
vie) = 5 (n)+ o5 ®)
In particular, if V=0, then A(0; z) = cos(2m/z).



For obvious reasons one calls p(z) the Floquet multiplier of equation

(1).

Lemma 5. Let H be the Hill operator associated with (1) and z € C.

Then the following four assertions are equivalent:

(i) z lies in the spectrum of H.

(ii) A(V; z) is real and |A(V; z)| < 1.

(iii) p(z) = € for some a € R.

(iv) Equatzon (1) has a non-trivial bounded solution ¥ (z,-) on R.

For proofs of Lemmas 4 and 5, see, for instance, [2, Chs. 1, 2, 5], [7],
9] (we note that V' is permitted to be locally integrable on R).

3. PROOF OF THEOREM 2

In this section we prove Theorem 2. In doing so, we will use the
standard identity theorem in complex analysis which asserts that two
analytic functions coinciding on an infinite set with an accumulation
point in their common domain of analyticity, in fact coincide through-
out that domain. Since both A(V;z) and cos(274/z) are entire func-
tions, to prove that A(V; z) = cos(2m/2), it thus suffices to show that
A(V;1/n?*) = cos(2w/n) for all integers n > 3.

Let n € N, n > 3 be fixed and let ¢ # 0 be the solution of (1) such
that ¢(z, x427) = p(2)Y(z, ), x € R for some p(z) € C. The existence
of such ¢ and p is guaranteed by Lemma 4. We set ¢(z, x) = ¢(z, nz).
Then

¢z, +27m) = p"(2)9(2, ), (4)

and

—¢"(2,2) + u(2)(2, 7) = n*26(2, ), (5)

where

gn(7) = n*V (nz) = n? Z ape*n, (6)
k=1



with period 27. Moreover, by (3) and (4),

1 1
A(Gn;w :—(p"z + ), where w = n’z. 7
@iw) =5 (70 + @
We will show below that
A(gn; 1) =1 for every positive integer n > 3. (8)

First, ifw = 1 (i.e., if z = =), then the fundamental system of solutions

1
c(qn; 1, ) and s(g,; 1, ) 07;2(5) satisfies
c(qn; 1,z) = cos(z)+ /01‘ sin(x — t)qn(t)c(gn; 1,t) dt, (9)
s(gn; 1,z) = sin(z) + /x sin(x — t)gn(t)s(qn; 1, 1) dt.
0
Moreover, we have
§'(gn; 1, ) = cos(x) + /Ox cos(x — t)qn(t)s(qn; 1,t) dt. (10)

We use the Picard iterative method of solving the above integral
equations. Define sequences {u;(x)};>0 and {v;(z)};>0 of functions as

follows.
ug(x) = cos(z), wuj(xr)= / sin(z — t)gn(t)u;—1(t) dt, (11)
0
vo(z) = sin(x), v,(z) = / sin(z — t)g,(t)vj_1(t) dt, j>1. (12)
0
Then one verifies in a standard manner that
clgni 1,2) = > ui(x),  s(guilw) =) v(x), (13)
j=0 Jj=0
where the sums converge uniformly over [0, 27]. Since

A(gn; 1) = = (clgn; 1,27) 4 ' (gn; 1,27)) |

DN | —

to prove that A(q,;1) = 1, it suffices to show that the integrals in (9)
and (10) vanish at x = 27.



Next, we will rewrite (11) as

1 ] —ix
uo(e) = 5(e + ),

€ €

uj(x) = 2—1/0 e g (t)u;_1(t) dt — 5 /0 g, (tyuj_1(t)dt, (14)
Jg =1

Using this and (6), one shows by induction on j that wu;, j > 0, is of
the form

u;(z) = Z bj e e for some b, € C, (15)

=—1
the sum converging uniformly for x € R. This follows from n > 3
because the smallest exponent of e that g,u;_; can have in (14) equals
2. (The first three terms in (15) are due to the antiderivatives of

eFq, (t)uj_1(t), evaluated at t = 0.) Next we will use (13) and (15) to
show that

/027r sin(2m — t)q, (t)c(gn; 1,t) dt = 0. (16)

We begin with

27
/ sin(2m — t)q, (t)c(gn; 1, ) dt
0

1 27 ) L
= =5 | (" —eanlb)elgn; 1, 1) dt
0
R SR S
_ _2_ (ezt _ efzt) Zakezknt Zuj(t) dt
tJo k=1 j=0
1 [’ INe] 2 ) )
= 52> / (e n Dt — ity (1) dr, - (17)
7 ’ 0
k=1 j=0

where the change of the order of integration and summations is permit-
ted due to the uniform convergence of the sums involved. The function
(eilhntDt _ eilkn=1)y;.(t) is a power series in e with no constant term
(cf. (15)), and hence its antiderivative is a periodic function of period
27. Thus, every integral in (17) vanishes, and hence (16) holds. So
from (9) we conclude that ¢(g,;1,27) = 1.
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Similarly, one can show by induction that v; for each j > 0 is of the
form (15). Hence, from (10), one concludes that s'(g,;1,27) = 1 in
close analogy to the proof of ¢(g,;1,27) = 1. Thus, (8) holds for each
n > 3.

So by (7),

1

M) = (1) + s

This implies that p"(1/n?) = 1. So p(1/n?) € {£ € C: & = 1}.
Thus, A(V;1/n?) € {cos(2kw/n) : k € Z}. Next, we will show that
A(V;1/n?) = cos(2w/n).

We consider a family of potentials ¢.(z) = eV (z) for 0 < e < 1. For

) =1 for every n > 3.

each 0 < e < 1, we apply the above argument to get that p(e,1/n?) €
{¢£ € C: & = 1}, where we use the notation p(e,1/n?) to indicate
the possible e-dependence of p(1/n?). Next, by the integral equations
(9)-(12) with g. = €V instead of g,, one sees that A(eV;1/n?) can
be written as a power series in € that converges uniformly for 0 <
e < 1. Thus, the function ¢ — A(eV;1/n?) € {cos(2kw/n) : k € Z}
is continuous for 0 < & < 1 (in fact, it is entire w.r.t. &). Since
{cos(2km/n) : k € Z} is discrete, and since A(eV;1/n?) = cos(2m/n)

for e = 0, we conclude that
A(eV;1/n?) = A(0;1/n?) = cos(2n/n) forall 0 <e < 1.

In particular, A(V;1/n?) = cos(27w/n) for every positive integer n > 3.
Since A(V;z) and cos(2m4/z) are both entire and since they coincide

at z =1/n? n > 3, we conclude that
A(V;z) = cos(2my/z) for all z € C

by the identity theorem for analytic functions alluded to at the begin-
ning of this section. This completes proof of Theorem 2 and hence that

of Theorem 1 by Corollary 3.

Remarks. (i) Adding a constant term to the potential V' yields a
translation of the spectrum. (ii) If the potential V' is a power series in

e~ with no constant term, then the spectrum of H is still [0, co), by
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complex conjugation. (iii) If V lies in the L?([0, 27])-span of {e**},cn,
then by continuity of V' +— A(V; 2) one concludes A(V; z) = cos(2m/2)
and hence the spectrum of H equals [0, co) (see [8]).

(iv) Potentials V' that include negative and positive integer powers of

T

e are not included in our note. Consider, for example, equation (1)
with V' (z) = 2cos(z), the so-called Mathieu equation. The spectrum
of H in this case is known to be a disjoint union of infinitely many
closed intervals on the real line [6] (also, see [2], [7]). In particular,
the spectrum of H is not [0, o0). In such a case the antiderivatives of
(eilhntD)t _ eitkn=1t)y, () in (17) need not be periodic and our proof

breaks down.

Acknowledgments. The author thanks Fritz Gesztesy and Richard
Laugesen for suggestions and discussions to improve the presentation

of this note.
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ON THE SPECTRUM OF QUASI-PERIODIC
ALGEBRO-GEOMETRIC KDV POTENTIALS

VOLODYMYR BATCHENKO AND FRITZ GESZTESY

Dedicated with great pleasure to Viadimir A. Marchenko
on the occasion of his 80th birthday.

ABSTRACT. We characterize the spectrum of one-dimensional Sch-
rodinger operators H = —d?/dx? + V in L?(R;dx) with quasi-
periodic complex-valued algebro-geometric potentials V' (i.e., po-
tentials V' which satisfy one (and hence infinitely many) equa-
tion(s) of the stationary Korteweg—deVries (KdV) hierarchy). The
spectrum of H coincides with the conditional stability set of H
and can explicitly be described in terms of the mean value of the
inverse of the diagonal Green’s function of H.

As a result, the spectrum of H consists of finitely many sim-
ple analytic arcs and one semi-infinite simple analytic arc in the
complex plane. Crossings as well as confluences of spectral arcs are
possible and discussed as well. Our results extend to the LP(R; dx)-
setting for p € [1, 00).

1. INTRODUCTION

It is well-known since the work of Novikov [44], Its and Matveev [31],
Dubrovin, Matveev, and Novikov [16] (see also [7, Sects. 3.4, 3.5], [24,
p. 111-112, App. J], [45, Sects. I1.6-11.10] and the references therein)
that the self-adjoint Schrodinger operator

d2
H = —p—i“/, dOHl(H) :H2’2(R) (11)

x
in L*(R;dx) with a real-valued periodic, or more generally, quasi-
periodic and real-valued potential V| that satisfies one (and hence in-
finitely many) equation(s) of the stationary Korteweg—deVries (KdV)
equations, leads to a finite-gap, or perhaps more appropriately, to a

Date: October 10, 2003.
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Key words and phrases. KAV hierarchy, quasi-periodic algebro-geometric poten-
tials, spectral theory.
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2 V. BATCHENKO AND F. GESZTESY

finite-band spectrum o(H) of the form
n—1
o(H) = | [Bam: Bamsr] U [Ean, 0). (1.2)
m=0
It is also well-known, due to work of Serov [50] and Rofe-Beketov [48]
in 1960 and 1963, respectively (see also [53]), that if V' is periodic and
complez-valued then the spectrum of the non-self-adjoint Schrodinger
operator H defined as in (1.1) consists either of infinitely many simple
analytic arcs, or else, of a finite number of simple analytic arcs and one
semi-infinite simple analytic arc tending to infinity. It seems plausible
that the latter case is again connected with (complex-valued) stationary
solutions of equations of the KdV hierarchy, but to the best of our
knowledge, this has not been studied in the literature. In particular,
the next scenario in line, the determination of the spectrum of H in
the case of quasi-periodic and complex-valued solutions of the stationary
KdV equation apparently has never been clarified. The latter problem
is open since the mid-seventies and it is the purpose of this paper to
provide a comprehensive solution of it.
To describe our results, a bit of preparation is needed. Let

G(z,x,2') = (H — 2)  (z,2), z¢€C\o(H), z,2’ € R, (1.3)
be the Green’s function of H (here o(H) denotes the spectrum of H)

and denote by ¢(z,x) the corresponding diagonal Green’s function of
H defined by

[Tz = ()]

g(z,x) =G(z,x,x) = TR (1.4)
2n

Bonr(2) = [[ (5 = By {Bury C C. (15)
m=0

E, # E, form#m/, m,m' =0,1,...,2n. (1.6)

For any quasi-periodic (in fact, Bohr (uniformly) almost periodic) func-
tion f the mean value (f) of f is defined by

R
(f) = lim i/ dx f(z). (1.7)

R—oo 2R R
Moreover, we introduce the set ¥ by
S= (A eC|Re((g(r))) =0} (18)

and note that

Z'1_[;'1:1 (Z - XJ)
<g(2, )> = 2R2n+1(2’)1/2

(1.9)
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for some constants {\;}7_; C C.

Finally, we denote by o,(T"), ca(T"), 0c(T'), 0e(T"), and 0.,(7T), the
point spectrum (i.e., the set of eigenvalues), the discrete spectrum,
the continuous spectrum, the essential spectrum (cf. (4.15)), and the
approximate point spectrum of a densely defined closed operator 7" in
a complex Hilbert space, respectively.

Our principal new results, to be proved in Section 4, then read as
follows:

Theorem 1.1. Assume that V' is a quasi-periodic (complez-valued)
solution of the nth stationary KdV equation. Then the following asser-
tions hold:

(1) The point spectrum and residual spectrum of H are empty and hence
the spectrum of H 1is purely continuous,

op(H) = 0:(H) =10, (1.10)
o(H)=0.(H) =0.(H) = 0.p(H). (1.11)
(17) The spectrum of H coincides with ¥ and equals the conditional
stability set of H,
o(H) = {A e C|Re({g(A,-)")) =0} (1.12)
= {\ € C| there exists at least one bounded distributional
solution 0 # ¢ € L*(R;dz) of HY = Mp}.  (1.13)

(1ii) o(H) is contained in the semi-strip

o(H) C {z € C|Im(z) € [My, Ms], Re(z) > M3}, (1.14)
where
My = i [ln(V(@), M = supllm(V(@))], M = inf [Re(V(2))].
(1.15)

(1v) o(H) consists of finitely many simple analytic arcs and one sim-
ple semi-infinite arc. These analytic arcs may only end at the points
Xl, vy A, Eo, ..., Eoy, and at infinity.  The semi-infinite arc, 0o,
asymptotically approaches the half-line Lyy = {z € Clz = (V) +
x, x > 0} in the following sense: asymptotically, 0 can be parameter-
1zed by

Ooo = {ZEC|Z:R+iIm((V>)+O(R_1/2) as RToo}. (1.16)
(v) Each E,,, m =0,...,2n, is met by at least one of these arcs. More

precisely, a particular E,,, is hit by precisely 2Ny + 1 analytic arcs,

where Ny € {0,...,n} denotes the number of \; that coincide with
Ep,- Adjacent arcs meet at an angle 27w/(2Ng + 1) at E,,,. (Thus,
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generically, No = 0 and precisely one arc hits E,y,,.)
(vi) Crossings of spectral arcs are permitted and take place precisely
when,

Re(<g(xj0, -)_1>) =0 for some jo € {1,...,n} with on ¢ (B},
(1.17)

In this case 2My+2 analytic arcs are converging toward on, where My €
{1,...,n} denotes the number of \; that coincide with X\j,. Adjacent

arcs meet at an angle w/(My + 1) at on.
(vii) The resolvent set C\o(H) of H is path-connected.

Naturally, Theorem 1.1 applies to the special case where V' is a pe-
riodic (complex-valued) solution of the nth stationary KdV equation.
Even in this special case, items (v) and (vi) of Theorem 1.1 provide
additional new details on the nature of the spectrum of H.

As described in Remark 4.10, these results extend to the LP(R; dz)-
setting for p € [1, 00).

Theorem 1.1 focuses on stationary quasi-periodic solutions of the
KdV hierarchy for the following reasons. First of all, the class of
algebro-geometric solutions of the (time-dependent) KdV hierarchy
is defined as the class of all solutions of some (and hence infinitely
many) equations of the stationary KdV hierarchy. Secondly, time-
dependent algebro-geometric solutions of a particular equation of the
(time-dependent) KdV hierarchy just represent isospectral deforma-
tions (the deformation parameter being the time variable) of a fixed
stationary algebro-geometric KdV solution (the latter can be viewed
as the initial condition at a fixed time ty). In the present case of
quasi-periodic algebro-geometric solutions of the nth KdV equation,
the isospectral manifold of such a given solution is an n-dimensional real
torus, and time-dependent solutions trace out a path in that isospectral
torus (cf. the discussion in [24, p. 12]).

Finally, we give a brief discussion of the contents of each section.
In Section 2 we provide the necessary background material including a
quick construction of the KdV hierarchy of nonlinear evolution equa-
tions and its Lax pairs using a polynomial recursion formalism. We also
discuss the hyperelliptic Riemann surface underlying the stationary
KdV hierarchy, the corresponding Baker—Akhiezer function, and the
necessary ingredients to describe the Its-Matveev formula for station-
ary KdV solutions. Section 3 focuses on the diagonal Green’s function
of the Schrédinger operator H, a key ingredient in our characterization
of the spectrum o(H) of H in Section 4 (cf. (1.12)). Our principal Sec-
tion 4 is then devoted to a proof of Theorem 1.1. Appendix A provides
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the necessary summary of tools needed from elementary algebraic ge-
ometry (most notably the theory of compact (hyperelliptic) Riemann
surfaces) and sets the stage for some of the notation used in Sections
2-4. Appendix B provides additional insight into one ingredient of the
[ts—Matveev formula; Appendix C illustrates our results in the spe-
cial periodic non-self-adjoint case and provides a simple yet nontrivial
example in the elliptic genus one case.

Our methods extend to the case of algebro-geometric non-self-adjoint
second order finite difference (Jacobi) operators associated with the
Toda lattice hierarchy. Moreover, they extend to the infinite genus
limit n — oo (cf. (1.2)—(1.5)) using the approach in [23]. This will be
studied elsewhere.

Dedication. It is with great pleasure that we dedicate this paper
to Vladimir A. Marchenko on the occasion of his 80th birthday. His
strong influence on the subject at hand is universally admired.

2. THE KDV HIERARCHY, HYPERELLIPTIC CURVES,
AND THE ITS-MATVEEV FORMULA

In this section we briefly review the recursive construction of the
KdV hierarchy and associated Lax pairs following [25] and especially,
24, Ch. 1]. Moreover, we discuss the class of algebro-geometric solu-
tions of the KdV hierarchy corresponding to the underlying hyperellip-
tic curve and recall the Its—Matveev formula for such solutions. The
material in this preparatory section is known and detailed accounts
with proofs can be found, for instance, in [24, Ch. 1]. For the notation
employed in connection with elementary concepts in algebraic geome-
try (more precisely, the theory of compact Riemann surfaces), we refer
to Appendix A.

Throughout this section we suppose the hypothesis

Ve C*(R) (2.1)
and consider the one-dimensional Schrodinger differential expression
d2
L=——+V. 2.2
ol (2.2)

To construct the KdV hierarchy we need a second differential expression
Ps,11 of order 2n + 1, n € Ny, defined recursively in the following. We
take the quickest route to the construction of Ps, 1, and hence to that
of the KdV hierarchy, by starting from the recursion relation (2.3)
below.
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Define { f;}sen, recursively by
fO = 17 f@,x = _(1/4>f€fl,mxx + Vféfl,x + (1/2)‘/‘;“7[4717 g c N.

(2.3)
Explicitly, one finds
fo=1,
fi=35V+a,
fo= =W + 3V 4 1V 4 o, (2.4)

_ 1 5 51,2 , 5173
+ cl( — %V}m + %Vz) + CQ%V + c3, etc.
Here {c;}ren € C denote integration constants which naturally arise
when solving (2.3).

Subsequently, it will be convenient to also introduce the correspond-
ing homogeneous coefficients f,, defined by the vanishing of the inte-

gration constants ¢ for k =1,...,¢,
fo=fo=1 fi= felocoper o LEN (2.5)
Hence,
¢
fo=> corfr, €N, (2.6)
k=0
introducing
co = 1. (2.7)

One can prove inductively that all homogeneous elements fg (and hence
all fy) are differential polynomials in V| that is, polynomials with re-
spect to V' and its z-derivatives up to order 2¢ — 2, £ € N.

Next we define differential expressions P, of order 2n + 1 by

- d 1
Popq1 = Z (fan@ - §fn7£,x> LY, neN,. (2.8)
=0

Using the recursion (2.3), the commutator of P,,,; and L can be ex-
plicitly computed and one obtains

[P2n+17 L] = 2fn+1,:c7 n c No. (29)

In particular, (L, Ps,11) represents the celebrated Laz pair of the KAV
hierarchy. Varying n € Ny, the stationary KdV hierarchy is then de-
fined in terms of the vanishing of the commutator of P, and L in



THE SPECTRUM OF QUASI-PERIODIC KDV POTENTIALS 7
(2.9) by',
—[P2n+1, L] = _2fn+1,z(v) = s—Kan(V) = 0, n ec No. (210)

Explicitly,
s-KdV,(V) = =V, =0,
s-KdVi(V) = Vagw — 3VVo + 1 (=V,) = 0, (2.11)

s-KadVo(V) = —75Vasaar + 2Vawr + 2VaVew — 2VV,
+ C1(ime - %VV;) +c(=V,) =0, ete.,

represent the first few equations of the stationary KdV hierarchy. By
definition, the set of solutions of (2.10), with n ranging in Ny and ¢, in
C, k € N, represents the class of algebro-geometric KdV solutions. At
times it will be convenient to abbreviate algebro-geometric stationary
KdV solutions V' simply as KdV potentials.

In the following we will frequently assume that V' satisfies the nth
stationary KdV equation. By this we mean it satisfies one of the nth
stationary KdV equations after a particular choice of integration con-
stants ¢, € C, k =1,...,n, n € N, has been made.

Next, we introduce a polynomial F}, of degree n with respect to the
spectral parameter z € C by

Fu(zx) = fae(z)2" (2.12)
=0
Explicitly, one obtains
=1,
Fi=2z+ %V + ¢4,
F, :ZQ—F%Vz— %%I—Fg‘/z%—cl(%‘/—l—z) + ¢o, (2.13)

F=24+V24 (= Voo + 2V 2 + SVisow — 2V Ve — 2V
+ 2V (ZP+ Ve — Vo + 3V 4 (2 +3V) + 03, ete
The recursion relation (2.3) and equation (2.10) imply that
Frvew — A(V — 2)Fyy — 2V, F, = 0. (2.14)

Multiplying (2.14) by F,,, a subsequent integration with respect to x
results in

(1/2)Fpaatin — (1/4)F3,:E — (V- Z>F3 = Rony1, (2.15)

In a slight abuse of notation we will occasionally stress the functional depen-
dence of f, on V, writing fo(V).
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where Rsy,11 is a monic polynomial of degree 2n + 1. We denote its
roots by {E,,}>™,, and hence write

m=0"
2n

Ronii(2) = [[(z = Ew), {En}i, CC. (2.16)
m=0

One can show that equation (2.15) leads to an explicit determination

of the integration constants ¢, ..., ¢, in
sKdV,(V) = =2f41.(V) =0 (2.17)
in terms of the zeros Ey, ..., Es, of the associated polynomial Ry, 1 in
(2.16). In fact, one can prove
Ck:Ck(E), k= 1,...,n, (218)
where
k

E)=—
B o Zzo 22 (jo!)2 -+ (Jon!)?(2j0 — 1) -+~ (2520 — 1)
Jot ok

X EBY - EPr. k=1,...,n. (2.19)

2n

Remark 2.1. Suppose V' € C?""}(R) satisfies the nth stationary KdV
equation s-KdV, (V) = —2f,41.(V) = 0 for a given set of integration
constants ¢g, k = 1,...,n. Introducing F,, as in (2.12) with fo,..., f,
given by (2.6) then yields equation (2.14) and hence (2.15). The latter
equation in turn, as shown inductively in [27, Prop. 2.1], yields

Ve C®R) and f, € C®(R), £=0,...,n. (2.20)

Thus, without loss of generality, we may assume in the following that

solutions of s-KdV,, (V) = 0 satisfy V' € C*(R).

Next, we study the restriction of the differential expression Py, to
the two-dimensional kernel (i.e., the formal null space in an algebraic
sense as opposed to the functional analytic one) of (L — z). More
precisely, let

ker(L — z) = {¢p: R — C meromorphic | (L — 2) =0}, ze€C.
(2.21)
Then (2.8) implies
d 1
ker(L—z) - <Fn(2{)% - §Fn7$(2)>

We emphasize that the result (2.22) is valid independently of whether
or not P, and L commute. However, if one makes the additional

. (2.22)

Py
+1
" ker(L—z)
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assumption that P, and L commute, one can prove that this implies
an algebraic relationship between P, and L.

Theorem 2.2. Fix n € Ny and assume that Ps,.1 and L commute,
[Pant1, L] = 0, or equivalently, suppose s-KdV,,(V) = =2f,11.(V) =
0. Then L and Ps,y1 satisfy an algebraic relationship of the type (cf.
(2.16))

Fu(L, =iPani1) = =Py = Ronsa (L) =0,

2 2.23
Roynii(2) = [[ (2= En), z€C. (2:23)

m=0

The expression F,,(L, —iPs,1) is called the Burchnall-Chaundy po-
lynomial of the pair (L, Py,+1). Equation (2.23) naturally leads to the
hyperelliptic curve K, of (arithmetic) genus n € Ny (possibly with a
singular affine part), where

2n
(2.24)
Ron1(z) = H(z —En), {BEn}n,CC
m=0

The curve K, is compactified by joining the point P,, but for nota-
tional simplicity the compactification is also denoted by IC,,. Points P
on K, \{ P} are represented as pairs P = (z,y), where y(+) is the mero-
morphic function on KC,, satisfying F,,(z,y) = 0. The complex structure
on K, is then defined in the usual way, see Appendix A. Hence, I,
becomes a two-sheeted hyperelliptic Riemann surface of (arithmetic)
genus n € Ny (possibly with a singular affine part) in a standard man-
ner.

We also emphasize that by fixing the curve IC, (i.e., by fixing the con-
stants Ey, ..., E,), the integration constants ci,...,¢, in f,41, (and
hence in the corresponding stationary KdV, equation) are uniquely
determined as is clear from (2.18) and (2.19), which establish the inte-
gration constants ¢ as symmetric functions of Ey, ..., Eo,.

For notational simplicity we will usually tacitly assume that n € N.
The trivial case n = 0 which leads to V(z) = Ej is of no interest to us
in this paper.
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In the following, the zeros? of the polynomial F, (-, z) (cf. (2.12)) will
play a special role. We denote them by {u;(x)}7_; and hence write

n

Foz,o) = ]2 = mi(@) (2:25)

j=1
From (2.15) we see that
Rony1 + (1/4)F3x = FoHypa, (2.26)
where
Ho1(z,x) = (1/2)F (2, 2) + (2 — V(x)) Fo(z, ) (2.27)

is a monic polynomial of degree n+ 1. We introduce the corresponding
roots® {vy(x)}7_, of Hyy1(+,x) by

n

H, o ( H z— vy (2.28)

=0
Explicitly, one computes from (2.4) and (2.12),

H1:Z—V
Hy=2"—3Ve+ 3V, — IV’ + (2 -V), (2.29)
Hy=2"— W2+ 1(Voo = V)2 — Voo + 2V + 2V,

— gV?) +c (z — —Vz + Vm — —V2) +e(z—=V), ete.

The next step is crucial; it permits us to “lift” the zeros u; and v, of
F, and H,; from C to the curve K,. From (2.26) one infers

Rons1(2) + (1/4)Fou(2)” =0,z € {1y, W}j:l ..... nt=0..n- (2.30)
We now introduce {/i;(z)};=1

.....

fij(@) = (pj(2), —(i/2) Fna(py(2), ), j=1,---,n>w€R (2-31)
and

ﬁé( ) ( ( ) (/2) nx(Vﬁ( ) ZL‘)), t=0,....,n,zeR (2‘32)

Due to the C*°(R) assumption (2.1) on V', F,(z,-) € C*(R) by (2.3)
and (2.12), and hence also H,,1(z,-) € C’°°( ) by (2.27). Thus, one
concludes

.....

pi, v € CR), j=1,....,n, £=0,...,n, (2.33)

2If V € L*(R;dx), these zeros are the Dirichlet eigenvalues of a closed operator
in L?(R) associated with the differential expression L and a Dirichlet boundary
condition at € R.

3If V € L (R;dx), these roots are the Neumann eigenvalues of a closed operator
in L?(R) associated with L and a Neumann boundary condition at = € R.
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taking multiplicities (and appropriate renumbering) of the zeros of F,,
and H,;; into account. (Away from collisions of zeros, u; and v, are
of course C*.)

Next, we define the fundamental meromorphic function ¢(-,z) on

K,
1y + (1/2)Fn,r(27 )

Pz = 2.34
¢( 7x) Fn(z,x> ( 3 )
_Hn—l—l(zv ZE)
= 2.
i — (1/2)Fon(z2) (2.85)
P=(z,y) eK,, xR
with divisor (¢(+,z)) of ¢(-, x) given by
(¢(+s2)) = Dog(a)p(x) — Dp (), (2.36)
using (2.25), (2.28), and (2.33). Here we abbreviated
o= {i, s fin}, 2= {0, ..., 0} € Sym™(K,) (2.37)

(cf. the notation introduced in Appendix A). The stationary Baker—
Akhiezer function ¥ (-, x, o) on K,\{Px} is then defined in terms of

¢(7I> by
(P, x, o) = exp (/x da’ (P, Il)), P € K,\{P}, (z,70) € R*.
" (2.38)

Basic properties of ¢ and 1 are summarized in the following result
(where W(f,g) = fg' — f'g denotes the Wronskian of f and g, and P*
abbreviates P* = (z, —y) for P = (z,y)).

Lemma 2.3. Assume V' € C™(R) satisfies the nth stationary KdV
equation (2.10). Moreover, let P = (z,y) € K,\{Px} and (z,xq) € R
Then ¢ satisfies the Riccati-type equation

¢u(P) + ¢(P)* =V — 2, (2.39)
as well as

oP)o(Pr) = T, (2.40)

oP)+o(P) = ) (2.41)

5(P) —o(P) = = (2.42)



12 V. BATCHENKO AND F. GESZTESY

Moreover, 1 satisfies

(L —=2(P))Y(P) =0, (Paps1—1iy(P))(P) =0, (2.43)
zor) \ V2 v
V(P x, o) = (%) exp (zy/ dx’ Fn(z,m’)_l), (2.44)
O(P, . 20)(P*, 7, 0) — % (2.45)
* o Hn-l-l(zax)
Ui (P, x, 20)0 (P*, x, x0) = Folezg) (2.46)
(P, x,x0) Y (P*, x,x0) + W(P*, x, 20)e (P, x, x9) = M,
Fo(z,x0)

(2.47)

W (P, -, zo), V(P -, x0)) = —%. (2.48)

In addition, as long as the zeros of F,(-,x) are all simple for x € €,
Q C R an open interval, Y (-, x,xq) is meromorphic on K,\{Px} for
x,xo € €.

Next, we recall that the affine part of IC,, is nonsingular if
E,, # E, form#m/, m,m' =0,1,...,2n. (2.49)

Combining the polynomial recursion approach with (2.25) readily
yields trace formulas for the KdV invariants, that is, expressions of f,
in terms of symmetric functions of the zeros p; of F,.

Lemma 2.4. Assume V € C*(R) satisfies the nth stationary KdV
equation (2.10). Then,

2n n
V:ZEm—QZuj, (2.50)

—(1/2)V, Z E2 —2 Z,u], etc. (2.51)

Equation (2.50) represents the trace formula for the algebro-geometric
potential V. In addition, (2.51) indicates that higher-order trace for-
mulas associated with the KdV hierarchy can be obtained from (2.25)
comparing powers of z. We omit further details and refer to [24, Ch.
1] and [25].

Since nonspecial divisors play a fundamental role in this context we
also recall the following fact.
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Lemma 2.5. Assume that V € C*(R) N L>®(R;dx) satisfies the nth
stationary KdV equation (2.10). Let Dy, it = (fu,...,[,) be the
Dirichlet divisor of degree n associated with V defined according to
(2.31), that is,

fi(x) = (p(z), = (i/2)F o (p(x),z)), 7=1,...,n, x € R. (2.52)
Then Dy is nonspecial for all x € R. Moreover, there exists a con-
stant C' > 0 such that

lw;(x)| <C, j=1,....n, z €R. (2.53)

Remark 2.6. Assume that V' € C*(R) N L*(R; dx) satisfies the nth
stationary KdV equation (2.10). We recall that f, € C*(R), £ € Ny, by
(2.20) since f; are differential polynomials in V. Moreover, we note that
(2.53) implies that f, € L®(R;dx), £ = 0,...,n, employing the fact
that fy, £ =0,...,n, are elementary symmetric functions of py, ..., u,
(cf. (2.12) and (2.25)). Since f,41, = 0, one can use the recursion
relation (2.3) to reduce fi for k& > n + 2 to a linear combination of

fiy--y fno Thus,
foe C*(R)N L>®(R;dz), ¢ € Ny. (2.54)
Using the fact that for fixed 1 < p < o0,
h,h®) € LP(R;dz) imply ¥ € LP(R;dz), ¢=1,...,k—1 (2.55)
(cf., e.g., [6, p. 168-170]), one then infers
VO e L®(R;dz), {€ Ny, (2.56)
applying (2.55) with p = oc.

We continue with the theta function representation for ¢ and V. For
general background information and the notation employed we refer to
Appendix A.

Let 6 denote the Riemann theta function associated with /C,, (whose
affine part is assumed to be nonsingular) and let {a;,b;}}_; be a fixed
homology basis on KC,,. Next, choosing a base point Qy € K\ P, the
Abel maps A, and ap, are defined by (A.41) and (A.42), and the
Riemann vector Z, is given by (A.54).

Next, let wﬁl,o denote the normalized differential of the second kind
defined by

@ _ 1

w —
P ,0 zy ;

- (z — Aj)dz = (C?+0(1))d¢ as P — Py, (2.57)

—0
1

(= 0/21/2, oe{l. -1},
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where the constants A\; € C, j = 1,...,n, are determined by employing
the normalization
/ Wi 0=0, j=1,...,n. (2.58)
One then infers J
/ ’ wilo =, —C e (Qo) +0(C) as P — Pu (2.59)
0

for some constant 682)<Q0) € C. The vector of b-periods of ngmo /(27i)
is denoted by

2 2 2 2 1 2 .
Uy = (U3, U2, U = [ Wi j=1,...,n. (2:60)

- ©2mi b,
By (A.26) one concludes
U = —2¢;(n), j=1,...,n. (2.61)
In the following it will be convenient to introduce the abbreviation
2(P,Q) = Eq, — Ag,(P) + ag,(Dg), (2.62)

Pek, Q={Q1...,Q,} € Sym"(K,).
We note that z(-, Q) is independent of the choice of base point Q.

Theorem 2.7. Suppose that V € C*(R)N L>®(R;dx) satisfies the nth
stationary KdV equation (2.10) on R. In addition, assume the affine
part of K, to be nonsingular and let P € K,\{Px} and z,zo € R.
Then Dy,y and Dy, are nonspecial for v € R. Moreover,*

0(2(Poc, [1(0)))0(2(P, i()))
0(2(Poo, jU()))0(2(P, [1(0)))

P
X exp [ —i(x — x0) (/ wg;o — e(()z)(Qo)>] . (2.63)
0
with the linearizing property of the Abel map,
g, (Dy)) = (0, (Die) + iU (@ —20))  (mod L), (2.64)
The Its—Matveev formula for V reads

w(Pv xz, J:O) =

n
V(z)=Ey+ Y (Byjo1 + Bz — 2);)
j=1
4To avoid multi-valued expressions in formulas such as (2.63), etc., we agree

to always choose the same path of integration connecting Qo and P and refer to
Remark A.4 for additional tacitly assumed conventions.
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- 28:% In (‘%i@o - AQO (Poo) + @Q, (Dg(:c))>)~ (2-65)

Combining (2.64) and (2.65) shows the remarkable linearity of the
theta function with respect to x in the Its-Matveev formula for V. In
fact, one can rewrite (2.65) as

V(z) = Ay — 207 In(0(A + Bx)), (2.66)
where
A= EQO - AQO (Poo) - ig(()Q)fEO + g, (Dg(a:o))v (2-67)
B=iUY, (2.68)
j=1

Hence the constants Ay € C and B € C" are uniquely determined by
K., (and its homology basis), and the constant A € C" is in one-to-one
correspondence with the Dirichlet data ji(xg) = (fi1(z0), - . ., fin(70)) €
Sym"(IC,,) at the point . a

Remark 2.8. If one assumes V in (2.65) (or (2.66)) to be quasi-
periodic (cf. (3.16) and (3.17)), then there exists a homology basis

- ~ 7~
{a;,b;}5_, on K, such that B = iQé satisfies the constraint

B=il” cRr" (2.70)
This is studied in detail in Appendix B.

An example illustrating some of the general results of this section is
provided in Appendix C.

3. THE DIAGONAL GREEN’S FUNCTION OF H

In this section we focus on the diagonal Green’s function of H and
derive a variety of results to be used in our principal Section 4.
We start with some preparations. We denote by

W(f,g)(z) = f(z)g.(z) — fo(x)g(x) for ae. x € R (3.1)

the Wronskian of f,g € AC).(R) (with AC),.(R) the set of locally
absolutely continuous functions on R).

Lemma 3.1. Assume® q € LL _(R), define T = —d?*/dx* + q, and let

loc
u;(z), 7 = 1,2 be two (not necessarily distinct) distributional solutions®

50ne could admit more severe local singularities; in particular, one could assume
q to be meromorphic, but we will not need this in this paper.
SThat is, u, uz € ACiec(R).
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of Tu = zu for some z € C. Define U(z,x) = ui(z, x)us(z,z), (2,x) €

C x R. Then,
22U, U —UZ —4(q — 2)U? = =W (uy, ug)*. (3.2)
If in addition q, € Li,.(R), then

Upew — 4(q — 2)U, — 2q, U = 0. (3.3)

Proof. Equation (3.3) is a well-known fact going back to at least Appell
2]. Equation (3.2) either follows upon integration using the integrating
factor U, or alternatively, can be verified directly from the definition
of U. We omit the straightforward computations. O

Introducing
g(z,x) :ul(z,a:)ug(z,:l:)/W(ul(Z),u2(2)), ZGC, LIZ’ER, (34)
Lemma 3.1 implies the following result.

Lemma 3.2. Assume that q € Li. (R) and (z,x) € C x R. Then,

loc

29119 - g?g - 4((] - 2)92 = _17 (35)
—(87"), =20+ {o[ur’Wlur, urz) + uz *W(ug, uz,.)| } (3.6)
—(87"), = 20 — Gaw- + [07'020:], (3.7)

=29 {|(67)(e7).. — (7). (67).] /()] . (38)

If in addition q, € L (R), then

loc

Ouzz — 4(q¢ — 2)8: — 2¢,9 = 0. (3.9)

Proof. Equations (3.9) and (3.5) are clear from (3.3) and (3.2). Equa-
tion (3.6) follows from

(g_l)z = u2_2W(U2, Uy,) — ul_QW(ul, Uy ) (3.10)
and

Wiuj,u;.), = —us, j=1,2. (3.11)

77

Finally, (3.8) (and hence (3.7)) follows from (3.4), (3.5), and (3.6) by
a straightforward, though tedious, computation. O

Equation (3.7) is known and can be found, for instance, in [22]. Sim-
ilarly, (3.6) can be inferred, for example, from the results in [12, p.
369).
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Next, we turn to the analog of g in connection with the algebro-
geometric potential V' in (2.65). Introducing

@ZJ(R%%W(P*’%Q?O)
W(¢(Pv '7x0)7¢(P*’ ',%0))’

g(P,x) = P e K,\{Px}, x,x0 € R,

(3.12)
equations (2.45) and (2.48) imply

o(P.a) % Pe(ey) c K \PL), 1€R (3.13)

Together with g(P,z) we also introduce its two branches g4 (z,x) de-
fined on the upper and lower sheets 111 of IC,, (cf. (A.3), (A.4), and
(A.14))

iF,(z,x)
2Ry 11(2)%
with II = C\C the cut plane introduced in (A.4). A comparison of
(3.4), (3.12)—(3.14), then shows that g4 (z,-) satisfy (3.5)—(3.9).

For convenience we will subsequently focus on g, whenever possible
and then use the simplified notation

g(z,x) =g(z,2), zell, zeR. (3.15)

g+(z,7) = £ zell, zeR (3.14)

Next, we assume that V' is quasi-periodic and compute the mean
value of g(z,-)~! using (3.7). Before embarking on this task we briefly
review a few properties of quasi-periodic functions.

We denote by C P(R) and QP(R), the sets of continuous periodic and
quasi-periodic functions on R, respectively. In particular, f is called
quasi-periodic with fundamental periods (€, ...,Qy) € (0,00)" if the
frequencies 27w /€, ..., 27 /Qy are linearly independent over Q and if
there exists a continuous function F' € C(RY), periodic of period 1 in
each of its arguments

F(.Tl,...,fﬂj—Fl,...,xN):F(I'l,...,l’]\[), iL‘jGR,j:L...,N,
(3.16)

such that
flx)=F(Q 'z, ... .Qy2), xeR (3.17)
The frequency module Mod (f) of f is then of the type

Mod (f) = {2mmy /U + -+ -+ 2emy/Qn |m; € Z, j=1,...,N}.
(3.18)

We note that f € CP(R) if and only if there are r; € Q\{0} such
that €2; = r,;Q for some €2 > 0, or equivalently, if and only if ©; = m,;(2,
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m; € Z\{0} for some Q > 0. f has the fundamental period Q > 0 if
every period of f is an integer multiple of €.

For any quasi-periodic (in fact, Bohr (uniformly) almost periodic)
function f, the mean value (f) of f, defined by

1 zo+R
(= Jim 57 | e f) (3.19)
exists and is independent of xg € R. Moreover, we recall the following
facts (also valid for Bohr (uniformly) almost periodic functions on R),
see, for instance, [8, Ch. I], [11, Sects. 39-92], [15, Ch. I, [21, Chs.
1,3,6], [32], [40, Chs. 1,2,6], and [49].

Theorem 3.3. Assume f,g € QP(R) and xo,x € R. Then the fol-
lowing assertions hold:
(1) f is uniformly continuous on R and f € L*(R;dx).

(iii) f + g, fg € QP(R).

(iv) 719 € QP(R) if and only if infeallg(s)]] > 0.

(v) Let G be uniformly continuous on M C R and f(s) € M for all
s € R. Then G(f) € QP(R).

vi) f" € QP(R) if and only if f' is uniformly continuous on R.

vii) Let F(x) = [ da' f(«') with (f) = 0. Then [ dz' f(z') =

|z|—o00
of|z]).
(viii) Let F(x) = [ da'f(z'). Then F € QP(R) if and only if
F e L>(R;dx).
(iz) If0 < f € QP(R), f #0, then (f) > 0.
() If f = |flexp(ip), then |f| € QP(R) and ¢ is of the type ¢(z) =
cx +Y(z), where c € R and ¢ € QP(R) (and real-valued).
(xi) If F(z) = exp (f;o d:v’f(:v’)), then F' € QP(R) if and only if
flx) =8 + Y(x), where 5 € R, ¢» € QP(R), and ¥ € L*(R;dz),
where U(x) = [ da'¢(2').

For the rest of this section and the next it will be convenient to
introduce the following hypothesis:

Hypothesis 3.4. Assume the affine part of X, to be nonsingular.
Moreover, suppose that V' € C*(R) N QP(R) satisfies the nth sta-
tionary KdV equation (2.10) on R.

Next, we note the following result.

Lemma 3.5. Assume Hypothesis 3.4. Then V¥ ke N, and f,, { €
N, and hence all x and z-derivatives of F,(z,-), z € C, and g(z,-),
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z € 11, are quasi-periodic. Moreover, taking limits to points on C, the
last result extends to either side of the cuts in the set C\{E,,}2"_, (cf.
(A.3)) by continuity with respect to z.

Proof. Since by hypothesis V € C*(R) N L>*(R;dx), s-KdV,(V) =0
implies V¥ € L*(R;dz), k € N and f, € C°(R) N L>®(R;dx), £ € N,
applying Remark 2.6. In particular V*) is uniformly continuous on R
and hence quasi-periodic for all £ € N. Since the f, are differential
polynomials with respect to V', also f,, ¢ € N are quasi-periodic. The
corresponding assertion for F,,(z,-) then follows from (2.12) and that
for g(z,-) follows from (3.14). O

For future purposes we introduce the set
HC:H\{{ze(CHz| <C+1}

U{z € C|Re(z) > _I{)lim2 [

Re(E,)] — 1, (3.20)

min [In(B,)] ~ 1< Im(=) £ max_ [Im(E,)] +1}},

m=0,...,2n

-----

where C' > 0 is the constant in (2.53). Moreover, without loss of
generality, we may assume Il contains no cuts, that is,

OeNC =0. (3.21)
Lemma 3.6. Assume Hypothesis 3.4 and let z,zg € II. Then

(g(z)") = —2 / a9 )+ (), (3:22)

20

where the path connecting zo and z 1s assumed to lie in the cut plane I1.
Moreover, by taking limits to points on C in (3.22), the result (3.22)
extends to either side of the cuts in the set C by continuity with respect
to z.

Proof. Let z, zy € Ilg. Integrating equation (3.7) from z, to z along a
smooth path in Ils yields

g(z,2) —g(z0, ) = =2 /Z dz' g(Z', ) + [gee(2, ) — Guz(20, )]

20

a /z dz' [g(2,2)  go(#, 2)g. (2, )]

20

- —2/ dz' g(2', ) + gee(2, 1) — guz(20, ¥)

20

_ [/Z dz' (2, ) gu(2, 7). (7, 7)

20 x

(3.23)
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By Lemma 3.5 g(z,-) and all its z-derivatives are quasi-periodic,

(oa(z,)) =0, z€lL (3.24)

Since we actually assumed z € Ilg, also g(z,-)~*

Consequently, also

/ dz’g(zl, ')7191(2/7 ')92('2/7 ')7 KIS HCv (3'25)

20

is quasi-periodic.

is a family of uniformly almost periodic functions for z varying in com-
pact subsets of Il as discussed in [21, Sect. 2.7] and one obtains

<l/Z: dz' g(z', ) gu (2, )9 (2, )L> —0 (3.26)

Hence, taking mean values in (3.23) (taking into account (3.24) and
(3.26)), proves (3.22) for z € Ilc. Since fy, { € Ny, are quasi-periodic
by Lemma 3.5 (we recall that fy = 1), (2.12) and (3.13) yield

I i\ @
/ZO d2' (9(',)) = 3 ;(fna /ZO & (3.27)
Thus, f;o dz' (g(Z,-)) has an analytic continuation with respect to z
to all of II and consequently, (3.22) for z € Il extends by analytic
continuation to z € II. By continuity this extends to either side of the
cuts in C. Interchanging the role of z and zy, analytic continuation
with respect to zg then yields (3.22) for z, z € I O

Remark 3.7. For z € Il¢g, g(z,-)~! is quasi-periodic and hence the
mean value <g(z, ~)_1> is well-defined. If one analytically continues
g(z, x) with respect to z, g(z,x) will acquire zeros for some = € R and
hence g(z,)™' ¢ QP(R). Nevertheless, as shown by the right-hand
side of (3.22), (g(z,)™") admits an analytic continuation in z from Il¢
to all of II, and from now on, <g(z, -)_1>, z € II, always denotes that
analytic continuation (cf. also (3.29)).

Next, we will invoke the Baker—Akhiezer function (P, x,z,) and
analyze the expression < g(z, -)*1> in more detail.

Theorem 3.8. Assume Hypothesis 3.4, let P = (z,y) € 14, and

r,xqg € R. Moreover, select a homology basis {dj,gj}?zl on IC,, such
~ ~(2 ~(2 ~
that B = ng ), with Qé) the wvector of b-periods of the normalized

differential of the second kind, &2?;,0, satisfies the constraint

B=iU, eR" (3.28)
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(cf. Appendiz B). Then,

Re(<g(P, -)_1>) = —21m(y<Fn(z, -)_1>) = QIm(/Q &g;,o — 682)(620)).

Proof. Using (2.44), one obtains for z € Il¢,

2 x) \ V2 v
(P, x,x0) = (%) exp <zy/ dx’ Fn(Z,x’)l)

_ (%)/ exp (iy / da' [F(z,2')™ = (Fu(z, ->—1>})

x exp (i(z — zo)y(Fu(z,-) ™)), (3.30)
P =(z y)EHi, zellg, x,z9 € R.
Since [F (z,2) <F _1>] has mean zero,

= o(lz]), zelle (3.31)

|2|—o00

‘ /a:o da' [Fo(z,2") ™ = (Fu(z,-)7h)]

by Theorem 3.3 (vii). In addition, the factor F,,(z,x)/F,(z, o) in (3.30)
is quasi-periodic and hence bounded on R.
On the other hand, (2.63) yields

0(2(Poc, [1(0)))0(2(P, ju()))
0(2(Poos f1(2)))0(2(P, f1(0)))

(P, ju(z
e
xexp{—zx—xo (/ wp 0—60 QO))}

— O(P,z, o) exp {— i(x — x0) < /Q]: o8 &y (Qo)ﬂ

P e K \{{Ps} U{itj(xo) Y1 }. (3.32)

Taking into account (2.62), (2.64), (2.70), (A.30), and the fact that by
(2.53) no fi;(x) can reach Py, as x varies in R, one concludes that

O(P, - 10) € L¥(Ridr), P € K\ (o)} oy, (3:33)

A comparison of (3.30) and (3.32) then shows that the o(|z|)-term in
(3.31) must actually be bounded on R and hence the left-hand side of
(3.31) is quasi-periodic. In addition, the term

exp (sznH(z)W /x da' [Fo(z,2') " = (Fy(2, -)—1>]>, z € I,
(3.34)

¢(P7$7x0) -
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is then quasi-periodic by Theorem 3.3 (zi). A further comparison of
(3.30) and (3.32) then yields (3.29) for z € IIo. Analytic continuation
with respect to z then yields (3.29) for z € II. By continuity with
respect to z, taking boundary values to either side of the cuts in the
set C, this then extends to z € C (cf. (A.3), (A.4)) and hence proves
(3.29) for P = (z,y) € K,\{P} O

4. SPECTRA OF SCHRODINGER OPERATORS WITH QUASI-PERIODIC
ALGEBRO-GEOMETRIC KDV POTENTIALS

In this section we establish the connection between the algebro-
geometric formalism of Section 2 and the spectral theoretic description
of Schrodinger operators H in L?*(R;dz) with quasi-periodic algebro-
geometric KdV potentials. In particular, we introduce the conditional
stability set of H and prove our principal result, the characterization
of the spectrum of H. Finally, we provide a qualitative description of
the spectrum of H in terms of analytic spectral arcs.

Suppose that V € C*(R) N QP(R) satisfies the nth stationary KdV
equation (2.10) on R. The corresponding Schrodinger operator H in
L?(R; dx) is then introduced by

2

H= _ +V, dom(H)= H**(R). (4.1)

dzx?
Thus, H is a densely defined closed operator in L*(R;dx) (it is self-
adjoint if and only if V' is real-valued).

Before we turn to the spectrum of H in the general non-self-adjoint
case, we briefly mention the following result on the spectrum of H
in the self-adjoint case with a quasi-periodic (or almost periodic) real-
valued potential g. We denote by o(A), 0.(A), and 04(A) the spectrum,
essential spectrum, and discrete spectrum of a self-adjoint operator A
in a complex Hilbert space, respectively.

Theorem 4.1 (See, e.g., [51]). Let V € QP(R) and q be real-valued.
Define the self-adjoint Schrodinger operator H in L*(R; dz) as in (4.1).
Then,

o(H)=o0.(H) C [Irleiﬂg(V(I)),oo), oa(H) = 0. (4.2)
Moreover, o(H) contains no isolated points, that is, o(H) is a perfect
set.

In the special periodic case where V' € C'P(R) is real-valued, the
spectrum of H is purely absolutely continuous and either a finite union

of some compact intervals and a half-line or an infinite union of compact
intervals (see, e.g., [18, Sect. 5.3], [47, Sect. XIII.16]). If V' € CP(R)
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and V is complex-valued, then the spectrum of H is purely continuous
and it consists of either a finite union of simple analytic arcs and one
simple semi-infinite analytic arc tending to infinity or an infinite union
of simple analytic arcs (cf. [48], [50], and [53])".

Remark 4.2. Here o0 C C is called an arc if there exists a parameteri-
zation v € C([0, 1]) such that o = {7(¢) |t € [0,1]}. The arc o is called
simple if there exists a parameterization v such that ~: [0,1] — C is
injective. The arc o is called analytic if there is a parameterization
v that is analytic at each ¢t € [0,1]. Finally, o is called a semi-
infinite arc if there exists a parameterization v € C'([0,00)) such that
0o = {7(t) |t € [0,00)} and 0 is an unbounded subset of C. Analytic
semi-infinite arcs are defined analogously and by a simple semi-infinite
arc we mean one that is without self-intersection (i.e., corresponds to
a injective parameterization) with the additional restriction that the
unbounded part of o, consists of precisely one branch tending to in-
finity.

Now we turn to the analyis of the generally non-self-adjoint operator
H in (4.1). Assuming Hypothesis 3.4 we now introduce the set ¥ C C
by

% ={XeC|Re((g(r,-)™")) =0}. (4.3)

Below we will show that Y plays the role of the conditional stability
set of H, familiar from the spectral theory of one-dimensional periodic
Schrodinger operators (cf. [18, Sect. 5.3|, [48], [57], [58]).

Lemma 4.3. Assume Hypothesis 3.4. Then ¥ coincides with the con-
ditional stability set of H, that is,

Y = {\ € C| there exists at least one bounded distributional solution
0# ¢ e L¥(R;dx) of HY = M.} (4.4)
Proof. By (3.32) and (3.33),

o= D o [ @)

P=(zy) ellg,

is a distributional solution of Hv = 21 which is bounded on R if and
only if the exponential function in (4.5) is bounded on R. By (3.29),
the latter holds if and only if

Re({g(z,-)")) = 0. (4.6)
O

in either case the resolvent set is connected.
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Remark 4.4. At first sight our a priori choice of cuts C for Ry, 1(-)"/?,
as described in Appendix A, might seem unnatural as they completely
ignore the actual spectrum of H. However, the spectrum of H is not
known from the outset, and in the case of complex-valued periodic
potentials, spectral arcs of H may actually cross each other (cf. [26],
[46], and Theorem 4.9 (iv)) which renders them unsuitable for cuts of
Ropr ()2,

Before we state our first principal result on the spectrum of H, we
find it convenient to recall a number of basic definitions and well-known
facts in connection with the spectral theory of non-self-adjoint opera-
tors (we refer to [19, Chs. I, III, IX], [29, Sects. 1, 21-23], [33, Sects.
IV.5.6, V.3.2], and [47, p. 178-179] for more details). Let S be a densely
defined closed operator in a complex separable Hilbert space H. De-
note by B(H) the Banach space of all bounded linear operators on ‘H
and by ker(7T") and ran(7T") the kernel (null space) and range of a lin-
ear operator T in H. The resolvent set, p(S), spectrum, o(S), point
spectrum (the set of eigenvalues), o,(5), continuous spectrum, o.(.5),
residual spectrum, o,(5), field of regularity, 7(S), approximate point
spectrum, o,,(S), two kinds of essential spectra, o.(S), and 0.(5), the
numerical range of S, ©(S), and the sets A(S) and A(S) are defined
as follows:

p(S)={ze€C|(S—=zI)"' € B(H)}, (4.7)
a(5) = C\p(5), (4.8)
0p(S) = {X € C| ker(S — \I) # {0}}, (4.9)
o.(S) ={X € C|ker(S — AI) = {0} and ran(S — AI) is dense in H
but not equal to H}, (4.10)
0.(S) ={A € C|ker(S — A\I) = {0} and ran(S — \I) is
not dense in ‘H}, (4.11)
7(S) = {z € C|there exists k, > 0 s.t. ||(S — zl)ully > k.||ul|x
for all v € dom(S)}, (4.12)
Tap(5) = C\7(5), (4.13)
A(S) = {z € C|dim(ker(S — zI)) < oo and ran(S — zI) is closed},
(4.14)
0.(S) = C\A(S), (4.15)
A(S) = {z € C|dim(ker(S — 2I)) < oo or dim(ker(S* — zI)) < oo},
(4.16)

5.(S) = C\A(S), (4.17)
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O(5) ={(/,5f) € C| f € dom(S), ||fll» =1}, (4.18)
respectively. One then has

o(S) = 0p(S)Uoe(S)Uoy(S) (disjoint union) (4.19)

= 0,(5) Uae(S) Ua(S5), (4.20)

0c(5) € ae(S)\(0p(5) U 0:(5)), (4.21)

0:(5) = 0p(5%)\op (), (4.22)

Tap(S) = {\ € C|there exists a sequence {f, }ren C dom(S)

with || full%x = 1, n € N, and nh_)rgo |(S = AI) full® = 0}, (4.23)
0e(S) C 0e(5) C 04p(S) C o(S) (all four sets are closed), — (4.24)
p(S) C w(S) C A(S) C A(S) (all four sets are open), (4.25)
5.(S) € O(S), ©O(S) is convex, (4.26)
0.(S) = 0.(9) if S =5 (4.27)

Here o* in the context of (4.22) denotes the complex conjugate of the
set 0 C C, that is,

oc*={\AeC|)eor} (4.28)

We note that there are several other versions of the concept of the
essential spectrum in the non-self-adjoint context (cf. [19, Ch. IX]) but
we will only use the two in (4.15) and in (4.17) in this paper.

Finally, we recall the following result due to Talenti [52] and Tomasel-
li [56] (see also Chisholm and Everitt [13], Chisholm, Everitt, and Lit-
tlejohn [14], and Muckenhoupt [42]).

Lemma 4.5. Let [ € L*(R;dx), U € L?*((—oo,R];dx), and V €
L*([R,0);dx) for all R € R. Then the following assertions (i)—(iii)
are equivalent:

(1) There exists a finite constant C' > 0 such that

/Rd:c U(x) /:o ' v fa| < O/Rdx|f(:c)|2. (4.29)

(i1) There exists a finite constant D > 0 such that

é dz |V (z) / U @) 2 <D /R dz | f(z)[2. (4.30)

—0o0

sup [(/_;dx|U(x)|2> (/OO dx|V(x)|2)] < 0. (4.31)

(iid)
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We start with the following elementary result.

Lemma 4.6. Let H be defined as in (4.1). Then,

oe(H) =0.(H) C O(H). (4.32)
Proof. Since H and H* are second-order ordinary differential operators
on R,

dim(ker(H — 2I)) <2, dim(ker(H* —ZI)) < 2. (4.33)
Equations (4.14)—(4.17) and (4.26) then prove (4.32). O

Theorem 4.7. Assume Hypothesis 3.4. Then the point spectrum and
residual spectrum of H are empty and hence the spectrum of H is purely
continuous,

op(H) = 0.(H) =0, (4.34)
o(H) = 0.(H) = 0e(H) = 0ap(H). (4.35)

Proof. First we prove the absence of the point spectrum of H. Suppose
z € IN{XU{p;j(w0)}j=; }. Then ¢(P, -, x0) and (P, -, ¢) are linearly
independent distributional solutions of Hy = z¢ which are unbounded
at +oo or —oo. This argument extends to all z € II\X by multiply-
ing (P, -, zo) and ¥(P*, -, x9) with an appropriate function of z and x
(independent of x). It also extends to either side of the cut C\X by con-
tinuity with respect to 2. On the other hand, since V*) € L>(R; dx) for
all k € Ny, any distributional solution v (z,-) € L*(R;dz) of Hy = 21,
z € C, is necessarily bounded. In fact,

Y® (2, € L®(R;dx) N L*(R; dz), k€ Ny, (4.36)

applying ¢ (z,z) = (V(z) —2)¢ (2, x) and (2.55) with p =2 and p = oo
repeatedly. (Indeed, 1(z,-) € L*(R;dx) implies ¥"(z,-) € L*(R;dx)
which in turn implies ¢/(z,-) € L?(R;dx). Integrating (%) = 2y’
then yields ¥(z, ) € L*(R;dx). The latter yields ¢"(z,-) € L>(R;dz),
etc.) Thus,

(C\S} N oy (H) = 0. (4.37)

Hence, it remains to rule out eigenvalues located in ¥. We consider
a fixed A € ¥ and note that by (2.45), there exists at least one dis-
tributional solution ¥y (A,-) € L>®(R;dx) of Hip = M. Actually, a
comparison of (2.44) and (4.3) shows that we may choose 11 (], -) such
that [¢1(A, )| € QP(R) and hence 1;()\,-) ¢ L*(R;dx). As in (4.36)
one then infers from repeated use of ¢ (\) = (V — A)y(X) and (2.55)
with p = oo that

viP(\,) € L*(Rydx), k€ No. (4.38)
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Next, suppose there exists a second distributional solution s(A, ) of
Hv = M\ which is linearly independent of (), -) and which satisfies
o(A,-) € L*(R; dz). Applying (4.36) then yields

(A, ) € LA(R;dz), k€ No. (4.39)
Combining (4.38) and (4.39), one concludes that the Wronskian of
P1(A,+) and ¥y(A, -) lies in L*(R; dw),
Wi (A, ), ¥a(A, ) € L*(R; du). (4.40)
However, by hypothesis, W (¢ (A, ), ¥2(A,-)) = ¢(A) # 0 is a nonzero
constant. This contradiction proves that

S Noy(H) =0 (4.41)

and hence o,(H) = 0.
Next, we note that the same argument yields that H* also has no
point spectrum,

oo (H*) = 0. (4.42)

Indeed, if V' € C*(R) N QP(R) satisfies the nth stationary KdV equa-
tion (2.10) on R, then V' also satisfies one of the nth stationary KdV
equations (2.10) associated With a hyperelliptic curve of genus n with

{E,.}*"_, replaced by {E,, etc. Since by general principles (cf.
(4. 28))

m07

0.(B) C o,(B*)* (4.43)

for any densely defined closed linear operator B in some complex sep-
arable Hilbert space (see, e.g., [30, p. 71]), one obtains o,(H) = ) and
hence (4.34). This proves that the spectrum of H is purely continuous,
o(H) = o.(H). The remaining equalities in (4.35) then follow from
(4.21) and (4.24). O

The following result is a fundamental one:

Theorem 4.8. Assume Hypothesis 3.4. Then the spectrum of H co-
incides with 3 and hence 6quals the conditional stability set of H,

= {A € C|Re({g(A,")™")) =0} (4.44)
= {\ € C| there exists at least one bounded distributional
solution 0 # ¢ € L=(R;dz) of HY = \p}.  (4.45)
In particular,

(B}, C o(H), (4.46)

and o(H) contains no isolated points.
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Proof. First we will prove that

o(H)C % (4.47)
by adapting a method due to Chisholm and Everitt [13]. For this
purpose we temporarily choose z € II\{X U {p;(wo)}7—, } and construct

the resolvent of H as follows. Introducing the two branches ¢4 (P, z, o)
of the Baker—Akhiezer function (P, z, zo) by

wi(Pax7$0) = w<P7xax0)7 P = (Zay) € Hia T, To € ]Ra (448)

we define

- iz @, m0)  if (2, 20) € LP((w0, 00); dx),
V(2 20) = {w_(z,x,xo) if _(z,+,w0) € L*((z0,0); dx),
(4.49)
N _ %b—(%l"al”o) if 1/]—(273370) € L2((—OO,£L‘Q);dI‘),
w*(% . xO) B {¢+(Z’ x, l’o) if ¢+(za ) ZE()) € LZ((—OO, l’o); dZL'),
z € I\Y, z,29 € R, (4.50)
and
1
G(z,z,2') =

W('(&.:,.(Z,I’,Z‘O),Q&_(Z,ZE,JIO))
" {ﬁ_(z,x’,a:o)zﬁ(z,x,xo), x>,

@*(ZaxaxO)ler(Zax/?xO)a r < .Z'/,

z e II\X, z,2o € R.

Due to the homogeneous nature of G, (4.51) extends to all z € II.

Moreover, we extend (4.49)—(4.51) to either side of the cut C except

at possible points in ¥ (i.e., to C\X) by continuity with respect to z,

taking limits to C\X. Next, we introduce the operator R(z) in L*(R; dz)
defined by

(R(2)f)(x) = / de' G(z,xz,2") f(2"), [feCFR), zeIl, (4.52)

R
and extend it to z € C\X, as discussed in connection with G(-, x,z’).

The explicit form of zﬁi(z, x,Tp), inferred from (3.32) by restricting P
to II4, then yields the estimates

s (2, 2, x0)| < Oz, m0)eT 2 2 e \E, z € R (4.53)
for some constants Cy(z,x9) > 0, k(z) > 0, z € I[I\X. An application
of Lemma 4.5 identifying U(z) = exp(—£(2)z) and V(x) = exp(k(z)z)
then proves that R(z), z € C\X, extends from C§°(R) to a bounded
linear operator defined on all of L?*(R;dz). (Alternatively, one can

(4.51)
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follow the second part of the proof of Theorem 5.3.2 in [18] line by
line.) A straightforward differentiation then proves

(H—zDR(2)f =f, feL*R;dr), z€C\X (4.54)
and hence also
R(z2)(H—zl)g=yg, ¢e€dom(H), ze C\X. (4.55)
Thus, R(z) = (H — zI)7', z € C\X, and hence (4.47) holds.
Next we will prove that
o(H) 2. (4.56)
We will adapt a strategy of proof applied by Eastham in the case of
(real-valued) periodic potentials [17] (reproduced in the proof of Theo-
rem 5.3.2 of [18]) to the (complex-valued) quasi-periodic case at hand.
Suppose A € Y. By the characterization (4.4) of X, there exists a
bounded distributional solution ¥ (A, -) of HyY = M. A comparison

with the Baker-Akhiezer function (2.44) then shows that we can as-
sume, without loss of generality, that

[¥(A, )| € QP(R). (4.57)

Moreover, by the same argument as in the proof of Theorem 4.7 (cf.
(4.38)), one obtains

v®(N,) € L®(R;dx), k€ N,. (4.58)
Next, we pick Q > 0 and consider g € C*°([0,Q)]) satisfying
9(0) =0, g(Q) =1,
g'(0) =g"(0) = ¢'(Q) = ¢"(Q) =0, (4.59)
0<g(z)<1, zel0,Q]
Moreover, we introduce the sequence {h, }n,en € L?(R;dx) by

1, lz] < (n—1)8,
hy(z) = < g(nQ —|z]), (n—1)Q < |z| < nQ, (4.60)
0, |z| > nQ

and the sequence {f,(\)}nen € L*(R;dz) by
fa\ ) = dpy( NN, 2)he (), z€R, d,(N) >0, neN.  (4.61)
Here d,(\) is determined by the requirement
lfnN)]2=1, neN. (4.62)
One readily verifies that
fu(\, ) € dom(H) = H**(R), n € N. (4.63)
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Next, we note that as a consequence of Theorem 3.3 (ix),

[ sl = 2w BT o) (e

—00

with _
([ )7) > 0. (4.65)

Thus, one computes

L= a2 = da(V)? / 0 [ (N, 2)[ P (2)?
=d,(\)? dz |\, ) |Pha(2)? > d,(N)? dz [P\, x)|?
“/M (A, 2) () <>/ ()

lel<(n—1)2
> dny(AN)?[{J(A, )P)(n — 1)Q + o(n)]. (4.66)
Consequently,
d,(\) = O(n™'?). (4.67)

n—o0

Next, one computes

(H = M) fu(A x) = =dn(N[20' (A, 2) By, (2) + (X, @)y (2)] - (4.68)
and hence

I(H = AL fullz < da(N2IE" (M A[l2 + [N g 2], ne N (4.69)
Using (4.58) and (4.60) one estimates

[ (R 2 = / dir [ (O, ) P ()

(n—1)Q<|z|<nQ
Q
<2 [ dolg)f
0
< 20 VI I o (470

and similarly,

el = [ da (8 )P o)

(n—1)Q<|z|<nQ2

Q
< 2wV / dr|g" (@)

< 20 M 12119" 11700 (0,001 - (4.71)
Thus, combining (4.67) and (4.69)—(4.71) one infers
lim [[(H = Al) full2 = 0, (4.72)

and hence A € 0,,(H) = o(H) by (4.23) and (4.35).
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Relation (4.46) is clear from (4.4) and the fact that by (2.45) there
exists a distributional solution ((E,,,0),-,x¢) € L®(R;dx) of HY =
E, forallm =0,...,2n.

Finally, o(H) contains no isolated points since those would neces-
sarily be essential singularities of the resolvent of H, as H has no
eigenvalues by (4.34) (cf. [33, Sect. II11.6.5]). An explicit investigation
of the Green’s function of H reveals at most a square root singularity at
the points {E,,}>"_, and hence excludes the possibility of an essential

m=0

singularity of (H — zI)~!. O

In the special self-adjoint case where V is real-valued, the result
(4.44) is equivalent to the vanishing of the Lyapunov exponent of H
which characterizes the (purely absolutely continous) spectrum of H
as discussed by Kotani [34], [35], [36], [37] (see also [12, p. 372]). In
the case where V is periodic and complex-valued, this has also been
studied by Kotani [37].

The explicit formula for ¥ in (4.3) permits a qualitative description
of the spectrum of H as follows. We recall (3.22) and write

LN § ] ChblV) B
dz<g( ) ) >* 2<g( ) ))7 (H%zo(z—Em))l/T e II,
(4.73)
for some constants
A}, cC (4.74)

As in similar situations before, (4.73) extends to either side of the cuts
in C by continuity with respect to z.

Theorem 4.9. Assume Hypothesis 3.4. Then the spectrum o(H) of
H has the following properties:
(1) o(H) is contained in the semi-strip

o(H) C {z € C|Im(z) € [My, M), Re(z) > Ms}, (4.75)
where
My = inf[lm(V ()], M= iléﬂlg[lm(‘/(ﬂf))], M = inf [Re(V(2))].
(4.76)

(17) o(H) consists of finitely many simple analytic arcs and one sim-
ple semi-infinite arc. These analytic arcs may only end at the points
AyooosAn, Eo, ..., Eoy, and at infinity.  The semi-infinite arc, 0o,
asymptotically approaches the half-line Ly = {z € Clz = (V) +
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x, x > 0} in the following sense: asymptotically, 0 can be parameter-
1zed by

0 ={2€Clz=R+ilm((V)) + O(R™*) as R 1 co}.  (4.77)

(1ii) Each E,,, m = 0,...,2n, is met by at least one of these arcs.
More precisely, a particular E,,, is hit by precisely 2Ny + 1 analytic
arcs, where Ny € {0,...,n} denotes the number of \; that coincide

with E,,,. Adjacent arcs meet at an angle 2w /(2No+1) at Ep,,. (Thus,
generically, No = 0 and precisely one arc hits E,y,,,.)

(iv) Crossings of spectral arcs are permitted. This phenomenon and
takes place precisely when for a particular jo € {1,...,n}, on €o(H)
such that

Re(<g(xj0, )71)) =0 for some jo € {1,...,n} with on ¢ {En )2,
(4.78)

In this case 2My+2 analytic arcs are converging toward on, where My €

{1,...,n} denotes the number of Xj that coincide with \j,. Adjacent

arcs meet at an angle w/(My + 1) at \j, .
(v) The resolvent set C\o(H) of H is path-connected.

Proof. Item (i) follows from (4.32) and (4.35) by noting that
(fHE) = IF17+ (f Re(V)f) +i(f,Im(V) f), fe€ H**(R). (4.79)

To prove (ii) we first introduce the meromorphic differential of the
second kind

i 2o Ndz i [l (2= Aj)dz
Q(Q) — <g(P, ))dz _ <Fn(2?; )>d _ injﬁwn(_’_l(z)l/z , (480)

P =(zy) € K\{Px}

(cf. (4.74)). Then, by Lemma 3.6,

(g(P. )Yy = —2 /Q 0P 1 (g(Q0,) "), Pek\MPo}  (481)

for some fixed Qo € K,\{ P}, is holomorphic on IC,\{ P }. By (4.73),
(4.74), the characterization (4.44) of the spectrum,

o(H) = {A € C|Re({g(\,)™")) =0}, (4.82)

and the fact that Re(<g(z, -)*1>) is a harmonic function on the cut
plane II, the spectrum o(H) of H consists of analytic arcs which may
only end at the points Xl, e ,Xn, Ey, ..., Fs,, and possibly tend to
infinity. (Since o(H) is independent of the chosen set of cuts, if a
spectral arc crosses or runs along a part of one of the cuts in C, one can
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slightly deform the original set of cuts to extend an analytic arc along

or across such an original cut.) To study the behavior of spectral arcs

near infinity we first note that
i

. 1
9(z, ) |00 22172 + 43/2

V(z)+O(]z|7%?), (4.83)

combining (2.4), (2.12), (2.16), and (3.14). Thus, one computes

-1 . 1/2 i —-3/2
g(z,x) . —2i21/% 4 WV(x) + O(|| / ) (4.84)
and hence
_ . { _
<g(z, ) 1> |z|ioo —2iz1/? 4 v (V) + O(\z| 3/2). (4.85)

Writing z = Re’ this yields
_ A1 1/2 i0/2 _ 9—1p—1/2 —ip/2
0=Re({g(z,)™")) P 2Im{R"?e 2R % e (V)
+O(R™*7?)} (4.86)
implying
¢ = Im((V)R™'+O(R™*?) (4.87)

R—o0
and hence (4.77). In particular, there is precisely one analytic semi-
infinite arc o, that tends to infinity and asymptotically approaches
the half-line L. This proves item (i4).

To prove (7ii) one first recalls that by Theorem 4.8 the spectrum of H
contains no isolated points. On the other hand, since {E,,}*"_, C o(H)
by (4.46), one concludes that at least one spectral arc meets each E,,,
m=0,...,2n. Choosing Qy = (E,,0) in (4.81) one obtains

z

<g(Z, ')_1> = _2/ dzl <g(2,, )> + <g(Em0’ ')_1>

Emg
z " (2 =\
Emg (Hm:O(z/ - Em))
= =i [ @ BN IO+ O — B

Emg

+ <9(Em0a ')_1>
= iy + (12 e~ Bp) A + Oz — B

1/2 + <g(Emou ')_1>

+ <9(EMO7 ')71>7 zell (488)
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for some C' = |C|e™* € C\{0}. Using
Re({(g(Em,")™")) =0, m=0,...,2n, (4.89)

as a consequence of (4.46), Re((g(z,")™)) = 0 and 2z = E,,, + pe’¢
imply

0 = sin[(No + (1/2))¢ + olo™ 2 (|C] + O(p)] (4.90)

This proves the assertions made in item (ii).

To prove (iv) it suffices to refer to (4.73) and to note that locally,
d{g(z,-)™)/dz behaves like Cy(z — XjO)MO for some Cy € C\{0} in a
sufficiently small neighborhood of on.

Finally we will show that all arcs are simple (i.e., do not self-intersect
each other). Assume that the spectrum of H contains a simple closed
loop 7, v C o(H). Then

Re({g(P,-)™")) =0, Pe€T, (4.91)

where the closed simple curve I' C IC,, denotes the lift of v to IC,,, yields
the contradiction

Re({g(P,-)~")) =0 for all P in the interior of I (4.92)

by Corollary 8.2.5 in [5]. Therefore, since there are no closed loops in
o(H) and precisely one semi-infinite arc tends to infinity, the resolvent
set of H is connected and hence path-connected, proving (v). O

Remark 4.10. For simplicity we focused on L*(R;dx)-spectra thus
far. However, since V € L*°(R;dx), H in L*(RR; dx) is the generator of a
Co-semigroup T'(t) in L?(R; dz), t > 0, whose integral kernel T'(t, z, x’)
satisfies the Gaussian upper bound (cf., e.g., [4])

‘T(t, :c,x’)| < Oyt M2eCote=Cslea' P/t 5 0 2 2/ € R (4.93)
for some C; > 0, Cy > 0, C3 > 0. Thus, T'(t) in L*(R;dz) defines,
for p € [1,00), consistent Cy-semigroups 7,(t) in LP(R;dx) with gen-
erators denoted by H, (i.e., H = H,, T(t) = T(t), etc.). Applying
Theorem 1.1 of Kunstman [38] one then infers the p-independence of
the spectrum,

o(Hy,) =0(H), pell,o00). (4.94)
Actually, since C\o(H) is connected by Theorem 4.9 (v), (4.94) also
follows from Theorem 4.2 of Arendt [3].

Of course, these results apply to the special case of algebro-geometric
complex-valued periodic potentials (see [9], [10], [57], [58]) and we
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briefly point out the corresponding connections between the algebro-
geometric approach and standard Floquet theory in Appendix C. But
even in this special case, items (iii) and (iv) of Theorem 1.1 provide
additional new details on the nature of the spectrum of H. We briefly
illustrate the results of this section in Example C.1 of Appendix C.

The methods of this paper extend to the case of algebro-geometric
non-self-adjoint second order finite difference (Jacobi) operators asso-
ciated with the Toda lattice hierarchy. Moreover, they extend to the
infinite genus limit n — oo using the approach in [23]. This will be
studied elsewhere.

APPENDIX A. HYPERELLIPTIC CURVES AND THEIR THETA
FUNCTIONS

We provide a brief summary of some of the fundamental notations
needed from the theory of hyperelliptic Riemann surfaces. More details
can be found in some of the standard textbooks [20] and [43], as well
as in monographs dedicated to integrable systems such as [7, Ch. 2],
24, App. A, BJ. In particular, the following material is taken from [24,
App. A, BJ.

Fix n € N. We intend to describe the hyperelliptic Riemann sur-
face KC,, of genus n of the KdV-type curve (2.24), associated with the
polynomial

fn(27y> - y2 - R2n+l(z> - 07

2n A,
Ropia(2) = H(z — En), {En}i_,cC. (A1)

To simplify the discussion we will assume that the affine part of K, is
nonsingular, that is, we suppose that

E,, # E, form #m', m,m'=0,...,2n (A.2)

throughout this appendix. Introducing an appropriate set of (nonin-
tersecting) cuts C; joining E,,;) and Euvq), 7 = 1,...,n, and Cpy1,
joining FEs, and oo, we denote

n+1
c=Jc, ¢ne=0, j#k (A.3)

j=1
Define the cut plane II by
IT =C\C, (A.4)
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and introduce the holomorphic function

2n 1/2
Ropi1()Y*: I - C, 2z ( H(z — Em)> (A.5)
m=0
on II with an appropriate choice of the square root branch in (A.5).
Define

My = {(2,0Romir (2)V?) | 2€C, 0 € {1,-111U{P.}  (A6)

by extending Ry,.1(-)'/? to C. The hyperelliptic curve K, is then the
set M,, with its natural complex structure obtained upon gluing the
two sheets of M,, crosswise along the cuts. The set of branch points

B(K,) of K, is given by

B(Kn) = {(En, 0)}no- (A7)
Points P € K,,\{ P} are denoted by
P = (Z,O'Rgn+1(2>1/2> = (Z,y), (A8)

where y(P) denotes the meromorphic function on IC,, satisfying F,,(z, y)
=y% — Rypy1(2) = 0 and

yGU—OO—é(§;EJ@+OK§%QW%mPHF@ (A.9)

(—
C:U//Zl/Q, 0,/ c {1’_1}

(i.e., we abbreviate y(P) = 0 Ryn41(2)/?). Local coordinates near Py =
(20,40) € K, \{B(K,) U{Px}} are given by (p, = z — 29, near Py, by
(P, = 1/2'/?, and near branch points (En,,,0) € B(K,) by (5,0 =
(2 — By, )% The compact hyperelliptic Riemann surface /C,, resulting
in this manner has topological genus n.

Moreover, we introduce the holomorphic sheet exchange map (invo-
lution)

x: KCp — Ky, P=1(z,y)— P"=(z,—y), Px— P, =P, (A.10)
and the two meromorphic projection maps
7: Ky — CU{ox}, P=(2,y)— 2, Pyr— (A.11)
and
y: K, — CU{0}, P=(z2,y)—y, Py oc. (A.12)

The map 7 has a pole of order 2 at P, and y has a pole of order 2n+1
at P,. Moreover,

#(P*) = 7(P), y(P*)=—y(P), Peck. (A.13)
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Thus IC,, is a two-sheeted branched covering of the Riemann sphere

CP! (=2 CU {o0o}) branched at the 2n + 2 points {(E,,,0)}*", Px.
We introduce the upper and lower sheets I1. by
Iy = {(2,+£Roni1(2)?) e M, | z € I} (A.14)
and the associated charts
(o: My =11, Pz (A.15)

Next, let {a;,b;}}_; be a homology basis for K, with intersection
matrix of the cycles satistying

ajob, =6, a;joar=0, bjob,=0, jk=1...,n. (A.16)

Associated with the homology basis {a;, b;}7_; we also recall the canon-
ical dissection of C,, along its cycles yleldlng the simply connected in-
terior K, of the fundamental polygon K., given by

K, = arbiay by tasbeay byt - a bt (A.17)

Let M(K,) and M*(K,) denote the set of meromorphic functions (0-
forms) and meromorphic differentials (1-forms) on IC,, respectively.

The residue of a meromorphic differential v € M(K,) at a point
Q@ € K, is defined by

reso(v) = Zi / v, (A.18)

i
where 7¢ is a counterclockwise oriented smooth simple closed contour
encircling ) but no other pole of v. Holomorphic differentials are also
called Abelian differentials of the first kind. Abelian differentials of the
second kind w® e MUI(K,,) are characterized by the property that all

their residues vanish. They will usually be normalized by demanding
that all their a-periods vanish, that is,

/ w? =0, j=1,...,n (A.19)
aj
If wgl)m is a differential of the second kind on K, whose only pole

is P, € len with principal part (~"2d(, n € Ny near P, and w; =
(> o djm(P1)¢™) d¢ near Py, then

1 (2) . dj,m(Pl)

— - . m=0,1,.... A.20
omi J,, T Tmr 1 (4.20)



38 V. BATCHENKO AND F. GESZTESY

Using the local chart near Py, one verifies that dz/y is a holomorphic
differential on KC,, with zeros of order 2(n — 1) at P, and hence
i—1q
n=—"2 j=1,...n (A.21)
Y
form a basis for the space of holomorphic differentials on /C,,. Upon
introduction of the invertible matrix C' in C",

= (Ojvk)%k:l ,,,,, n Cj,k :/ Mjs (A.22)
ay
ck) = (c1(k),...,co(k)), c¢(k)= (C'_I)M, Jk=1,...,n,
(A.23)
the normalized differentials w; for j =1,...,n,
Wi = Z Cj(f)ne, / wj =0jk, J k=1,...,n, (A.24)
=1 ak

form a canonical basis for the space of holomorphic differentials on /C,,.
In the chart (Up,_,(p, ) induced by 1/71/2 near P,, one infers,

- c(j)¢
w=(wy,...,wp) =—2 — | dC A.25
o == i) 4

=9 (g(n) + (%g(n) niEm +c(n — 1)) ¢+ 0(C4)) dg

as P — Py, (=0/2"? o€ {1, -1},

where E = (Ey,..., F2,) and we used (A.9). Given (A.25), one com-
putes for the vector U (()2) of b-periods of wgol,o /(2mi), the normalized
differential of the second kind, holomorphic on &, \{ P}, with princi-

pal part (~2d¢/(2mi),

2 2 2 2 1 2
Uy” = (Uods- Uo)s Usj = g5 | whio=—26n),  (A26)
J
J=1...,n.
Next, define the matrix 7 = (ijg)? oy DY
b

Then
Im(r) >0, and 7,=1, Jl=1,...,n. (A.28)
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Associated with 7 one introduces the period lattice
L,={z€C"|z=m+nr, mneZ"} (A.29)

and the Riemann theta function associated with /C,, and the given
homology basis {a;,b;}j=1,. n,

0(z) = Z exp (2m’(@, z) + mi(n, QT)), zeC, (A.30)
nez"
where (u,v) =uv' = Z?Zlﬂjvj denotes the scalar product in C™. It
has the fundamental properties
9(2’1,... y Rj—1y TRjy Rj4ly e+ ,Zn) :9<§), (A31)
0(z + m+ nt) = exp ( —27i(n, z) — mi(n, @T))G(g), m,n € 7",
(A.32)

Next we briefly study some consequences of a change of homology
basis. Let

{ai,...,an,b1,...,bn} (A.33)

be a canonical homology basis on K,, with intersection matrix satisfying

(A.16) and let
{dy,...;a,,by,....b0} (A.34)
be a homology basis on /C,, related to each other by

©)-2F).

where
a' =(ay,...,a,)", b = (b1,...,bn)",
d"=(d,..ad)T, W=, )T, (A.36)
A B
X = (Cj l)) 5 (A“37)

with A, B,C, and D being n X n matrices with integer entries. Then
(A.34) is also a canonical homology basis on K,, with intersection ma-
trix satisfying (A.16) if and only if

X € Sp(n,Z), (A.38)

where

o= {e- (¢ 8) (4, B)v (5 §)
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denotes the symplectic modular group (here A, B, C, D in X are again
nxn matrices with integer entries). If {w;}7_; and {w}}}_, are the nor-
malized bases of holomorphic differentials corresponding to the canon-
ical homology bases (A.33) and (A.34), with 7 and 7’ the associated b

and b'-periods of wy, ..., w, and wi,...,w!,, respectively, one computes
W =w(A+Br)Y, 7 =(C+D7)(A+ Br)?, (A.40)
where w = (wq,...,w,) and W' = (W], ..., w)).

Fixing a base point Qg € K, \{Px}, one denotes by J(K,) = C"/L,
the Jacobi variety of K, and defines the Abel map Ag by

P P
Agy: Kn — J(Ky), A, (P) = (/ wi, - . .,/ wn) (mod Ly,,),
Pel, (AA4l)

Similarly, we introduce

ag,: Div(K,) = J(Ky), D ag (D)= Y D(P)Ay,(P),
e (A.42)

where Div(/C,) denotes the set of divisors on K,,. Here D: K, — Z is
called a divisor on IC,, if D(P) # 0 for only finitely many P € ,,. (In
the main body of this paper we will choose )y to be one of the branch
points, i.e., Qo € B(K,), and for simplicity we will always choose the
same path of integration from )y to P in all Abelian integrals.) For
subsequent use in Remark A.4 we also introduce

Agyi K = € (A43)
~ N R P P
P — AQO(P) = (AQO,l(P), . ,AQO,n(P)) = (/ Wi, ... ,/ wn)
and
dg,: Div(K,) = C", D dg, (D)= Y D(P)Ay (P). (A.44)
Pk,

In connection with divisors on IC,, we shall employ the following
(additive) notation,

DQOQ = DQO + DQ, DQ = DQl + -4 DQm, (A45)
Q:{lean}esymmKru QOEKTMmeN?
where for any Q € IC,,

1 for P=0Q),
DQI ]Cn—>N0, PHDQ(P) = {0 for P € K \{Q} (A46)
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and Sym™ KC,, denotes the mth symmetric product of IC,,. In particular,
Sym™ KC,, can be identified with the set of nonnegative divisors 0 <D €
Div(K,,) of degree m € N.

For f € M(K,)\{0} and w € M'(K,)\{0} the divisors of f and w
are denoted by (f) and (w), respectively. Two divisors D, € € Div(K,,)
are called equivalent, denoted by D ~ &, if and only if D — & = (f)
for some f € M(KC,,)\{0}. The divisor class [D] of D is then given by
D] = {€ € Div(K,,) | € ~ D}. We recall that

deg((f)) =0, deg((w)) =2(n — 1), f € M(K,)\{0}, w € M*(K,)\{0},
(A47) |

where the degree deg(D) of D is given by deg(D) = > pci. D(P). It
is customary to call (f) (respectively, (w)) a principal (respectively,
canonical) divisor.

Introducing the complex linear spaces

L(D) ={f e M(K,)|f=0or(f) =D}, r(D) = dimg E(D(k
LYD) ={we MYK,)|w=0or (w)>D}, i(D) = dime £1E1A))

(with ¢(D) the index of specialty of D), one infers that deg(D), (D),
and i(D) only depend on the divisor class [D] of D. Moreover, we recall
the following fundamental facts.

Theorem A.1. Let D € Div(K,), w € MY(K,)\{0}. Then
i(D)=r(D - (w)), n € Np. (A.50)
The Riemann-Roch theorem reads
r(=D) =deg(D)+i(D) —n+1, neN. (A.51)
By Abel’s theorem, D € Div(K,), n € N, is principal if and only if
deg(D) = 0 and aq, (D) = 0. (A.52)

Finally, assume n € N. Then ag, : Div(K,) — J(K,) is surjective
(Jacobi’s inversion theorem).

Theorem A.2. Let Dg € Sym" KC,,, @ ={Q1,... ,Qn}. Then
1 <i(Dg) = s (A.53)
if and only if there are s pairs of the type { P, P*} C {Q1,... ,Qn} (this

includes, of course, branch points for which P = P*). Obuviously, one
has s < n/2.
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Next, denote by 2 = (Eqy - - - 1 2Qo..) the vector of Riemann con-
stants,
1 - P
0o, = 5(1+73) = Z/ we(P)/ Wiy J=1,.n (A54)
(=1 7 Qo
j

Theorem A.3. Let Q = {Q1,...,Qn} € Sym" K, and assume Dy to
be nonspecial, that is, i(Dg) = 0. Then

0(Zq, — Ag,(P) + ag,(Dq)) = 0 if and only if P € {Q1,...,Qn}.
(A.55)

Remark A.4. In Section 2 we dealt with theta function expressions
of the type
Q(EQO — AQO (P> + ag, Dy

— = ( ))ex —C ' ®
w(P>_Q(EQO_AQO(P>+QQO(D2)) p< /OQ ), PE(AIC;S)

where D; € Sym"K,, j = 1,2, are nonspecial positive divisors of
degree n, ¢ € C is a constant, and Q?) is a normalized differential of
the second kind with a prescribed singularity at P,,. Even though we
agree to always choose identical paths of integration from F, to P in
all Abelian integrals (A.56), this is not sufficient to render v single-
valued on KC,,. To achieve single-valuedness one needs to replace IC,, by
its simply connected canonical dissection l%n and then replace A, and
ag, in (A.56) with A\Qo and g, as introduced in (A.43) and (A.44).
In particular, one regards a;,b;, j = 1,...,n, as curves (being a part
of OK,,, cf. (A.lA)) and not as homology classes. Similarly, one then

replaces 2, by Z, (replacing Ay, by A\Qo in (A.54), etc.). Moreover,

in connection with v, one introduces the vector of b-periods U ) of Q@
by

1
U =W, u®), UP=—[a® j=1..n (A5

T omi
and then renders 1 single-valued on Ien by requiring
dg,(D1) — G, (D2) = cU® (A.58)

(as opposed to merely ag (D1) — ag,(D2) = cU® (mod Ly,)). Actu-
ally, by (A.32),

8g, (D1) — Qg (D2) — c U € 7", (A.59)
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suffices to guarantee single-valuedness of ¢ on I/C\n Without the re-
placement of A, and aq by A, and ag, in (A.56) and without
the assumption (A.58) (or (A.59)), ¢ is a multiplicative (multi-valued)
function on IC,,, and then most effectively discussed by introducing the
notion of characters on IC,, (cf. [20, Sect. II1.9]). For simplicity, we
decided to avoid the latter possibility and throughout this paper will
always tacitly assume (A.58) or (A.59).

APPENDIX B. RESTRICTIONS ON B = z’QéQ)

The purpose of this appendix is to prove the result (2.70), B =
iU (()2) € R, for some choice of homology basis {a;,b;}?_; on K, as
recorded in Remark 2.8.

To this end we first recall a few notions in connection with periodic
meromorphic functions of p complex variables.

Definition B.1. Let p € N and F': C? — C U {00} be meromorphic
(i.e., a ratio of two entire functions of p complex variables). Then,
(i) w = (w1,...,w,) € CP\{0} is called a period of F if

F(z+w) =F(z) (B.1)

for all z € C? for which F' is analytic. The set of all periods of F' is
denoted by Ppg.

(i) F'is called degenerate if it depends on less than p complex variables;
otherwise, F'is called nondegenerate.

Theorem B.2. Let p € N, F': C» — CU {00} be meromorphic, and
Pr be the set of all periods of F'. Then either

(1) Pr has a finite limit point,

or

(i1) Pr has no finite limit point.

In case (i), Pr contains infinitesimal periods (i.e., sequences of nonzero
periods converging to zero). In addition, in case (i) each period is a
limit point of periods and hence Pr is a perfect set.

Moreover, F' 1is degenerate if and only if F' admaits infinitesimal peri-
ods. In particular, for nondegenerate functions F only alternative (ii)
applies.

Next, let w, € CP\{0}, ¢ =1,...,r for some r € N. Then w,,...,w
are called linearly independent over Z (resp. R) if

r

nw, +--+1rw, =0, v, €Z(resp.,, v, €R), ¢g=1,...,r1,
implies vy = -+ =1, = 0. (B.2)
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Clearly, the maximal number of vectors in CP? linearly independent over
R equals 2p.

Theorem B.3. Let p € N.

(¢) If F: C?» — CU{oo} is a nondegenerate meromorphic function with
periods w, € CP\{0}, ¢ = 1,...,r, r € N, linearly independent over
Z, then wq,...,w, are also linearly independent over R. In particular,
r < 2p.

(i1) A nondegenerate entire function F: CP — C cannot have more
than p periods linearly independent over Z (or R).

For p = 1, exp(z), sin(z) are examples of entire functions with pre-
cisely one period. Any non-constant doubly periodic meromorphic
function of one complex variable is elliptic (and hence has indeed poles).

Definition B.4. Let p,r € N. A system of periods w, € CP\{0}, ¢ =
1,...,7 of a nondegenerate meromorphic function F': C» — CU {oo},
linearly independent over Z, is called fundamental or a basis of periods
for F'if every period w of F'is of the form

w=mw, + -+ mw, forsomem,€Z, qg=1,...,r. (B.3)

The representation of w in (B.3) is unique since by hypothesis wy, . . .,
w, are linearly independent over Z. In addition, Pr is countable in
this case. (This rules out case (i) in Theorem B.2 since a perfect
set is uncountable. Hence, one does not have to assume that F' is
nondegenerate in Definition B.4.)

This material is standard and can be found, for instance, in [41, Ch.
2].

Next, returning to the Riemann theta function 6(:) in (A.30), we
introduce the vectors {e;}7_, {r;}7-; C C"\{0} by

e;=(0,...,0, 1 ,0,...,0), 7,=¢7, j=1,...,n. (B.4)
J
Then

{e;}i— (B.5)

is a basis of periods for the entire (nondegenerate) function 6(-): C* —
C. Moreover, fixing k, k' € {1,...,n}, then

{ej, 1} (B.6)

is a basis of periods for the meromorphic function aszkl In (A(:)): C" —
CU{oo} (cf. (A.32) and [20, p. 91)).
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Next, let A€ C*, D = (Dy,...,D,) € R, D; eR\{0},5=1,....n
and consider

fk,k’: R — Ca fk,k’( ) agkz ’ ( (A + Z))| z=Dz

B.7)
2 (
= azkz ’ ( (A +z dlag(D))) |§:(a: ..... x)’
Here diag(D) denotes the diagonal matrix

diag(D) = (D;d; )”, ¥ (B.8)
Then the quasi-periods Dj_l7 j=1,...,n, of fp are in a one-one

correspondence with the periods of

Few:C"— CU{oc}, Fuw(z) =092, In(0(A+ zdiag(D)) (B.9)

22!

of the special type

e;(diag(D)) " = (0,...,0,D;1,0,...,0). (B.10)
~
J
Moreover,
fow (@) = Fep(2)|:=@,..0), T €R. (B.11)

Theorem B.5. Suppose V' in (2.65) (or (2.66)) to be quasi-periodic.
Then there exists a homology basis {aj;, b;}j—, on K, such that the

~ ~(2 ~(2 ~
vector B = ZQ(() ) with Q[() ) the vector of b-periods of the corresponding

(2)

normalized differential of the second kind, Wp ,, satisfies the constraint

B=il. eR" (B.12)

Proof. By (A.26), the vector of b-periods U, 82) associated with a given
homology basis {a;, b;}7_; on K, and the normalized differential of the

2nd kind, wg;,ov is continuous with respect to FEy, ..., Fs,. Hence, we
may assume in the following that
B;#0,j=1,...,n, B=(By,...,B,) (B.13)

by slightly altering Ey, ..., Es,, if necessary. By comparison with the
Its-Matveev formula (2.66), we may write
V(z) = Ay — 207 In(0(A + Bx))

B.14
2 Y UL wa ), P

k=1
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Introducing the meromorphic (nondegenerate) function V: C* — C U
{oo} by

V() = Mo+2 3 ULULE I (0(A +2diag(B))),  (B.15)

k=1
one observes that
V() =V(2)|:=(2,..0)- (B.16)
In addition, V has a basis of periods
{gj(diag(ﬁ))_l,zj(diag(ﬁ))_l}; (B.17)

by (B.6), where
e;(diag(B)) ™' = (0,...,0,B:1,0,...,0), j=1,...,n, (B.18)
~
J
Ij(diag(ﬁ))_l = (Bt ... aBY), j=1,...,n (B.19)

By hypothesis, V' in (B.14) is quasi-periodic and hence has n real
(scalar) quasi-periods. The latter are not necessarily linearly indepen-
dent over Q from the outset, but by slightly changing the locations of
branchpoints { E,, }?"_, into, say, {Em o, one can assume they are. In
particular, since the period vectors in (B.17) are linearly independent
and the (scalar) quasi-periods of V' are in a one-one correspondence
with vector periods of V of the special form (B.18) (cf. (B.9), (B.10)),

there exists a homology basis {&j,i)»}?_l on K, such that the vector

B = ZU Yo correspondlng to the normalized differential of the second

(2)

kind, wp’ , and this particular homology basis, is real-valued. By con-

tinuity of Qo with respect to Ey, . .., Ean, this proves (B.12). O

Remark B.6. Given the existence of a homology basis with associated

~ ~(2
real vector B = U (() ), one can follow the proof of Theorem 10.3.1 in
[39] and show that each p;, j = 1,...,n, is quasi-periodic with the
same quasi-periods as V.

APPENDIX C. FLOQUET THEORY AND AN EXPLICIT EXAMPLE

In this appendix we discuss the special case of algebro-geometric
complex-valued periodic potentials and we briefly point out the con-
nections between the algebro-geometric approach and standard Floquet
theory. We then conclude with the explicit genus n = 1 example which
illustrates both, the algebro-geometric as well as the periodic case.
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We start with the periodic case. Suppose V satisfies
Ve CP(R) and for all z € R, V(z + Q) = V(z) (C.1)

for some period €2 > 0. In addition, we suppose that V satisfies Hy-
pothesis 3.4.

Under these assumptions the Riemann surface associated with V,
which by Floquet theoretic arguments, in general, would be a two-
sheeted Riemann surface of infinite genus, can be reduced to the com-
pact hyperelliptic Riemann surface corresponding to K, induced by
y? = Ry, 1(2). Moreover, the corresponding Schrodinger operator H
is then defined as in (4.1) and one introduces the fundamental system of
distributional solutions ¢(z, -, xg) and s(z, -, zg) of Hi = z1) satisfying

c(z, o, o) = Su(2, To, x0) = 1, (C.2)
(2,0, ko) = s(z,20,9) =0, 2z€C (C.3)

with xy € R a fixed reference point. For each x,zy € R, ¢(z,,zo)
and s(z,z,xq) are entire with respect to z. The monodromy matrix
Mz, z0) is then given by

[ e(zyro+ Q) s(z,x0 4+ Q,10)
M(2, o) = (cx(z,xo +Q,x0) Se(z, 20+ Q,20) ) zeC (C4)

and its eigenvalues pi(z), the (z¢-independent) Floquet multipliers,
satisfy

pr(2)p-(2) =1 (C.5)

since det(M(z, zg)) = 1. The Floquet discriminant A(-) is then defined
by

A(z) = tr(M(z,20))/2 = [c(z, 20 + Q, 20) + 82(2, 20 + Q, 20)] /2

(C.6)
and one obtains
pe(2) = A(z) £ [A(2)? — 1]12 (C.7)
We also note that
lp£(2)| =1 if and only if A(z) € [-1,1]. (C.8)

The Floquet solutions ¥4 (2, z, xg), the analog of the functions in (4.48),
are then given by

Vi(z,x,20) = c(z,2,20) + $(2, 2, 20) [p+(2) — (2, 20 + Q, x0)]
x s(z,m0 +Q,20)7", z€ IN\{pej(x0)}j=1,..n (C.9)
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and one verifies (for z, xy € R),

Vi(z, 04+ Q,20) = pr(2)Vs(2,2,20), 2 € I\{pj(20)}j=1,.n;

(C.10)
_s(z, o+ Q1)
1/}+(Z,I,J]0)@/)_(Z,I,JZO) - 5(27:130 + Q’woy S C\{MJ(I())}J L.,
(C.ll)

2[A(2)% — 1]*/2

Wi (z, -, 20),0_(2,,20)) = _S(Z o+ 0. 70) (C.12)

(2.7) = — s(zyx + Q@) iF(2, 1)
PO T TARE 12 T 2Rpu ()

Moreover, one computes

z eIl (C.13)

> zo+
dii ) = —s(z, o + (27:1;0)5 /xo dx i, (z,x,20)0_ (2,2, 0)
= Q[A(2)? — 1]1/2<g(z, D)), zeC (C.14)
and hence
E@%ﬂgﬁ_ (I[AG) + [AG)? - 1177} = Qg(z), =€l
(C.15)|

Here the mean value (f) of a periodic function f € C'P(R) of period
Q > 0 is simply given by

=g i (C.16)

independent of the choice of zy € R. Thus, applying (3.22) one obtains

/Z dz' [dA(2")/d?] zln ( A(2) + [A(2)? — 1]1/2 >
w0 A1) =112 A(zo) + [A(z0)% — 1]1/2

- Q/ d2' (g(,)) = =(Q/2)[(9(z,)7") = (g(20,) )], (C.17)

2,20 €11

and hence
In [A(2) + [A(2)? — 1Y% = —(2/2){g(z,) ") + C. (C.18)
Letting |z| — oo one verifies that C' = 0 and thus

In [A(z) + [A(2)* — 1]V?] = —(Q/2){g(z,-)"), z€ll. (C.19)
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We note that by continuity with respect to z, equations (C.12), (C.13),
(C.15), (C.17), and (C.19) all extend to either side of the set of cuts in
C. Consequently,

A(z) € [~1,1] if and only if Re({g(z,-)"")) = 0. (C.20)

In particular, our characterization of the spectrum of H in (4.44) is
thus equivalent to the standard Floquet theoretic characterization of
H in terms of the Floquet discriminant,

o(H)={\e C|A(\) € [-1,1]}. (C.21)

The result (C.21) was originally proven in [48] and [50] for complex-
valued periodic (not necessarily algebro-geometric) potentials (cf. also
[53], and more recently, [54], [55]).

We will end this appendix by providing an explicit example of the
simple yet nontrivial genus n = 1 case which illustrates the periodic
case as well as some of the general results of Sections 2-4 and Appendix
B. For more general elliptic examples we refer to [27], [28] and the
references therein.

By p(-) = p(-|Q1,Q3) we denote the Weierstrass p-function with
fundamental half-periods Q;, j = 1,3, ; > 0, Q3 € C\{0}, Im(923) >
0, Q2 = Oy + Q3, and invariants g and g3 (cf. [1, Ch. 18]). By ((:) =
C(-12,9Q3) and o(-) = o(- |21, Q3) we denote the Weierstrass zeta and
sigma functions, respectively. We also denote 7 = Q3/€); and hence
stress that Im(7) > 0.

Example C.1. Consider the genus one (n = 1) Lamé potential
V(z) = 2p(x + Q3) (C.22)

_ _g{m [9<%+2im)“”—2<(&>, reR,  (C.23)

0(z) = Zexp (2m’nz + 7rin27), ze€C, 7=Q3/M, (C.24)

neL

and introduce

L= opwra) P suron i Soeay
dx? ’ dx? dr 2
(C.25) |
Then one obtains
[L,P3] =0 (C.26)

which yields the elliptic curve
Ki: Fi(z.y) =y = Ra(2) = y* — (2° = (92/4)2 + (93/4)) = 0,
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Ry(z) = H(Z — Ep) = 2" — (g2/4)2 + (g3/4), (C.27)
Ey=—p(h), By = —p(Qs), Bz = —p({3).
Moreover, one has
Fi(z,z) =z+ p(x+Q3), w(z)=—p(zr+Qs), (C.28)
Hy(z,2) = 2° — p(z + Q)2 + p(z + Q)" — (g2/4), (C.29)
ve(r) = [@(95 +Q3) — (—1)5[92 — 3p(r + 93)2]1/2]/27 t=0,1
and
s KdV, (V) =0, (C.30)
s KdVs(V) — (g2/8) s-KdVo(V) = 0, etc. (C.31)

In addition, we record

o(2 + Qs £ b)o(z0 + 0s) +00)0—a0)
O'(Jf—l-Qg) ($0+Qgib) ’
Vi(z, 2 + 201, w0) = px(2)¥2(2,2,20),  pr(2) = HO/ RO

(C.32)

iz, x,20) =

(C.33)
with Floquet parameter corresponding to €2;-direction given by
kr(b) = i[C(0)$h — C(€1)b]/ €. (C.34)
Here
P = (z,y) = (—p(),—(i/2)¢' (b)) € T,
(2,9) = (=p(b), =(i/2)¢' (b)) € 11, (C.35)

P = (z,—y) = (—p(b), (i/2)¢'(b)) € 11,
where b varies in the fundamental period parallelogram spanned by the
vertices 0, 2021, 2Qs, and 2€23. One then computes

A(z) = cosh[2(21¢(b) — bC ()], (C.36)
(1) = C()/, (V) = =2¢() /¢h, (C.37)
2t plr+ )

g(z,x) = —p’(b) , (C.38)

d Ty o2 — IS/ ]
%<g ) > =2 gjl(b) - _2<g(z7 ))7 (039)
(9(z,)7") = =2[C(b) — (b/Q)¢ ()], (C.40)
where (z y) (—p(b), —(i/2)¢' (b)) € I1;. The spectrum of the opera-
tor H with potential V(z) = 2p(x + Q3) is then determined as follows
o(H) ={re C[A(N) € [-1,1]} (C.41)
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={A e C|Re((g9(A,-)")) =0} (C.42)
= {A € C|Re[((b) = bC(0)] =0, A = —p(b)}.  (C.43)

Generically (cf. [54]), o(H) consists of one simple analytic arc (con-
necting two of the three branch points E,,, m = 0,1,2) and one sim-
ple semi-infinite analytic arc (connecting the remaining of the branch
points and infinity). The semi-infinite arc o, asymptotically approach-
es the half-line Ly = {z € C|z = —=2¢()/ + 2, > 0} in the
following sense: asyrnptotlcally, 0~ Can be parameterized by

={z€C|z=R—2i[Im(¢(2))/U] + O(R™"?) as R 1 00}.
(C.44)

We note that a slight change in the setup of Example C.1 permits
one to construct crossing spectral arcs as shown in [26]. One only

needs to choose complex conjugate fundamental half-periods €, ¢ R,
Qg = (All with real period €2 = 2(@1 —I—ﬁg) > ( and consider the potential
V(z) =2p(x 4 a|Q1,Q3), 0 < Im(a) < 2Im(Qy)].

Finally, we briefly consider a change of homology basis and illustrate
Theorem B.5. Let € > 0 and 3 € C, Im(€23) > 0. We choose the ho-
mology basis {a, bl} such that by encircles Ey and E; counterclockwise
on Il and a; starts near Fj, intersects b1 on Il , surrounds Fs clock-

wise and then continues on II_ back to its initial point surrounding E}
such that (A.16) holds. Then,

w1 =ci1(1)dz/y, ci(1) = (4iQ) 7, (C.45)
/ w1 = 1, [ w, =7, T= Qg/Ql, (046)
ay b1
~ z—M\)dz
o, = - 0% 2;) =)/, (C.47)
- 1 - ~
/ o =0, ol ), 5% o= —2c1(1) = Uy, (C.48)
~ 1
=— iR 4
UO,l 291 S R (C 9)
P~(2) (2) ¢
o Wpeo — €0 (Qo) oh T (0)

= (00, ¢= 0/z'? o€ {l,-1}, (C.50)
&5 (Qo) = —i[C(bo)u — C(1)bol /1, (C.51)

| [ 38— Q0] = @ o, (C52)
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P = (=p(b), —(i/2)¢'(b)), Qo= (=p(bo), —(i/2)¢'(b))-
The change of homology basis (cf. (A.33)—(A.39))

a al\ _ (A B\ (@ _ (Aa, + Bb,
()~ (1) -(c 2) () -(Eim).

A B,C,DeZ, AD-BC=1, (C.54)
then implies
r !
Y= T (C.55)
Q. C+ Dt
L
"o ArBr (C.56)
Q) = A + BQ3, Q= CQy + DQ3, (C.57)
(2)r :_(Z—)\/1>d2 )\, :)\ _ ’/TiB
Wpe0 Ty 0 T MT g0 (C.58)
1 2¢,(1)
(2)r (2)/ 1 /
=0, — = — = U, C.59
/ai wPoo,O ’ 271 v, WPOO’O A + Bt 0,1 ( )
Uo i
I 1
Goa = A+ Br 204 (C.60)
Moreover, one infers
1/}:t<z7 T+ 2Q,17 1‘0) = pi(z)lqﬂi(z’ €, ZEO),
pa(2) = eEI/AACR)+BER)~C )20 (C.61)
with Floquet parameter k;(b)" corresponding to {2}-direction given by
B
k(b)Y = | C()Q — C(Q)b + 7;2 b] /Ql. (C.62)
1
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