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1 Preliminaries

For simplicity we will always assume that the Hilbert spaces considered in
this manuscript are separable and complex (although most results extend to
nonseparable complex Hilbert spaces).

Let H1, H2 be separable Hilbert spaces and A be a linear operator A :
D(A) ⊂ H1 → H2.

We denote by B(H1,H2) the set of all bounded linear operators from H1

into H2 and write B(H,H) = B(H) for simplicity.
We recall that A = B if D(A) = D(B) = D and Ax = Bx for all x ∈ D.
Next, let H1 = H2 = H.

Definition 1.1. (i) Let T be densely defined in H. Then T ∗ is called the
adjoint of T if,

Dom(T ∗) = {g ∈ H | there exists an hg ∈ H such that (hg, f) = (g, Tf) for

all f ∈ Dom(T )},
T ∗g = hg.

(ii) An operator A in H is called symmetric if A is densely defined and
A ⊆ A∗.
(iii) A densely defined operator B in H is called self-adjoint if B = B∗.
(iv) A densely defined operator S in H is called normal if SS∗ = S∗S.

We note that for every self-adjoint operator A in H one has D(A) = H.
For every bounded operator A we will assume D(A) = H unless explicitly
stated otherwise.

Definition 1.2. (i) z ∈ C lies in the resolvent set of A if (A − zI)−1 exists
and is bounded. The resolvent set of A is denoted by ρ(A).
(ii) If z ∈ ρ(A), then (A − zI)−1 is called the resolvent of A at the point z.
(iii) σ(A) = C \ ρ(A) is called the spectrum of A.

We will use the notation,

R(z, A) = (A − zI)−1, z ∈ ρ(A).

Fact 1.3. σ(A) = σ(A).

Fact 1.4. A = A∗ ⇒ σ(A) ⊆ R.
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Fact 1.5. If A is a bounded operator, then σ(A) is a bounded subset of C.

Fact 1.6. If A is a bounded self-adjoint operator, then σ(A) ⊂ R is compact.

Fact 1.7. If A is a bounded self-adjoint operator, then ‖A‖ = supλ∈σ(A) |λ|.

Fact 1.8. If A is a self-adjoint operator, then R(z, A) is a normal operator
for all z ∈ ρ(A).

2 The spectral theorem for bounded

self-adjoint operators

Let H be a separable Hilbert space and A = A∗ ∈ B(H). We recall that
σ(A) ⊂ R is compact in this case.

Theorem 2.1. ([3], Thm. VII.1; the continuous functional calculus.)
There is a unique map ϕA : C(σ(A)) → B(H) such that for all f, g ∈
C(σ(A)):

(i)

ϕA(fg) = ϕA(f)ϕA(g),
ϕA(λf) = λϕA(f),
ϕA(1) = I,

ϕA(f) = ϕA(f)∗.

(These four conditions mean that ϕA is an algebraic *-homomorphism).

(ii) ϕA(f + g) = ϕA(f) + ϕA(g) (linearity).

(iii) ‖ϕA(f)‖B(H) ≤ C ‖f‖∞ (continuity).

(iv) If f(x) = x, then ϕA(f) = A.

Moreover, ϕA has the following additional properties:

(v) If Aψ = λψ, then ϕA(f)ψ = f(λ)ψ.

(vi) σ(ϕA(f)) = f(σ(A)) = {f(λ) |λ ∈ σ(A)} (the spectral mapping theo-
rem).

(vii) If f ≥ 0, then ϕA(f) ≥ 0.

(viii) ‖ϕA(f)‖B(H) = ‖f‖∞ (this strengthens (iii)).
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In other words, ϕA(f) = f(A).

Proof. (i), (ii) and (iv) uniquely determine ϕA(p) for any polynomial p. Since
polynomials are dense in C(σ(A)) (by the Stone–Weierstrass theorem), one
only has to show that

‖p(A)‖B(H) ≤ C sup
λ∈σ(A)

|p(λ)| . (2.1)

Then ϕA can be uniquely extended to the whole C(σ(A)) with the same
bound and the first part of the theorem will be proven. Equation(2.1) follows
from the subsequent two lemmas.

Now (viii) is obvious and properties (v), (vi) and (vii) follow easily as
well.

Lemma 2.2. σ(p(A)) = p(σ(A)) = {p(λ) |λ ∈ σ(A)}.

Lemma 2.3. ‖p(A)‖ = supλ∈σ(A) |p(λ)|.

Proof. Using property (i), Fact 1.7, and Lemma 2.2, one gets

‖p(A)‖2 = ‖p(A)∗p(A)‖ = ‖(pp)(A)‖ = sup
λ∈σ((pp)(A))

|λ|

=
(

sup
λ∈σ(A)

|p(λ)|
)2

.

Since it is not sufficient to have a functional calculus only for continuous
functions (the main goal of this construction is to define spectral projections
of the operator A which are characteristic functions of A), we have to extend
it to the space of bounded Borel functions, denoted by Bor(R).

Definition 2.4. f ∈ Bor(R) if f is a measurable function with respect to
the Borel measure on R and supx∈R

|f(x)| < ∞.

Theorem 2.5. ([3], Thm. VII.2.)
Let A = A∗ ∈ B(H). Then there is a unique map ϕ̂A : Bor(R) → B(H) such
that for all f, g ∈ Bor(R) the following statements hold:

(i) ϕ̂A is an algebraic *-homomorphism.

4



(ii) ϕ̂A(f + g) = ϕ̂A(f) + ϕ̂A(g) (linearity).

(iii) ‖ϕ̂A(f)‖B(H) ≤ ‖f‖∞ (continuity).

(iv) If f(x) = x, then ϕ̂A(f) = A.

(v) If fn(x) →
n→∞

f(x) for all x ∈ R, and fn(x) are uniformly bounded w.r.t.

(x, n), then ϕ̂A(fn) →
n→∞

ϕ̂A(f) strongly.

Moreover, ϕ̂A has the following additional properties:

(vi) If Aψ = λψ, then ϕ̂A(f)ψ = f(λ)ψ.

(vii) If f ≥ 0, then ϕ̂A(f) ≥ 0.

(viii) If BA = AB, then Bϕ̂A(f) = ϕ̂A(f)B.

Again, formally, ϕ̂A(f) = f(A).

Proof. This theorem can be proven by extending the previous theorem. (One
has to invoke that the closure of C(R) under the limits of the form (v) is
precisely Bor(R).)

3 Spectral projections

Let BR denote the set of all Borel subsets of R.

Definition 3.1. The family {PΩ}Ω∈BR
of bounded operators in H is called

a projection-valued measure (p.v.m.) of bounded support if the following con-
ditions (i)–(iv) hold:

(i) PΩ is an orthogonal projection for all Ω ∈ BR.

(ii) P∅ = 0, there exist a, b ∈ R, a < b such that P(a,b) = I (the bounded
support property).

(iii) If Ω = ∪∞
k=1Ωk, Ωi∩Ωj = ∅ for i 
= j, then PΩ = s − limN→∞

∑N
k=1 PΩk

.

(iv) PΩ1PΩ2 = PΩ1∩Ω2 .

Next, let A = A∗ ∈ B(H), Ω ∈ BR.
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Definition 3.2. PΩ(A) = χΩ(A) are called the spectral projections of A.

We note that the family {PΩ(A) = χΩ(A)}Ω∈BR
satisfies conditions (i)–

(iv) of Definition 3.1.
Next, consider a p.v.m. {PΩ}Ω∈BR

. Then for any h ∈ H, (h, PΩh) is
a positive (scalar) measure since properties (i)–(iv) imply all the necessary
properties of a positive measure. We will use the symbol d(h, Pλh) to denote
the integration with respect to this measure.

By construction, the support of every (h, PΩ(A)h) is a subset of σ(A).
Hence, if we integrate with respect to the measure (h, PΩh), we integrate
over σ(A). If we are dealing with an arbitrary p.v.m. we will denote the
support of the corresponding measure by supp(PΩ).

Theorem 3.3. ([3], Thm. VII.7.)
If {PΩ}Ω∈BR

is a p.v.m. and f is a bounded Borel function on supp(PΩ), then
there is a unique operator B, which we will denote by

∫
supp(PΩ)

f(λ) dPλ, such

that

(h, Bh) =

∫

supp(PΩ)

f(λ) d(h, Pλh), h ∈ H. (3.1)

Proof. A standard Riesz argument.

Next, we will show that if PΩ(A) is a p.v.m. associated with A, then

f(A) =

∫

σ(A)

f(λ) dPλ(A). (3.2)

First, assume f(λ) = χΩ(λ). Then
∫

σ(A)

χΩ(λ) d(h, Pλ(A)h) =

∫

σ(A)∩Ω

d(h, Pλ(A)h) = (h, PΩ(A)h)

= (h, χΩ(A)h).

Hence, (3.2) holds for all simple functions. Next, approximate any mea-
surable function f(λ) by a sequence of simple functions to obtain (3.2) for
bounded Borel functions on σ(A).

The inverse statement also holds: If we start from any bounded p.v.m.
{PΩ}Ω∈BR

and form A =
∫

supp(PΩ)
λdPλ, then χΩ(A) = PΩ(A) = PΩ. This
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follows from the fact that for such an A, the mapping f �→
∫

supp(PΩ)
f(λ)dPλ

forms a functional calculus for A. By uniqueness of the functional calculus
one then gets

PΩ(A) = χΩ(A) =

∫

supp(PΩ)

χΩ(λ) dPλ = PΩ.

Summarizing, one obtains the following result:

Theorem 3.4. ([3], Thm. VII.8; the spectral theorem in p.v.m. form.)
There is a one-to-one correspondence between bounded self-adjoint operators
A and projection-valued measures {PΩ}Ω∈BR

in H of bounded support given
by

A → {PΩ(A)}Ω∈BR
= {χΩ(A)}Ω∈BR

,

{PΩ}Ω∈BR
→ A =

∫

supp(PΩ)

λ dPλ.

4 The spectral theorem for unbounded self-

adjoint operators

The construction of the spectral decomposition for unbounded self-adjoint
operators will be based on the following theorem.

Theorem 4.1. ([3], Thm. VIII.4.)
Assume A = A∗. Then there is a measure space (MA, dµA) with µA a fi-
nite measure, a unitary operator UA : H → L2(MA, dµA), and a real-valued
function fA on MA which is finite a.e., such that

(i) ψ ∈ D(A) ⇔ fA(·)(UAψ)(·) ∈ L2(MA, dµA).

(ii) If ϕ ∈ U [D(A)], then (UAAU−1
A ϕ)(m) = fA(m)ϕ(m).

To prove this theorem we need some additional constructions. First we
will prove a similar result for bounded normal operators.

Definition 4.2. Let A be a bounded normal operator in H. Then ψ ∈ H is
a star-cyclic vector for A if

Lin.span{An(A∗)mψ}n,m∈N0 = H.
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Lemma 4.3. Let A be a bounded normal operator in H with a star-cyclic
vector ψ ∈ H. Then there is a measure µA on σ(A), and a unitary operator
UA, such that UA : H → L2(σ(A), dµA) with

(UAAU−1
A f)(λ) = λf(λ).

This equality holds in the sense of equality of elements of L2(σ(A), dµA).

Proof. Introduce P = {
∑n

i,j=0 cijλ
iλ

j
, cij ∈ C, n ∈ N} and take any p(·) ∈ P .

Define UA by UAp(A)ψ = p. One can prove that for all x, y ∈ H there exists
a measure µx,y,A on σ(A) such that

(p(A)x, y) =

∫

σ(A)

p(λ) dµx,y,A, p ∈ P .

Then

‖p(A)‖2 = (p(A)∗p(A)ψ, ψ) = ((pp)(A)ψ, ψ) =

∫

σ(A)

p(λ)p(λ) dµψ,ψ,A

= ‖p‖2
L2(σ(A),dµψ,ψ,A) . (4.1)

Next we choose µA = µψ,ψ,A. Since ψ is star-cyclic, UA is densely defined and
equation (4.1) implies that UA is bounded. Thus, UA can be extended to an
isometry

UA : H → L2(σ(A), dµA).

Since P(σ(A)) is dense in L2(σ(A), dµA), Ran(UA) = L2(σ(A), dµA) and UA

is invertible. Thus, UA is unitary.
Finally, if p ∈ P(σ(A)), then

(UAAU−1
A p)(λ) = (UAAp(A)ψ)(λ) = (UA(λ · p)(A)ψ)(λ) = λp(λ).

By continuity, this can be extended from P(σ(A)) to L2(σ(A), dµA).

Lemma 4.4. Let A be a bounded normal operator on a separable Hilbert
space H. Then there is an orthogonal direct sum decomposition H = ⊕N

j=1Hj

(N ≤ ∞) such that:

(i) For all j: AHj ⊆ Hj.

(ii) For all j there exists an xj ∈ Hj such that xj is star-cyclic for A|Hj
.
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Proof. Take any h1 
= 0 ∈ H. If {p(A)h1, p(·) ∈ P} = H, then h1 is star-

cyclic and we are done. Otherwise, denote H1 = {p(A)h1, p(·) ∈ P}, take

any h2 ⊥ H1, consider H2 = {p(A)h2, p(·) ∈ P}, etc. Then (i) and (ii) are
obvious. To show that {Hj} are orthogonal one computes

(p(A)hj, q(A)hk) = (q(A)∗p(A)hj, hk) = ((qp)(A)hj, hk) = 0, if j 
= k.

Theorem 4.5. Let A be a bounded normal operator on a separable Hilbert
space H. Then there is a measure space (MA, dµA) with µA a finite measure, a
unitary operator UA : H → L2(MA, dµA), and a bounded continuous function
fA on MA, such that

(UAAU−1
A ϕ)(λ) = fA(λ)ϕ(λ).

Proof. Based on Lemmas 4.3 and 4.4.

Now we return to the principal objective of this section:

Proof of Theorem 4.1. Since R(λ, A) is a bounded normal operator, we can
apply Theorem 4.5 to (A+i)−1 and get (UA(A+i)−1U−1

A ϕ)(m) = gA(m)ϕ(m)
for some gA. Since Ker(A + i)−1 = {0}, then gA 
= 0 µA-a.e., so g−1

A is finite
µA-a.e. Define fA(m) = gA(m)−1 − i.

First, we prove that (i) holds: (⇒) Let ψ ∈ D(A). Then there exists a
ϕ ∈ H such that ψ = (A + i)−1ϕ and UAψ = gAUAϕ. Since fg is bounded,
one obtains fA(UAψ) ∈ L2(MA, dµA).
(⇐) Let fA(UAψ) ∈ L2(MA, dµA). Then UAϕ = (fA+i)UAψ for some ϕ ∈ H.
Thus, gAUAϕ = gA(fA + i)UAψ and hence ψ = (A + i)−1ϕ ∈ D(A).

Next, we show that (ii) holds: Take any ψ ∈ D(A). Then ψ = (A+ i)−1ϕ
for some ϕ ∈ H and Aψ = ϕ − iψ. Therefore,

(UAAψ)(m) = (UAϕ)(m) − i(UAψ)(m) = (gA(m)−1 − i)(UAψ)(m)

= fA(m)(UAψ)(m).

It remains to show that f is real-valued. We will prove this by contra-
diction. W.l.o.g. we suppose that Im(f) > 0 on a set of nonzero mea-
sure. Then there exists a bounded set B ⊂ {z ∈ C | Im(z) > 0} with
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S = {x ∈ R | f(x) ∈ B}, µA(S) 
= 0. Hence, Im((χS, fχS)) > 0, implying
that multiplication by f is not self-adjoint. �

Next, we can define functions of an operator A. Let h ∈ Bor(R). Then

h(A) = U−1
A Th(fA)UA,

where

Th(fA) :

{
L2(MA, dµA) → L2(MA, dµA)

ϕ �→ Th(fA)ϕ = h(fA(m))ϕ(m).
(4.2)

Using (4.2), the next theorem follows from the previous facts.

Theorem 4.6. Assume A = A∗. Then there is a unique map ϕ̃A : Bor(R) →
B(H) such that for all f, g ∈ Bor(R) the following statements hold:

(i) ϕ̃A is an algebraic *-homomorphism.

(ii) ϕ̃A(f + g) = ϕ̃A(f) + ϕ̃A(g) (linearity).

(iii) ‖ϕ̃A(f)‖B(H) ≤ ‖f‖∞ (continuity).

(iv) If {fn(x)}n∈N ⊂ Bor(R), fn(x) →
n→∞

x for all x ∈ R, and |fn(x)| ≤ |x|
for all n ∈ N, then for any ψ ∈ D(A), limn→∞ ϕ̃A(fn)ψ = Aψ.

(v) If fn(x) →
n→∞

f(x) for all x ∈ R and fn(x) are uniformly bounded w.r.t.

(x, n), then ϕ̃A(fn) →
n→∞

ϕ̃A(f) strongly.

Moreover, ϕ̃A has the following additional properties:

(vi) If Aψ = λψ, then ϕ̃A(f)ψ = f(λ)ψ.

(vii) If f ≥ 0, then ϕ̃A(f) ≥ 0.

Again, formally, ϕ̃A(f) = f(A).

Now we are in position to introduce the spectral decomposition for un-
bounded self-adjoint operators.

Definition 4.7. The family {PΩ}Ω∈BR
of bounded operators in H is called a

projection-valued measure (p.v.m.) if the following conditions (i)–(iv) hold:
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(i) PΩ is an orthogonal projection for all Ω ∈ BR.

(ii) P∅ = 0, P(−∞,∞) = I.

(iii) If Ω = ∪∞
k=1Ωk, Ωi∩Ωj = ∅ for i 
= j, then PΩ = s − limN→∞

∑N
k=1 PΩk

.

(iv) PΩ1PΩ2 = PΩ1∩Ω2 .

It is easy to see that {χΩ(A)} is a p.v.m. From now on {PΩ(A)} will
always denote {χΩ(A)}. In analogy to the case of bounded operators we
then define g(A) for any g ∈ Bor(R) by

(h, g(A)h) =

∫ ∞

−∞
g(λ) d(h, Pλ(A)h), h ∈ H, (4.3)

where d(h, Pλ(A)h) in (4.3) denotes integration with respect to the measure
(h, PΩ(A)h). One can show that the map g �→ g(A) coincides with the map
g �→ ϕ̃A(g) in Theorem 4.6.

At this point we are ready to define g(A) for unbounded functions g. First
we introduce the domain of the operator g(A) as follows:

D(g(A)) =

{
h ∈ H

∣∣∣∣
∫ ∞

−∞
|g(λ)|2 d(h, Pλ(A)h) < ∞

}
.

One observes that D(g(A)) = H. Then g(A) is defined by

(h, g(A)h) =

∫ ∞

−∞
g(λ) d(h, Pλ(A)h), h ∈ D(g(A)).

We write symbolically,

g(A) =

∫

σ(A)

g(λ) dPλ(A).

Summarizing, one has the following result:

Theorem 4.8. ([3], Thm. VII.6.)
There is a one-to-one correspondence between self-adjoint operators A and
projection-valued measures {PΩ}Ω∈BR

in H given by

A =

∫ ∞

−∞
λ dPλ.
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If g is a real-valued Borel function on R, then

g(A) =

∫ ∞

−∞
g(λ) dPλ(A),

D(g(A)) =

{
h ∈ H

∣∣∣∣
∫ ∞

−∞
|g(λ)|2 d(h, Pλ(A)h) < ∞

}

is self-adjoint. If g is bounded, g(A) coincides with ϕ̃A(g) in Theorem 4.6.

5 More about spectral projections

Definition 5.1. Let{PΩ}Ω∈BR
be a p.v.m. in H. One defines

Pλ = P(−∞,λ], λ ∈ R. (5.1)

If {PΩ(A)}Ω∈BR
is a p.v.m. associated with the self-adjoint operator A,

we will write
Pλ(A) = P(−∞,λ](A).

Definition 5.2. Assume A = A∗. Then {Pλ(A)}λ∈R is called the spectral
family of A.

Pλ in (5.1) has the following properties:

(i) PλPµ = Pmin(λ,µ), implying Pλ ≤ Pµ if λ ≤ µ.

(ii) s − limε↓0Pλ+ε = Pλ (right continuity).

(iii) s − limλ↓−∞Pλ = 0, s − limλ↑∞Pλ = I.

The following formula is useful. It provides a way of computing the
spectral projections of a self-adjoint operator in terms of its resolvent:

Theorem 5.3. ([1], Thm. X.6.1 and Thm. XII.2.10.)
Assume A = A∗ and let (a, b) be an open interval. Then, in the strong
operator topology,

P(a,b) = s − limδ↓0limε↓0
1

2πi

∫ b−δ

a+δ

(R(µ + iε, A) − R(µ − iε, A)) dµ.
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6 An illustrative example

Most of the material of this section is taken from [2], Sect. XVI.7.
We study the following operator A in L2(R):

D(A) = {g ∈ L2(R) | g ∈ ACloc(R), g′ ∈ L2(R)} = H2,1(R),

Af = if ′, f ∈ D(A).

Lemma 6.1. A is self-adjoint, A = A∗, and σ(A) = R.

Lemma 6.2. The map F : L2(R) → L2(R),

(Ff)(t) = s − limR→∞
1√
2π

∫ R

−R

e−itsf(s) ds

=
d

dt

1√
2π

∫ ∞

−∞

e−its − 1

−is
f(s) ds a.e., f ∈ L2(R) (6.1)

is unitary (the Fourier transform in L2(R)). Moreover,

A = FMF−1,

where M is defined by

(Mf)(t) = tf(t), f ∈ D(M) = {g ∈ L2(R) | tg ∈ L2(R)}.

One can get an explicit formula for the spectral projections of this oper-
ator. (In Lemma 6.3, ”p.v.

∫
” denotes the principal value of an integral.)

Lemma 6.3.

(Pλ(A)f)(t) =
1

2
f(t) +

1

2πi
p.v.

∫

R

eiλ(s−t)

(s − t)
f(s) ds, f ∈ C∞

0 (R),

or

(Pλ(A)f)(t) =
1

2
f(t) − 1

2πi
e−iλt d

dt

∫

R

eiλsf(s) ln

∣∣∣∣1 − t

s

∣∣∣∣ ds a.e., f ∈ L2(R)

(the Hilbert transform in L2(R)). Thus, for −∞ < a < b < ∞,

(P(a,b](A)f)(t) = (P(a,b)(A)f)(t)

=
1

2π

∫

R

ei(s−t)b − ei(s−t)a

i(s − t)
f(s) ds a.e., f ∈ L2(R).
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Proof. Let

χλ = χ(−∞,λ](t) =

{
1, t ∈ (−∞, λ],

0, t ∈ (λ,∞).

Since Pλ(A) = Fχλ(·)F−1, one obtains

(Pλ(A)f)(t) = F(χλ(·)F−1f)(t) = (Fχλ ∗ f)(t).

A computation of the distribution Fχλ then yields,

(Fχλ)(x) = eiλx

[
1

2
δ(x) − i

2π
p.v.

1

x

]
.

Hence,

(Pλ(A)f)(t) =

∫

R

eiλ(s−t)

[
1

2
δ(s − t) − i

2π
p.v.

1

s − t

]
f(s) ds

=
1

2
f(t) +

1

2π
p.v.

∫

R

eiλ(s−t)

i(s − t)
f(s) ds, f ∈ C∞

0 (R),

or

(Pλ(A)f)(t) =
1

2
f(t)− 1

2πi
e−iλt d

dt

∫

R

eiλsf(s) ln

∣∣∣∣1 − t

s

∣∣∣∣ ds a.e., f ∈ L2(R).

One can also get an explicit formula for the resolvent of this operator.

Lemma 6.4. Let t ∈ R. Then

((A − zI)−1g)(t) =

{
i
∫ ∞

t
e−iz(t−s)g(s) ds, Im(z) > 0,

−i
∫ t

−∞ e−iz(t−s)g(s) ds, Im(z) < 0,
g ∈ L2(R).

7 Spectra of self-adjoint operators

Now we will give some characterizations of spectra of self-adjoint operators
in terms of their spectral families. Throughout this section we fix a separable
complex Hilbert space H.
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Theorem 7.1. ([4], Thm. 7.22.)
Assume A = A∗ and let Pλ(A) be the spectral family of A. Then the following
conditions (i)–(iii) are equivalent:

(i) s ∈ σ(A).

(ii) There exists a sequence {fn}n∈N ⊂ D(A) with lim infn→∞ ‖fn‖ > 0 and
s − limn→∞(s − A)fn = 0.

(iii) Ps+ε(A) − Ps−ε(A) 
= 0 for every ε > 0.

Proof. The equivalence of (i) and (ii) is obvious if we recall that z ∈ ρ(A) is
equivalent to the existence of a C > 0 such that ‖(z − A)f‖ ≥ C ‖f‖ for all
f ∈ D(A).
(ii) ⇒ (iii): Assume (iii) does not hold. Then there exists an ε > 0 such that
Ps+ε(A) − Ps−ε(A) = 0. Hence,

‖(s − A)fn‖2 = ((s − A)fn, (s − A)fn) = (fn, (s − A)2fn)

=

∫

σ(A)

|s − λ|2 d(fn, Pλ(A)fn) ≥ ε2

∫

σ(A)

d(fn, Pλ(A)fn) = ε2 ‖fn‖2 .

Thus,

(s − A)fn

s


→ 0 as n → ∞.

(iii) ⇒ (ii): Choose {fn}n∈N such that fn ∈ Ran(Ps+ 1
n
(A) − Ps− 1

n
(A)) and

‖fn‖ = 1. Then

‖(s − A)fn‖2 =

∫

σ(A)

|s − λ|2 d(fn, Pλ(A)fn) ≤ 1

n2
‖fn‖2 → 0 as n → ∞.

Definition 7.2. Assume A = A∗. Then the point spectrum σp(A) of A is
the set of all eigenvalues of A.

(Actually, this definition does not require self-adjointness of A but works
generally for densely defined, closed, linear operators.)

Theorem 7.3. ([4], Thm. 7.23.)
Assume A = A∗ and let Pλ(A) be the spectral family of A. Let A0 be a
restriction of A such that A0 = A. Then the following conditions (i)–(iv) are
equivalent:
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(i) s ∈ σp(A).

(ii) There exists a Cauchy sequence {fn}n∈N ⊂ D(A) with limn→∞ ‖fn‖ > 0
and s − limn→∞(s − A)fn = 0.

(iii) There exists a Cauchy sequence {gn}n∈N ⊂ D(A0) with limn→∞ ‖gn‖ >
0 and s − limn→∞(s − A0)gn = 0.

(iv) Ps(A) − Ps−(A) 
= 0.

Proof. (i) ⇒ (ii) is obvious.
(ii) ⇒ (iii): Choose {gn}n∈N ⊂ D(A0) such that ‖gn − fn‖ < 1

n
and

‖A0gn − Afn‖ < 1
n
.

(iii) ⇒ (i): Take f = limn→∞ gn ∈ D(A), then (s − A)f = 0.
(i) ⇒ (iv):

0 = ‖(s − A)f‖2 =

∫

σ(A)

|s − λ|2 d(f, Pλ(A)f).

Hence,

Ps−(A)f = lim
λ→−∞

Pλ(A)f = 0, Ps(A)f = lim
λ→∞

Pλ(A)f = f.

Thus,
(Ps(A) − Ps−(A))f = f.

(iv) ⇒ (i): Pick any 0 
= f ∈ Ran(Ps(A) − Ps−(A)). Then

‖(s − A)f‖2 =

∫

σ(A)

|s − λ|2 d(f, Pλ(A)f) = 0.

Definition 7.4. Assume A = A∗. Then the essential spectrum σe(A) of
A is the set of those points of σ(A) that are either accumulation points of
σ(A) or isolated eigenvalues of infinite multiplicity. (We note that geometric
multiplicities and algebraic multiplicities of eigenvalues coincide since A is
self-adjoint (normal).)

Theorem 7.5. ([4], Thm. 7.24.)
Assume A = A∗ and let Pλ(A) be the spectral family of A. Let A0 be a
restriction of A such that A0 = A. Then the following conditions (i)–(iv) are
equivalent:
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(i) s ∈ σe(A).

(ii) There exists a sequence {fn}n∈N ⊂ D(A) with lim infn→∞ ‖fn‖ > 0,
w − limn→∞fn = 0, and s − limn→∞(s − A)fn = 0.

(iii) There exists a sequence {gn}n∈N ⊂ D(A0) with lim infn→∞ ‖gn‖ > 0,
w − limn→∞gn = 0, and s − limn→∞(s − A0)gn = 0.

(iv) dim(Ran(Ps+ε(A) − Ps−ε(A))) = ∞ for every ε > 0.

8 One-parameter unitary groups

In the following let H be a complex separable Hilbert space.

Definition 8.1. A family of operators {B(t)}t∈R ⊂ B(H) is called a one-
parameter group if the following two conditions hold:

(i) B(0) = I.

(ii) B(s)B(t) = B(s + t) for all s, t ∈ R.

{B(t)}t∈R is called a unitary group if, in addition to conditions (i) and (ii),
B(t) is a unitary operator for all t ∈ R.
Moreover, {B(t)}t∈R is called strongly continuous if t �→ B(t)f is continuous
in ‖·‖H for all f ∈ H.

Definition 8.2. Let {B(t)}t∈R be a one-parameter group. The operator A
defined by

D(A) =

{
g ∈ H

∣∣∣∣ s − limt→0
1

t
(B(t) − I)g exists

}
,

Af = s − limt→0
1

t
(B(t) − I)f, f ∈ D(A)

is called the infinitesimal generator of {B(t)}t∈R.

The following theorems show a connection between self-adjoint operators
and strongly continuous one-parameter unitary groups.
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Theorem 8.3. ([4], Thm. 7.37.)
Assume A = A∗ and let Pλ(A) be the spectral family of A. Define

U(t) = eitA =

∫

σ(A)

eitλ dPλ(A), t ∈ R.

Then {U(t)}t∈R is a strongly continuous unitary group with infinitesimal gen-
erator iA. Moreover, U(t)f ∈ D(A) holds for all f ∈ D(A), t ∈ R.

Theorem 8.4. ([4], Thm. 7.38; Stone’s theorem.)
Let {U(t)}t∈R be a strongly continuous unitary group. Then there exists a
uniquely determined self-adjoint operator A such that U(t) = eitA for all
t ∈ R.
In the case where H is separable (as assumed throughout this section for
simplicity), the assumption of strong continuity can be replaced by weak mea-
surability, that is, it suffices to require that for all f, g ∈ H, the function

(f, U(·)g) : R → C, t �→ (f, U(t)g)

is measurable (with respect to Lebesgue measure on R).

9 Trace class and Hilbert–Schmidt operators

Definition 9.1. T : H1 → H2 is compact if for all bounded sequences
{fn}n∈N ⊂ D(T ) there exists a subsequence {fnk

}k∈N ⊆ {fn}n∈N for which
{Tfnk

} converges in H2 as k → ∞. The linear space of compact operators
from H1 into H2 is denoted by B∞(H1,H2) (and by B∞(H) if H1 = H2 = H).

One has, B∞(H1,H2) ⊆ B(H1,H2). If T is compact, then T ∗T is com-
pact, self-adjoint, and non-negative in H1.

In the following we denote

|T | =
√

T ∗T .

(One chooses the square root branch such that
√

x > 0 for x > 0.)

Definition 9.2. Let T be a compact operator. Then the non-zero eigen-
values of |T | are called the singular values (singular numbers, s-numbers) of
T .
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Notation: {sj(T )}j∈J , J ⊆ N an appropriate (finite or countably infinite)
index set, denotes the non-increasing sequence of s-numbers of T . This se-
quence is built by taking multiplicities of the eigenvalues sj(T ) of |T | into
account. (Since |T | is self-adjoint, algebraic and geometric multiplicites of
all its eigenvalues coincide.)

Definition 9.3. Let Bp(H1,H2) denote the following subset of the set of
compact operators from H1 into H2,

Bp(H1,H2) =

{
T ∈ B∞(H1,H2)

∣∣∣∣
∑
j∈J

(sj(T ))p < ∞
}

, p ∈ (0,∞).

(If H1 = H2 = H, we write Bp(H) for simplicity.)

Definition 9.4. B2(H1,H2) is called the Hilbert–Schmidt class.

One introduces the norm,

‖T‖B2(H1,H2) =

( ∑
j∈J

(sj(T ))2

) 1
2

= ‖T‖2 , T ∈ B2(H1,H2).

Definition 9.5. B1(H1,H2) is called the trace class.

One introduces the norm,

‖T‖B1(H1,H2) =
∑
j∈J

sj(T ) = ‖T‖1 , T ∈ B1(H1,H2).

Lemma 9.6. ([4], Thm. 7.10(a).)
T ∈ B2(H1,H2) if and only if there exists an orthonormal basis {eα}α∈A in
H1 such that

∑
α∈A ‖Teα‖2 < ∞.

Proof. Let {fj}j∈J be the orthonormal eigenelements of |T | that correspond
to the non-zero eigenvalues sj(T ) and let {gα}α∈A be an o.n.b. in Ker(T ).
Then {fj}j∈J ∪ {gα}α∈A is an o.n.b. in H and

∑
j∈J

‖Tfj‖2 +
∑
α∈A

‖Tgα‖2 =
∑
j∈J

‖|T | fj‖2 =
∑
j∈J

(sj(T ))2 < ∞.
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If T ∈ B2(H1,H2) one can show ([4], Thm. 7.10(a) and [4], p. 136) that

‖T‖2 =

( ∑
α∈A

‖Teα‖2

)1/2

(9.1)

is independent of the choice of the orthonormal basis {eα}α∈A in H1.
The following two results will permit us to define the trace of a trace class

operator.

Theorem 9.7. ([4], Thm. 7.9.)
Let p, q, r > 0 with 1

p
+ 1

q
= 1

r
. Then T ∈ Br(H,H1) if and only if there exist

T1 ∈ Bp(H,H2) and T2 ∈ Bq(H2,H1) (with an arbitrary Hilbert space H2) for
which T = T2T1. The operators can be chosen such that ‖T‖r = ‖T1‖p ‖T2‖q.

Corollary 9.8. T ∈ B1(H,H1) if and only if there exist T1 ∈ B2(H,H2)
and T2 ∈ B2(H2,H1) such that T = T2T1.

In the following let {eα}α∈A be an o.n.b. in H. We will prove that∑
α∈A(eα, T eα) converges absolutely if T ∈ B1(H). Since T can be decom-

posed into T = T2T1 with T1, T2 ∈ B2(H), one obtains
∑
α∈A

|(eα, T eα)| =
∑
α∈A

|(eα, T2T1eα)|

=
∑
α∈A

|(T ∗
2 eα, T1eα)| ≤

( ∑
α∈A

‖T ∗
2 eα‖2

)1/2( ∑
α∈A

‖T1eα‖2

)1/2

< ∞.

(9.2)

Next, we will prove that
∑

α∈A(eα, T eα) is well-defined in the sense that it
does not depend on the choice of the o.n.b. {eα}α∈A. Take T1 ∈ B2(H,H2),
T2 ∈ B2(H2,H1) such that T = T2T1. Let {eα}α∈A ⊂ H be an o.n.b. in H
and {fβ}β∈B ⊂ H2 be an o.n.b. in H2.

Using the fact that T ∗
2 eα =

∑
β∈B(T ∗

2 eα, fβ)fβ, one obtains

∑
α∈A

(eα, T eα) =
∑
α∈A

(T ∗
2 eα, T1eα) =

∑
α∈A

∑
β∈B

(T ∗
2 eα, fβ)(fβ, T1eα)

=
∑
β∈B

∑
α∈A

(T ∗
1 fβ, eα)(eα, T2fβ) =

∑
β∈B

(T ∗
1 fβ, T2fβ) =

∑
β∈B

(fβ, T1T2fβ)

=
∑
β∈B

(fβ, Tfβ). (9.3)

20



Since we took arbitrary bases, the statement is proved.
These facts permit one to introduce the following definition.

Definition 9.9. Let T ∈ B1(H) and {eα}α∈A be an o.n.b. in H. Then
tr(T ) =

∑
α∈A(eα, T eα) is called the trace of T .

By (9.2) the trace of trace class operators is absolutely convergent and
by (9.3) the definition of the trace is independent of the orthonormal basis
chosen (cf. also (9.1)).
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1 Self-adjoint extensions of symmetric oper-

ators in a Hilbert space

In the following, H denotes a separable complex Hilbert space with scalar
product (·, ·) linear in the second entry. The Banach space of all bounded
linear operators on H will be denoted by B(H).

Definition 1.1. T : Dom(T ) → H, Dom(T ) ⊆ H is called closed if the
following holds: If {fn}n∈N is a sequence in Dom(T ) that is convergent in H
as n → ∞ and the sequence {Tfn}n∈N is convergent in H as n → ∞ then we
have

lim
n→∞

fn ∈ Dom(T ) and T ( lim
n→∞

fn) = lim
n→∞

Tfn.

An operator S is called closable if it has a closed extension.

Every closable operator S has a unique smallest closed extension which
is called the closure of S and denoted by S. In fact, if S is densely defined,
S is closable if and only if S∗ is densely defined (in which case one obtains
S = S∗∗, where, in obvious notation, S∗∗ = (S∗)∗).

Definition 1.2. (i) Let T be densely defined in H. Then T ∗ is called the
adjoint of T if

Dom(T ∗) = {g ∈ H | there exists an hg ∈ H such that (hg, f) = (g, Tf) for

all f ∈ Dom(T )},
T ∗g = hg.

(ii) An operator A in H is called symmetric if A is densely defined and
A ⊆ A∗.
(iii) A densely defined operator B in H is called self-adjoint if B = B∗.

In particular, A is symmetric if

(Af, g) = (f, Ag) for all f, g ∈ Dom(A).

Since the adjoint T ∗ of any densely defined operator T is closed, any sym-
metric operator A is closable and its closure A is still a symmetric operator.
In particular,

A ⊆ A = A∗∗ ⊆ A∗ = (A)∗.

Thus, in the context of this manuscript, one can without loss of generality
restrict one’s attention to closed symmetric operators.

2



Theorem 1.3. ([4], Thm. VIII.3; the basic criterion for self-adjointness)
Let A be a symmetric operator in H. Then the following statements (a)–(c)
are equivalent:

(i) A is self-adjoint.

(ii) A is closed and Ker(A∗ ± iI) = {0}.

(iii) Ran(A ± iI) = H.

Proof. (i) implies (ii): Since A is self-adjoint it is of course a closed operator.
Next, suppose that there is a ϕ ∈ Dom(A∗) = Dom(A) so that A∗ϕ = iϕ.
Then Aϕ = iϕ and

−i(ϕ, ϕ) = (iϕ, ϕ) = (Aϕ, ϕ) = (ϕ, A∗ϕ) = (ϕ, Aϕ) = i(ϕ, ϕ).

Thus, ϕ = 0. A similar proof shows that the equation A∗ϕ = −iϕ can have
no nontrivial solutions.
(ii) implies (iii): Suppose that (ii) holds. Since A∗ϕ = −iϕ has no nontrivial
solutions, Ran(A − iI) must be dense. Otherwise, if ψ ∈ Ran(A − iI)⊥, we
would have ((A − iI)ϕ, ψ) = 0 for all ϕ ∈ Dom(A), so ψ ∈ Dom(A∗) and
(A − iI)∗ψ = (A∗ + iI)ψ = 0, which is impossible since A∗ψ = −iψ has
no nontrivial solutions. (Reversing this last argument we can show that if
Ran(A− iI) is dense, then Ker(A∗+ iI) = {0}.) Since Ran(A− iI) is dense,
we only need to prove it is closed to conclude that Ran(A − iI) = H. But
for all ϕ ∈ Dom(A)

‖(A − iI)ϕ‖2 = ‖Aϕ‖2 + ‖ϕ‖2 .

Thus, if ϕn ∈ Dom(A) and (A− iI)ϕn → ψ0, we conclude that ϕn converges
to some vector ϕ0 and Aϕn converges too. Since A is closed, ϕ0 ∈ Dom(A)
and (A − iI)ϕ0 = ψ0. Thus, Ran(A − iI) is closed, so Ran(A − iI) = H.
Similarly, one proves that Ran(A + iI) = H.
(iii) implies (i): Let ϕ ∈ Dom(A∗). Since Ran(A − iI) = H, there is an
η ∈ Dom(A) so that (A − iI)η = (A∗ − iI)ϕ. Dom(A) ⊂ Dom(A∗), so
ϕ − η ∈ Dom(A∗) and

(A∗ − iI)(ϕ − η) = 0.

Since Ran(A + iI) = H, Ker(A∗ − iI) = {0}, so ϕ = η ∈ Dom(A). This
proves that Dom(A∗) = Dom(A), so A is self-adjoint.
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Next, we recall the definition of the field of regularity, the resolvent set,
and the spectrum of a closed operator T in H.

Definition 1.4. (i) Let T be a closed operator with a dense domain Dom(T )
in the Hilbert space H. The complex number z is called a regular-type point
of the operator T , if the following inequality is satisfied for all f ∈ Dom(T ),

‖(T − zI)f‖ > kz‖f‖, (1.1)

where kz > 0 and independent of f . The set of all points of regular-type of
T is called the field of regularity of T and denoted by π(T ).
(ii) If for a given z ∈ π(T ) one has (T − zI)Dom(T ) = H, then z is called
a regularity point of the operator T . The set of all regularity points of the
operator T is called the resolvent set and denoted by ρ(T ).
(iii) The spectrum σ(T ) of a densely defined closed operator T is defined by

σ(T ) = {λ ∈ C|(T − λI)−1 /∈ B(H)}. (1.2)

One then has the following:

ρ(T ) ⊆ π(T ) and both sets are open.

z ∈ π(T ) implies that Ran(T − zI) is closed.

z ∈ ρ(T ) implies that Ran(T − zI) = H.

σ(T ) = C\ρ(T ).

Theorem 1.5. ([5], Thm. X.1.)
Let A be a closed symmetric operator in a Hilbert space H. Then

(i)

(a) (a) n+(A) = dim [Ker(A∗ − zI)] is constant throughout the
open upper complex half-plane.

(b) n−(A) = dim [Ker(A∗ − zI)] is constant throughout the open
lower complex half-plane.

(ii) The spectrum of A is one of the following:

(a) the closed upper complex half-plane if n+(A) = 0,
n−(A) > 0,

(b) the closed lower complex half-plane if n−(A) = 0,
n+(A) > 0,

(c) the entire complex plane if n±(A) > 0,
(d) a subset of the real axis if n±(A) = 0.
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(iii) A is self-adjoint if and only if case(2d) holds.

(iv) A is self-adjoint if and only if n±(A) = 0.

Proof. Let z = x + iy, y �= 0. Since A is symmetric,

‖(A − zI)ϕ‖2 ≥ y2 ‖ϕ‖2 (1.3)

for all ϕ ∈ Dom(A). From this inequality and the fact that A is closed, it
follows that Ran(A − zI) is a closed subspace of H. Moreover,

Ker(A∗ − zI) = Ran(A − zI)⊥. (1.4)

We will show that if η ∈ C with |η| sufficiently small, Ker(A∗ − zI) and
Ker(A∗ − (z + η)I) have the same dimension. Let u ∈ Dom(A∗) be in
Ker(A∗−(z+η)I) with ‖u‖ = 1. Suppose (u, v) = 0 for all v ∈ Ker(A∗−zI).
Then by (1.4), u ∈ Ran(A−zI), so there is a ϕ ∈ Dom(A) with (A−z)ϕ = u.
Thus,

0 = ((A∗ − (z + y)I)u, ϕ) = (u, (A − zI)ϕ) − ȳ(u, ϕ)

= ‖u‖2 − ȳ(u, ϕ).

This is a contradiction if |η| < |y| since by (1.3), ‖ϕ‖ ≤ ‖u‖ /|y|. Thus, for
|η| < |y|, there is no u ∈ Ker(A∗ − (z + η)I) which is in [Ker(A∗ − zI)]⊥. A
short argument shows that

dim[Ker(A∗ − (z + η)I)] ≤ dim[Ker(A∗ − zI)].

The same argument shows that if |η| < |y|/2, then dim[Ker(A∗ − zI)] ≤
dim[Ker(A∗ − (z + η)I)], so we conclude that

dim[Ker(A∗ − zI)] = dim[Ker(A∗ − (z + η)I)] if |η| < |y|/2.

Since dim[Ker(A∗−zI)] is locally constant, it equals a constant in the upper
complex half-plane and equals a (possibly different) constant in the lower
complex half-plane. This proves (i).
It follows from (1.3) that if z �= 0, A−zI always has a bounded left inverse and
from (1.4) that (A− zI)−1 is defined on all of H if and only if dim[Ker(A∗−
z̄I)] = 0. Thus, it follows from part (i) that each of the open upper and lower
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half-planes is either entirely in the spectrum of A or entirely in the resolvent
set. Next, suppose, for instance, that n+(A) = 0. Then

{0} = Ker(A∗ − zI) = Ran(A − z̄I)⊥, z ∈ C, Im(z) > 0,

implies
Ran(A − zI) = H, z ∈ C, Im(z) < 0.

By the closed graph theorem, this implies that (A − zI)−1 exists and is a
bounded operator defined on all of H for z ∈ C, Im(z) < 0. Hence, the
open lower complex half-plane belongs to the resolvent set of A. By exactly
the same arguments, if n−(A) = 0, then the open upper complex half-plane
belongs to the resolvent set of A. This, and the fact that σ(A) is closed
proves (ii).
(iii) and (iv) are restatements of Theorem 1.3.

Corollary 1.6. ([5], p. 137.)
If A is a closed symmetric operator that is bounded from below, that is, for
some γ ∈ R, (Aϕ, ϕ) ≥ γ‖ϕ‖2 for all ϕ ∈ Dom(A), then dim [Ker(A∗−zI)]
is constant for z ∈ C\ [γ,∞). The analogous statement holds if A is bounded
from above.

Corollary 1.7. ([5], p. 137.)
If a closed symmetric operator has at least one real number in its resolvent
set, then it is self-adjoint.

Proof. Since the resolvent set is open and contains a point in the real axis,
it must contain points in both lower and upper complex half-planes. The
corollary now follows from part (3) of Theorem 1.5.

The following result is a refinement of Theorem 1.5.

Theorem 1.8. ([1], p. 92, [6], p. 230.)
If Γ is a connected subset of the field of regularity π(T ) of a densely defined
closed operator T , then the dimension of the subspace H 
 Ran(T − zI) is
constant (i.e., independent of z) for each z ∈ Γ.

Since the dimensions of the kernels of A∗−iI and A∗+iI play an important
role, it is customary to give them names.
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Definition 1.9. Suppose that A is a symmetric operator in a Hilbert space
H. Let

K+(A) = Ker(A∗ − iI) = Ran(A + iI)⊥,

K−(A) = Ker(A∗ + iI) = Ran(A − iI)⊥.

K+(A) and K−(A) are called the deficiency subspaces of A. The numbers
n±(A), given by n+(A) = dim(K+(A)) and n−(A) = dim(K−(A)), are called
the deficiency indices of A.

Remark 1.10. It is possible for the deficiency indices to be any pair of
nonnegative integers, and further it is possible for n+, or n−, or both, to be
equal to infinity.

Remark 1.11. The basic idea behind the construction of self-adjoint exten-
sions of a closed symmetric but not self-adjoint operator A is the following:
Suppose B is a (proper) closed symmetric extension of A. Then,

A ⊂ B implies A ⊂ B ⊂ B∗ ⊂ A∗.

Continuing this process, one can hope to arrive at a situation where

A ⊂ B ⊂ C = C∗ ⊂ B∗ ⊂ A∗,

and hence C is a self-adjoint extension of A. The precise conditions under
which such a construction is possible will be discussed in the remainder of
this section.

Next, let D1 and D2 be two linear subspaces of H. We will denote by
D1 + D2 the sum of D1 and D2,

D1 + D2 = {f + g | f ∈ D1, g ∈ D2}.

If in addition D1 ∩ D2 = {0}, this results in the direct sum of D1 and D2,
denoted by D1 +̇D2,

D1 +̇D2 = {f + g | f ∈ D1, g ∈ D2}, D1 ∩ D2 = {0}.

Finally, if the two subspaces D1 and D2 are orthogonal, D1 ⊥ D2, then
clearly D1 ∩D2 = {0}. In this case the direct sum of D1 and D2 is called the
orthogonal direct sum of D1 and D2 and denoted by D1 ⊕D2,

D1 ⊕ D2 = {f + g | f ∈ D1, g ∈ D2}, D1 ⊥ D2.
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Definition 1.12. Let A be a symmetric operator in a Hilbert space H. The
Cayley transform of A is defined by

V = (A − iI)(A + iI)−1.

V is a linear operator from Ran(A + iI) onto Ran(A − iI).

Definition 1.13. Let H1 and H2 be separable complex Hilbert spaces.
(i) An operator U : H1 → H2 such that Dom(U) = H1, Ran(U) = H2 is
called unitary if ‖Uf‖ = ‖f‖ for all f ∈ H1.
(ii) An operator V : D1 → H2 with Dom(V ) = D1 dense in H1 is called
isometric if ‖V f‖ = ‖f‖ for all f ∈ D1.

We note that U is unitary if and only if

U∗U = IH1 and UU∗ = IH2 , that is, if and only if U∗ = U−1.

Similarly, V is isometric if and only if

V ∗V = ID1 .

Moreover, the closure V of V is then also an isometric operator with domain
H1.

Theorem 1.14. ([6], Thm. 8.2.)
Let A be a symmetric operator in H. Then the Cayley transform V of A
is an isometric mapping from Ran(A + iI) onto Ran(A − iI). The range
Ran(I − V ) is dense in H, and A = i(I + V )(I − V )−1. In particular, A is
uniquely determined by V .

Proof. For every g = (A + iI)f ∈ Ran(A + iI) = Dom(V ) one has

‖V g‖2 =
∥∥(A − iI)(A + iI)−1g

∥∥2
= ‖(A − iI)f‖2

= ‖f‖2 + ‖Af‖2 = ‖(A + iI)f‖2 = ‖g‖2 .

Consequently, V is isometric. It is clear that Ran(V ) = Ran(A − iI), since
(A + iI)−1 maps Dom(V ) = Ran(A + iI) onto Dom(A) and (A − iI) maps
Dom(A) onto Ran(A − iI). Moreover,

I − V = I − (A − iI)(A + iI)−1 = [(A + iI) − (A − iI)](A + iI)−1

= 2i(A + iI)−1,

I + V = I + (A − iI)(A + iI)−1 = 2A(A + iI)−1.
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In particular, Ran(I − V ) = Dom(A) is dense, I − V is injective, and

A = i(I + V )(I − V )−1.

Theorem 1.15. ([6], Thm. 8.3.)
An operator V on the complex Hilbert space H is the Cayley transform of a
symmetric operator A if and only if V has the following properties:

(i) V is an isometric mapping of Dom(V ) onto Ran(V ).

(ii) Ran(I − V ) is dense in H.

The symmetric operator A is given by the equality

A = i(I + V )(I − V )−1.

Proof. If V is the Cayley transform of A, then V has properties (i) and (ii)
by Theorem 1.14. We also infer that A = i(I + V )(I − V )−1. Let V now be
an operator with properties (i) and (ii). Then I − V is injective, since the
equality V g = g implies that

(g, f − V f) = (g, f) − (g, V f) = (g, f) − (V g, V f)

= (g, f) − (g, f) = 0 for all f ∈ Dom(V ).

Thus, g ∈ Ran(I − V )⊥ and hence g = 0. Therefore, we can define an
operator A by the equality

A = i(I + V )(I − V )−1.

By hypothesis, Dom(A) = Ran(I − V ) is dense. For all f = (I − V )f1 and
g = (I − V )g1 in Dom(A) = Ran(I − V ) one obtains

(Af, g) = −i((I + V )(I − V )−1f, g) = −i((I + V )f1, (I − V )g1)

= −i[(f1, g1) + (V f1, g1) − (f1, V g1) − (V f1, V g1)]

= −i[(V f1, V g1) + (V f1, g1) − (f1, V g1) − (f1, g1)]

= i((I − V )f1, (I + V )g1) = i(f, (I + V )(I − V )−1g)

= (f, Ag).
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Thus, A is symmetric.
It remains to prove that V is the Cayley transform of A. This follows

from

(A − iI) = −iI + i(I + V )(I − V )−1 = −i[(I − V ) − (I + V )](I − V )−1

= 2iV (I − V )−1,

(A + iI) = i[(I − V ) + (I + V )](I − V )−1 = 2i(I − V )−1.

Theorem 1.16. ([6], Thm. 8.4.)
Let A be a symmetric operator in a Hilbert space H and denote by V its
Cayley transform. Then

(i) The following statements (a)–(d) are equivalent:

(a) A is closed.
(b) V is closed.
(c) Dom(V ) = Ran(A + iI) is closed.
(d) Ran(V ) = Ran(A − iI) is closed.

(ii) A is self-adjoint if and only if V is unitary.

Proof. (i): (a) is equivalent to (c) and (d): A is closed if and only if (A ±
iI)−1 is closed and the bounded operator (A ± iI)−1 is closed if and only if
Dom((A− iI)−1) = Ran(A− iI) = Ran(V ) is closed or Dom((A + iI)−1) =
Ran(A + iI) = Dom(V ) is closed.
(b) is equivalent to (c): The bounded operator V is closed if and only if its
domain is closed.

(ii): A is self-adjoint if and only if Ran(A− iI) = Ran(A + iI) = H (i.e.,
Dom(V ) = Ran(V ) = H). This is equivalent to the statement that V is
unitary.

Theorem 1.17. ([6], Thm. 8.5.)
Let A1 and A2 be symmetric operators in a Hilbert space H and let V1 and
V2 denote their Cayley transforms. Then A1 ⊆ A2 if and only if V1 ⊆ V2.

Proof. This follows from Theorem 1.15 and in particular from Aj = i(I +
Vj)(I − Vj)

−1, j = 1, 2.
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Consequently, we can obtain all self-adjoint extensions (provided that
such exist) if we determine all unitary extensions V ′ of the Cayley transform
V of A.

In particular, A has self-adjoint extensions if and only if V has unitary
extensions. The following theorem makes it possible to explicitly construct
the extensions V ′ of V .

Theorem 1.18. ([6], Thm. 8.6.)
Let A be a closed symmetric operator in a Hilbert space H and let V denote
its Cayley transform.

(i) V ′ is the Cayley transform of a closed symmetric extension A′ of A if
and only if the following holds:

There exist closed subspaces F+ of K+(A) = Ran(A + iI)⊥ and F− of

K−(A) = Ran(A− iI)⊥and an isometric mapping Ṽ of F+ onto F− for
which

Dom(V ′) = Ran(A′ + iI) = Ran(A + iI) ⊕ F+,

V ′(f + g) = V f + Ṽ g, f ∈ Ran(A + iI), g ∈ F+,

Ran(V ′) = Ran(A′ − iI) = Ran(A − iI) ⊕ F−, dim(F−) = dim(F+).

(ii) The operator V ′ in part (i) is unitary (i.e., A′ is self-adjoint) if and
only if F− = K−(A) and F+ = K+(A).

(iii) A possesses self-adjoint extensions if and only if its deficiency indices
are equal, n+(A) = n−(A).

Proof. (i): If V ′ has the given form, then V ′ is an isometric mapping of
Ran(A+ iI)⊕F+ onto Ran(A− iI)⊕F−. Consequently, V ′ satisfies assump-
tion (i) of Theorem 1.15. Since Ran(I−V ) is dense, Ran(I−V ′) is also dense,
so that V ′ also satisfies (ii) of Theorem 1.15. Therefore, V ′ is the Cayley

transform of a symmetric extension A′ of A. Since Ṽ is an isomorphism of F+

onto F−, we have dim F+ = dim F−. If V ′ is the Cayley transform of a sym-
metric extension A′ of A, then put F− = Ran(A′ − iI)
Ran(A− iI), F+ =

Ran(A′ + iI) 
 Ran(A + iI), and Ṽ = V ′|F+ .
(ii): V ′ is unitary if and only if Dom(V ′) = H = Ran(V ′), that is, if and

only if F+ = Ran(A + iI)⊥ = K+(A) and F− = Ran(A − iI)⊥ = K−(A).

11



(iii): By (i) and (ii), V possesses a unitary extension if and only if there

exists an isometric mapping Ṽ of Ran(A + iI)⊥ onto Ran(A − iI)⊥. This
happens if and only if

dim[Ran(A + iI)⊥] = dim[Ran(A − iI)⊥].

Corollary 1.19. ([5], p. 141.)
Let A be a closed symmetric operator with deficiency indices n+(A) and
n−(A) in a Hilbert space H. Then

(i) A is self-adjoint if and only if n+(A) = 0 = n−(A).

(ii) A has self-adjoint extensions if and only if n+(A) = n−(A). There is
a one-to-one correspondence between self-adjoint extensions of A and
unitary maps from K+(A) onto K−(A).

(iii) If either n+(A) = 0 �= n−(A) or n−(A) = 0 �= n+(A), then A has no
nontrivial symmetric extensions (in particular, it has no self-adjoint
extensions) in H (such operators are called maximally symmetric).

Theorem 1.20. ([6], Thm. 8.11; von Neumann’s first formula.)
Let A be a closed symmetric operator on a complex Hilbert space H. Then,

Dom(A∗) = Dom(A)+̇K+(A)+̇K−(A)

A∗(f0 + g+ + g−) = Af0 + ig+ − ig− for f0 ∈ Dom(A), g+ ∈ K+(A),

g− ∈ K−(A).

Proof. Since K+(A) ⊂ Dom(A∗) and K−(A) ⊂ Dom(A∗), we have

Dom(A) + K+(A) + K−(A) ⊆ Dom(A∗).

We show that we have equality here, that is, every f ∈ Dom(A∗) can be
written in the form f = f0 + g+ + g− with f0 ∈ Dom(A), g+ ∈ K+(A),
and g− ∈ K−(A). To this end, let f ∈ Dom(A∗). Then by the projection
theorem we can decompose (A∗ + iI)f into its components in K+(A) and in
K+(A)⊥ = Ran(A + iI),

(A∗ + iI)f = (A + iI)f0 + g, (A + iI)f0 ∈ Ran(A + iI), g ∈ K+(A).
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Since A∗f0 = Af0 and A∗g = ig, we have with g+ = −(i/2)g

A∗(f − f0 − g+) = A∗f − Af0 − ig+ = A∗f − Af0 − (1/2)g

= −if + if0 + (1/2)g = −i(f − f0) + ig+

= −i(f − f0 − g+).

If we set g− = f − f0 − g+, then g− ∈ K−(A) and f = f0 + g+ + g−.
It remains to prove that the sum is direct, that is, 0 = f0 + g+ + g−,

f0 ∈ Dom(A), g+ ∈ K+(A), and g− ∈ K−(A) imply f0 = g+ = g− = 0. It
follows from 0 = f0 + g+ + g− that

0 = A∗(f0 + g+ + g−) = Af0 + ig+ − ig−.

We obtain from this that

(A − iI)f0 = ig− − ig+ − if0 = 2ig− − i(g− + g+ + f0) = 2ig−

and analogously that
(A + iI)f0 = −2ig+.

Thus, g− ∈ K−(A) ∩Ran(A− iI) = {0}, g+ ∈ K+(A) ∩Ran(A + iI) = {0}.
Therefore, g− = g+ = 0, and thus f0 = 0.

Theorem 1.21. ([6], Thm. 8.12; von Neumann’s second formula.)
Let A be a closed symmetric operator on a complex Hilbert space H.

(i) A′ is a closed symmetric extension of A if and only if the following
holds:
There are closed subspaces F+ ⊆ K+(A) and F− ⊆ K−(A) and an

isometric mapping V̂ of F+ onto F− such that

Dom(A′) = Dom(A) +̇ (I + V̂ )F+

and

A′(f0 + g + V̂ g) = Af0 + ig − iV̂ g

= A∗(f0 + g + V̂ g) for f0 ∈ Dom(A), g ∈ F+.

(ii) A′ is self-adjoint if and only if the subspaces F+ = K+(A) and F− =
K−(A) satisfy property (i).
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Proof. This theorem follows from Theorem 1.18 if we show that the operator
A′ of Theorem 1.18 can be represented in the above form. We have (with Ṽ
as in Theorem 1.18)

Dom(A′) = Ran(I − V ′) = (I − V ′)Dom(V ′) = (I − V ′)(Dom(V ) + F+)

= (I − V )Dom(V ) + (I − Ṽ )F+

= Dom(A) + {g − Ṽ g | g ∈ F+}.

The sum is direct, as {g− Ṽ g | g ∈ F+} ⊆ F+ +F− ⊆ K+(A)+K−(A). Since
A′ ⊆ A∗, we have in addition that

A′(f0 + g − Ṽ g) = A∗(f0 + g − Ṽ g) = Af0 + ig + iṼ g

for all f0 ∈ Dom(A) and g ∈ F+. The assertion then follows by taking

V̂ = −Ṽ .

Remark 1.22. Since the set of unitary matrices U(n) in C
n, n ∈ N, is

parametrized by n2 real parameters, the set of all self-adjoint extensions of
a closed symmetric operator A with (finite) deficiency indices n±(A) = n
is parametrized by n2 real parameters according to Theorem 1.16 (b) and
Theorem 1.21.

Example 1.23. Consider1 the following operator A in L2((0, 1); dx),

(Af)(x) = if ′(x),

f ∈ Dom(A) = {g ∈ L2((0, 1); dx) | g ∈ AC([0, 1]); g(0) = 0 = g(1);

g′ ∈ L2((0, 1); dx)}.

Then

(A∗f)(x) = if ′(x),

f ∈ Dom(A∗) = {g ∈ L2((0, 1); dx) | g ∈ AC([0, 1]); g′ ∈ L2((0, 1); dx)}

and

Ker(A∗ − iI) = {cex | c ∈ C}, Ker(A∗ + iI) = {ce−x | c ∈ C}.
1Here AC([a, b]) denotes the set of absolutely continuous functions on [a, b], a, b ∈ R,

a < b.
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In particular,
n±(A) = 1.

Since the unitary maps in the one-dimensional Hilbert space C are all of the
form eiα, α ∈ R, all self-adjoint extensions of A in L2((0, 1); dx) are given by
the following one-parameter family Aα,

(Aαf)(x) = if ′(x),

f ∈ Dom(Aα) = {g ∈ L2((0, 1); dx) | g ∈ AC([0, 1]); g(0) = eiαg(1);

g′ ∈ L2((0, 1); dx)}, α ∈ R.

Definition 1.24. Let T be a densely defined operator in H. Then T is called
essentially self-adjoint if the closure T of T is self-adjoint.

Theorem 1.25. ([6], Thm. 8.7.)
Let A be a symmetric operator in a Hilbert space H. The operator A is es-
sentially self-adjoint if and only if A has precisely one self-adjoint extension.

Proof. If A is essentially self-adjoint, then A is the only self-adjoint extension
of A, since self-adjoint operators have no closed symmetric extensions. We
show that if A is not essentially self-adjoint (i.e., A is not self-adjoint) then
A has either no or infinitely many self-adjoint extensions. If the deficiency
indices of A are different, then A and thus A have no self-adjoint extensions.
If the deficiency indices are equal (and hence strictly positive, as A is not
self-adjoint) then there are infinitely many unitary mappings

Ṽ : Ran(A + iI)⊥ → Ran(A − iI)⊥

and therefore there are infinitely many self-adjoint extensions of A.

Theorem 1.26. ([6], Thm. 8.8.)
Let A be a symmetric operator in a Hilbert space H.

(i) If π(A) ∩ R �= ∅, where π(A) denotes the field of regularity of A intro-
duced in Definition 1.4, then A has self-adjoint extensions.

(ii) If A is bounded from below or bounded from above, then A has self-
adjoint extensions.
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Proof. (i) π(A) is connected, since π(A)∩R �= ∅. Then n+(A) = n−(A) and
therefore, A has self-adjoint extensions.
(ii) Let A be bounded from below and let γ be a lower bound of A. Then

‖(A − λI)f‖ ≥ (f, (A − λ)f) ‖f‖−1 ≥ (γ − λ)‖f‖

for λ < γ and all f ∈ Dom(A), f �= 0. Defining k(λ) = γ − λ, then
π(A) ∩ R �= ∅ and hence (ii) follows from (i).

Theorem 1.27. ([6], p. 247.)
If A is bounded from below with lower bound γ ∈ R and A has finite de-
ficiency indices (m, m), then each of its self-adjoint extensions has only a
finite number of eigenvalues in (−∞, γ) and the sum of the multiplicities of
these eigenvalues does not exceed m.

For additional results of this type, see [6], Sect. 8.3.

Theorem 1.28. ([1], Sect. 85, Thm. 2)
An operator A bounded from below with lower bound γ has a self-adjoint
extension Ã with lower bound not smaller than an arbitrarily pre-assigned
number γ′ < γ.

The above result will be improved in Section 2.

Theorem 1.29. ([5], Thm. X.26.)
Let A be a strictly positive symmetric operator, that is, (Af, f) ≥ γ(f, f) for
all f ∈ Dom(A) and some γ > 0. Then the following are equivalent:

(i) A is essentially self-adjoint.

(ii) Ran(A) is dense.

(iii) Ker(A∗) = {0}.

(iv) A has precisely one self-adjoint extension bounded from below.

2 The Friedrichs extension of semibounded

operators in a Hilbert space

Let L be a vector space over the field C.
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Definition 2.1. A mapping s : L × L → C is called a sesquilinear form on
L, if for all f, g, h ∈ L and a, b ∈ C we have

s(f, ag + bh) = a s(f, g) + b s(f, h),

s(af + bg, h) = ā s(f, h) + b̄ s(g, h).

where ā and b̄ represent the complex conjugates of a and b.

Definition 2.2. A sesquilinear form s on H is said to be bounded, if there
exists a C ≥ 0 such that

|s(f, g)| ≤ C‖f‖‖g‖ for all f, g ∈ H.

The smallest C is called the norm of s and denoted by ‖s‖.

If T ∈ B(H) then the equality t(f, g) = (Tf, g) defines a bounded
sesquilinear form on H and ‖t‖ = ‖T‖. Conversely, every bounded sesquilin-
ear form induces an operator on B(H).

Theorem 2.3. ([6], Thm. 5.35.)
If t is a bounded sesquilinear form on H, then there exists precisely one
T ∈ B(H) such that t(f, g) = (Tf, g) for all f, g ∈ H. We then have
‖T‖ = ‖t‖.

Proof. For every f ∈ H the function g �→ t(f, g) is a continuous linear
functional on H, since we have |t(f, g)| ≤ ‖t‖‖f‖‖g‖. Therefore for each
f ∈ H there exists exactly one f̃ ∈ H such that t(f, g) = (f̃ , g). The
mapping f �→ f̃ is obviously linear. Let us define T by the equality Tf = f̃
for all f ∈ H. The operator T is bounded with norm

‖T‖ = sup{|(Tf, g)| | f, g ∈ H, ‖f‖ = ‖g‖ = 1}
= sup{|t(f, g)| | f, g ∈ H, ‖f‖ = ‖g‖ = 1} = ‖t‖.

If T1 and T2 are in B(H) and (T1f, g) = t(f, g) = (T2f, g) for all f, g ∈ H,
then one concludes that T1 = T2, that is, T is uniquely determined.

For unbounded sesquilinear forms the situation is more complicated. We
consider only a special case.
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Theorem 2.4. ([6], Thm. 5.36.)
Let (H, (·, ·)) be a Hilbert space and let H1 be a dense subspace of H. Assume
that a scalar product (·, ·)1 is defined on H1 in such a way that (H1, (·, ·)1) is
a Hilbert space and with some κ > 0 we have κ‖f‖2 ≤ ‖f‖2

1 for all f ∈ H1.
Then there exists exactly one self-adjoint operator T on H such that

Dom(T ) ⊆ H1 and (Tf, g) = (f, g)1 for f ∈ Dom(T ), g ∈ H1.

Moreover, T is bounded from below with lower bound κ. The operator T is
defined by

Dom(T ) = {f ∈ H1 | there exists an f̃ ∈ H such that (f, g)1 = (f̃ , g)

for all g ∈ H1},
Tf = f̃ .

In what follows let D be a dense subspace of H.

Definition 2.5. Let s be a sesquilinear form on D ⊆ H. Then s is called
bounded from below if there exists a γ ∈ R such that for all f ∈ D,

s(f, f) ≥ γ‖f‖2.

Let s be a sesquilinear form on D bounded from below. Then the equality
(f, g)s = (1 − γ)(f, g) + s(f, g) defines a scalar product on D such that
‖f‖s ≥ ‖f‖ for all f ∈ D. Moreover, we assume that ‖·‖s is compatible with
‖·‖ in the following sense:

If {fn} is a ‖·‖s-Cauchy sequence in D and ‖fn‖ → 0,

then we also have ‖fn‖s → 0. (2.1)

Next, let Hs be the ‖·‖s-completion of D. It follows from the compatibility
assumption that Hs may be considered as a subspace of H if the embedding
of Hs into H is defined as follows: Let {fn}n∈N be a ‖·‖s-Cauchy sequence in
D. Then {fn}n∈N is a Cauchy sequence in H. Let the element limn→∞ fn in H
correspond to the element [{fn}n∈N] of Hs. By the compatibility assumption
(2.1), this correspondence is injective and the embedding is continuous. The
spaces H and Hs are related the same way as H and H1 were in Theorem
2.4 (with κ = 1). Let

s̄(f, g) = (f, g)s − (1 − γ)(f, g) for f, g ∈ Hs.

Therefore, s̄(f, g) = s(f, g) for f, g ∈ D. The sesquilinear form s̄ is called
the closure of s.
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Theorem 2.6. ([6], Thm. 5.37.)
Assume that H is a Hilbert space, D is a dense subspace of H, and s is a
symmetric sesquilinear form on D bounded from below with lower bound γ.
Let ‖·‖s be compatible with ‖·‖. Then there exists precisely one self-adjoint
operator T bounded from below with lower bound γ such that

Dom(T ) ⊆ Hs and (Tf, g) = s(f, g) for all f ∈ D ∩ Dom(T ), g ∈ D.
(2.2)

In particular, one has

Dom(T ) = {f ∈ Hs | there exists an f̂ ∈ H such that s(f, g) = (f̂ , g)

for all g ∈ D}, (2.3)

Tf = f̂ for f ∈ Dom(T ).

Proof. If we replace (H1, (·, ·)1) by (Hs, (·, ·)s) in Theorem 2.4, then we obtain
precisely one self-adjoint operator T0 such that Dom(T0) ⊆ Hs and

(T0f, g) = (f, g)s for all f ∈ Dom(T0), g ∈ Hs.

T0 is bounded from below with lower bound 1. The operator T = T0−(1−γ)
obviously possesses the required properties. The uniqueness follows from the
uniqueness of T0. Formula (2.2) implies (2.3), since D is dense (in Hs and in
H).

If S is a symmetric operator bounded from below with lower bound γ,
then the equality

s(f, g) = (Sf, g), f, g,∈ Dom(S)

defines a sesquilinear form s on Dom(S) bounded from below with lower
bound γ. In this case

(f, g)s = (Sf, g) + (1 − γ)(f, g) and ‖f‖2
s = (Sf, f) + (1 − γ)‖f‖2

for all f, g ∈ Dom(S). The norm ‖·‖s is compatible with ‖·‖: Let {fn}n∈N

be a ‖·‖s-Cauchy sequence in Dom(S) such that fn → 0 as n → ∞. Then
for all n, m ∈ N we have

‖fn‖2
s = (fn, fn)s = |(fn, fn − fm)s + (fn, fm)s|
≤ ‖fn‖s ‖fn − fm‖s + ‖(S + 1 − γ)fn‖ ‖fm‖ .
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The sequence {‖fn‖s}n∈N is bounded, ‖fn − fm‖s is small for large n and
m and for any fixed n we have ‖(S + 1 − γ)fn‖ ‖fm‖ → 0 as m → ∞.
Consequently, it follows that ‖fn‖s → 0 as n → ∞. This fact permits
the construction of a self-adjoint extension (the Friedrichs extension) of a
symmetric operator bounded from below in such a way that the lower bound
remains unchanged.

A symmetric operator T bounded from below has equal deficiency in-
dices, hence such an operator always has self-adjoint extensions. There is
a distinguished extension, called the Friedrichs extension, which is obtained
from the sesquilinear form associated with T .

Theorem 2.7. ([6], Thm. 5.38.)
Let S be a symmetric operator bounded from below with lower bound γ. Then
there exists a self-adjoint extension of S bounded from below with lower bound
γ. In particular, if one defines s(f, g) = (Sf, g) for f, g ∈ Dom(S), and with
Hs as above, then the operator SF defined by

Dom(SF ) = Dom(S∗) ∩Hs and SF f = S∗f for f ∈ Dom(SF )

is a self-adjoint extension of S with lower bound γ. The operator SF is the
only self-adjoint extension of S having the property Dom(SF ) ⊆ Hs.

Proof. By Theorem 2.6 there exists precisely one self-adjoint operator SF

with Dom(SF ) ⊂ Hs and

(SF f, g) = s(f, g) = (Sf, g) for f ∈ Dom(S) ∩ Dom(SF ), g ∈ Dom(S).

Moreover, γ is a lower bound for SF . By (2.3) we have

Dom(SF ) = {f ∈ Hs | there exists an f̂ ∈ H with s̄(f, g) = (f̂ , g)

for all g ∈ Dom(S)}, (2.4)

SF f = f̂ for f ∈ Dom(SF ).

We can replace s̄(f, g) by (f, Sg) in (2.4): If we choose a sequence {fn}n∈N ⊂
Dom(S) such that ‖fn − f‖s → 0 as n → ∞, then we obtain

s̄(f, g) = lim
n→∞

s̄(fn, g) = lim
n→∞

(fn, Sg) = (f, Sg).

Consequently, it follows that

Dom(SF ) = Dom(S∗) ∩Hs and SF = S∗|Dom(SF ).
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Because of the inclusions S ⊆ S∗ and Dom(S) ⊆ Hs one concludes that SF

is an extension of S. Let T be an arbitrary self-adjoint extension of S such
that Dom(T ) ⊆ Hs. Then T ⊆ S∗ and Dom(SF ) = Dom(S∗) ∩ Hs imply
that T ⊆ SF , and consequently, T = SF .

The operator SF in Theorem 2.7 is called the Friedrichs extension of S.

Theorem 2.8. ([5], Thm. X.24.)
Let A be a symmetric operator bounded from below. If the Friedrichs exten-
sion Â is the only self-adjoint extension of A that is bounded from below,
then A is essentially self-adjoint.

Proof. If the deficiency indices of A are finite, then any self-adjoint extension
of A is bounded below (possibly with a smaller lower bound). Therefore,
we only need to consider the case where the deficiency indices of A equal
infinity. Suppose Â is the Friedrichs extension of A and let Ã be a symmetric
extension of A contained in Â which has deficiency indices equal to 1. Then
Ã is bounded from below, so all its self-adjoint extensions will be bounded
from below. Hence A has more than one self-adjoint extension bounded from
below unless its deficiency indices are equal to 0.

Analogous results apply of course to operators and sesquilinear forms
bounded from above.

Our arguments thus far enable us to study the operator product A∗A
as well. If A ∈ B(H1,H2), where B(H1,H2) represents the set of bounded
operators from H1 into H2 (where Hj, j = 1, 2, are separable complex Hilbert
spaces), then A∗A is self-adjoint in H1.

Definition 2.9. Let T be a closed operator. A subspace D of Dom(T ) is
called a core of T provided S = T |D implies S = T .

Theorem 2.10. ([6], Thm. 5.39.)
Let (H1, (·, ·)1) and (H2, (·, ·)2) be Hilbert spaces and let A be a densely defined
closed operator from H1 into H2. Then A∗A is a self-adjoint operator on
H1 with lower bound 0 (i.e., A∗A ≥ 0). Dom(A∗A) is a core of A and
Ker(A∗A) = Ker(A), where

Dom(A∗A) = {f ∈ Dom(A) |Af ∈ Dom(A∗)}.
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Proof. As A is closed, Dom(A) is a Hilbert space with the scalar product
(f, g)A = (Af, Ag)2 + (f, g)1, and ‖f‖A ≥ ‖f‖1 for all f ∈ Dom(A). There-
fore, by Theorem 2.4 there exists a self-adjoint operator T with lower bound
1 for which

Dom(T ) = {f ∈ Dom(A) | there exists an f̂ ∈ H1 such that

(f, g)A = (f̂ , g)1 for all g ∈ Dom(A)},
T f = f̂ for f ∈ Dom(T ).

On account of the equality (f, g)A = (Af, Ag)2 +(f, g)1, this implies that
f ∈ Dom(T ) if and only if Af ∈ Dom(A∗) (i.e., f ∈ Dom(A∗A)) and Tf =
f̂ = A∗Af +f . Hence it follows that T = A∗A+I, A∗A = T −I, that is, A∗A
is self-adjoint and non-negative. From Theorem 2.4 it follows that Dom(A∗A)
is dense in Dom(A) with respect to ‖·‖A, that is, Dom(A∗A) is a core of A.
If f ∈ Ker(A), then Af = 0 ∈ Dom(A∗) and hence A∗Af = 0. Therefore,
Ker(A) ⊆ Ker(A∗A). If f ∈ Ker(A∗A), then ‖Af‖2 = (A∗Af, f) = 0.
Hence, Ker(A∗A) ⊆ Ker(A), and thus Ker(A∗A) = Ker(A).

Corollary 2.11. ([5], p. 181.)
If A is symmetric and A2 is densely defined, then A∗A is the Friedrichs
extension of A2.

Theorem 2.12. ([6], Thm. 5.40.)
Let A1 and A2 be densely defined closed operators from H into H1 and from
H into H2, respectively. Then A∗

1A1 = A∗
2A2 if and only if Dom(A1) =

Dom(A2) and ‖A1f‖ = ‖A2f‖ for all f ∈ Dom(A1) = Dom(A2).

Proof. Assume that Dom(A1) = Dom(A2) and ‖A1f‖ = ‖A2f‖ for all f ∈
Dom(A1). It follows from the polarization identity that

(A1f, A1g) = (A2f, A2g) for all f, g ∈ Dom(A1) = Dom(A2).

Then the construction of Theorem 2.10 provides the same operator for A =
A1 and A = A2, and consequently, A∗

1A1 = A∗
2A2. If this equality holds, then

‖A1f‖2 = (A∗
1A1f, f) = (A∗

2A2f, f) = ‖A2f‖2

for all f ∈ Dom(A∗
1A1) = Dom(A∗

2A2)

(here we have used the inclusions Dom(A∗
1A1) ⊆ Dom(A1) and Dom(A∗

2A2)
⊆ Dom(A2)). By Theorem 2.10 the subspace Dom(A∗

1A1) = Dom(A∗
2A2)

22



is a core of A1 and A2. As the A1-norm and the A2-norm coincide on
Dom(A∗

1A1) = Dom(A∗
2A2), it follows finally that Dom(A1) = Dom(A2)

and ‖A1f‖ = ‖A2f‖ for all f ∈ Dom(A1) = Dom(A2).

3 Krein’s formula for self-adjoint extensions

in the case of finite deficiency indices

In this part we consider a closed symmetric operator A0 with finite and equal
deficiency indices (m, m), m ∈ N.

Let A1 and A2 be two self-adjoint extensions of A0,

A1 ⊃ A0, A2 ⊃ A0.

It is natural to call a closed operator C which satisfies

A1 ⊃ C, A2 ⊃ C

a common part of A1 and A2. Moreover, there exists a closed operator A
which satisfies

A1 ⊃ A, A2 ⊃ A (3.1)

and which is an extension of every common part of A1 and A2.

Definition 3.1. (i) The operator A in (3.1) which extends any common part
of A1 and A2 is called the maximal common part of A1 and A2.
(ii) Two extensions A1 and A2 of A0 are called relatively prime if

h ∈ Dom(A1) ∩ Dom(A2) implies h ∈ Dom(A0). (3.2)

The maximal common part A either is an extension of A0 or it coincides
with A0. (In the latter case A1 and A2 are relatively prime.)

If the maximal number of vectors which are linearly independent modulo
Dom(A0) and which satisfy conditions (3.2) is equal to p (0 ≤ p ≤ m −
1), then the maximal common part A of A1 and A2 has deficiency indices
(n, n), n = m − p. In this case, A1 and A2 can be considered as relatively
prime self-adjoint extensions of A. The problem of the present section is
the derivation of a formula which relates the resolvents of two self-adjoint
extensions A1 and A2 of A.

Let Mn(C) be the set of n× n matrices with entries in C, In the identity
matrix in C

n, and abbreviate Re(M) = (M+M∗)/2, Im(M) = (M−M∗)/2i,
M ∈ Mn(C).
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Theorem 3.2. ([1], Sect. 84 and [3]; Krein’s formula.)
Let A1 and A2 be two self-adjoint extensions of the closed symmetric operator
A0 with deficiency indices n±(A0) = m, m ∈ N. Moreover, let A ⊇ A0 be the
maximal common part of A1 and A2 with deficiency indices n±(A) = n ≤ m.
Then there exists an n × n matrix P (z) = (Pj,k(z))1≤j,k≤n ∈ Mn(C), z ∈
ρ(A2) ∩ ρ(A1), such that

det(P (z)) �= 0, z ∈ ρ(A2) ∩ ρ(A1),

P (z)−1 = P (z0)
−1 − (z − z0)((u1,j(z̄), u1,k(z0)))1≤j,k≤n, z, z0 ∈ ρ(A1),

Im(P (i)−1) = −In,

(A2 − z)−1 = (A1 − z)−1 +
n∑

j,k=1

Pj,k(z)(u1,k(z̄), ·)u1,j(z), z ∈ ρ(A2) ∩ ρ(A1).

Here
u1,j(z) = U1,z,iuj(i), 1 ≤ j ≤ n, z ∈ ρ(A1)

such that {uj(i)}1≤j≤n is an orthonormal basis for Ker(A∗ − i) and hence
{u1,j(z)}1≤j≤n is a basis for Ker(A∗ − z), z ∈ ρ(A1) and

U1,z,z0 = I + (z − z0)(A1 − z)−1 = (A1 − z0)(A1 − z)−1, z, z0 ∈ ρ(A1).

Proof. Let z ∈ π(A), h ∈ Ker(A∗ − z̄I). Then

([(A1 − z)−1 − (A2 − z)−1]f, h) = (f, [(A1 − z)−1 − (A2 − z)−1]∗h)

= (f, [(A1 − z̄)−1 − (A2 − z̄)−1]h)

= (f, (A1 − z̄)−1h − (A2 − z̄)−1h)

= (f, 0) = 0.

Therefore,

[(A1 − z)−1 − (A2 − z)−1]f

{
= 0 for f ∈ Ran(A − zI)

∈ Ker(A∗ − z̄I) for f ∈ Ker(A∗ − zI).

(3.3)

Next, we choose n linearly independent vectors u1,1(z̄), . . . , u1,n(z̄) in
Ker(A∗− zI) as well as n linearly independent vectors u1,1(z), . . . , u1,n(z) in
Ker(A∗ − z̄I). It follows from (3.3) that for each f ∈ H,

[(A1 − z)−1 − (A2 − z)−1]f =
n∑

k=1

ck(f)u1,k(z), (3.4)
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where ck(f) are linear functionals of f . Hence, by the Riesz representation
theorem, there exist vectors hk(z) such that

ck(f) = (f, hk(z)), k = 1, . . . , n.

Since u1,1(z), . . . , u1,n(z) are linearly independent for each f ⊥ Ker(A∗

− zI),
(f, hk(z)) = 0, k = 1, . . . , n.

Therefore, hk(z) ∈ Ker(A∗ − zI), k = 1, . . . , n, so that

hk(z) =
n∑

j=1

Pj,k(z)u1,j(z̄), k = 1, . . . , n

and (3.4) can be represented as

[(A1 − z)−1 − (A2 − z)−1]f =
n∑

j,k=1

Pj,k(z)(u1,k(z̄), f)u1,j(z). (3.5)

The matrix function P (z) = (Pj,k(z))1≤j,k≤n, which is defined on the
set of all common regular points of A1 and A2, is nonsingular. Indeed, if
det ((Pj,k(z0))1≤j,k≤n) = 0, then hk(z0), k = 1, . . . , n would be linearly de-
pendent and this would imply the existence of a vector 0 �= h ∈ H such
that

h ⊥ hk(z0), h ∈ Ker(A∗ − z0I), k = 1, . . . , n.

Then it follows from (3.4) that

[(A1 − z)−1 − (A2 − z)−1]h = 0.

This would contradict the fact that A1 and A2 are relatively prime extensions
of A.

In (3.5), we now omit f and consider the expressions (u1,k(z̄), ·)u1,j(z),
j, k = 1, . . . , n as operators in H to obtain Krein’s formula

(A2 − z)−1 = (A1 − z)−1 +
n∑

j,k=1

Pj,k(z)(u1,k(z̄), ·)u1,j(z) (3.6)

for each common regular point z of A1 and A2.
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Here, the choice of the vector functions u1.j(z) and u1,k(z̄), j, k = 1, . . . , n
has been arbitrary. At the same time, the left-hand side and hence the right-
hand side of (3.5) is a regular analytic vector function of z. Actually, u1,j(z),
j = 1, . . . , n can be defined as a regular analytic function of z and then
we obtain a formula for the matrix function P (z) = (Pj,k(z))1≤i,j≤n which
corresponds to this choice.

Theorem 3.2 summarizes the treatment of Krein’s formula (3.6) in Akhi-
ezer and Glazman [1] (see also [3] for an extension of these results to the case
of infinite deficiency indices). Krein’s formula has been used in a great vari-
ety of problems in mathematical physics (see, e.g., the list of references in [3]).

We conclude with a simple illustration.

Example 3.3. Let H = L2((0,∞); dx),

A = − d2

dx2
,

Dom(A) = {g ∈ L2((0,∞); dx) | g, g′ ∈ AC([0, R]) for all R > 0;

g(0+) = g′(0+) = 0; g′′ ∈ L2((0,∞); dx)},

A∗ = − d2

dx2
,

Dom(A∗) = {g ∈ L2((0,∞); dx) | g, g′ ∈ AC([0, R]) for all R > 0;

g′′ ∈ L2((0,∞); dx)},

A1 = AF = − d2

dx2
, Dom(A1) = {g ∈ Dom(A∗) | g(0+) = 0},

A2 = − d2

dx2
,

Dom(A2) = {g ∈ Dom(A∗) | g′(0+) + 2−1/2(1 − tan(α))g(0+) = 0},
α ∈ [0, π)\{π/2},

where AF denotes the Friedrichs extension of A (corresponding to α = π/2).
One then verifies,

Ker(A∗ − z) = {cei
√

zx, c ∈ C}, Im (
√

z) > 0, z ∈ C \ [0,∞),

n±(A) = (1, 1), u1(i, x) = 21/4ei
√

ix, u1,1(−i, x) = 21/4ei
√
−ix,

P (z) = −(1 − tan(α) + i
√

2z)−1, z ∈ ρ(A2), P (i)−1 = tan(α) − i.
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Finally, Krein’s formula relating A1 and A2 reads

(A2 − z)−1 = (A1 − z)−1 − (2−1/2(1 − tan(α)) + i
√

z)−1(ei
√

z·, · )ei
√

z·,

z ∈ ρ(A2), Im (
√

z) > 0.
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1 Preliminaries

The material in sections 1–5 of this manuscript can be found in the mono-
graphs [1]–[4], [6], [7].

For simplicity all Hilbert spaces in this manuscript are assumed to be
separable and complex. (See, however, Remark 3.8.)

Definition 1.1. (i) The set of bounded operators from a Hilbert space H1

to a Hilbert space H2 is denoted by B(H1,H2). (If H1 = H2 = H we write
B(H) for simplicity.)
(ii) The set of compact operators from a Hilbert space H1 to a Hilbert space
H2 is denoted by B∞(H1,H2). (If H1 = H2 = H we write B∞(H) for
simplicity.)

(iii) Let T be a compact operator. The non-zero eigenvalues of |T | = (T ∗T )
1
2

are called the singular values (also singular numbers or s-numbers) of T . By
{sj(T )}j∈J , J ⊆ N an appropriate index set, we denote the non-decreasing
sequence1 of the singular numbers of T . Every number is counted according
to its multiplicity as an eigenvalue of (T ∗T )

1
2 .

(iv) Let Bp(H1,H2) denote the following subset of B∞(H1,H2),

Bp(H1,H2) =

{
T ∈ B∞(H1,H2)

∣∣∣∣
∑
j∈J

(sj(T ))p < ∞
}

, p ∈ (0,∞). (1.1)

(If H1 = H2 = H, we write Bp(H) for simplicity.) For T ∈ Bp(H,H1),
p ∈ (0,∞), we define

‖T‖p =

(∑
j∈J

|sj(T )|p
) 1

p

. (1.2)

(v) For T ∈ B∞(H), we denote the sum of the algebraic multiplicities of all
the nonzero eigenvalues of T by ν(T ) (ν(T ) ∈ N ∪ {∞}).

We note that B∞(H1,H2) ⊆ B(H1,H2).

2 Properties of singular values of compact

operators and Schatten–von Neumann ideals

Theorem 2.1. ([9], Thm. 7.7.)

1This sequence may be finite.
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(i) Let S, T ∈ B∞(H1,H2). Then s1(T ) = ‖T‖ and
(a) For all 2 j ∈ N,

sj+1(T ) = inf
g1,...gj∈H

sup{‖Tf‖ | f ∈ h, f ⊥ {g1, ..., gj}, ‖f‖ = 1}. (2.1)

(b) For all j, k ∈ N0,

sj+k+1(S + T ) ≤ sj+1(S) + sk+1(T ). (2.2)

(ii) Let T ∈ B∞(H,H1) and S ∈ B∞(H1,H2). Then for all j, k ∈ N0,

sj+k+1(ST ) ≤ sj+1(S)sk+1(T ). (2.3)

(iii) Let T ∈ B∞(H,H1) and S ∈ B(H1,H2). Then for all j ∈ N,

sj(ST ) = sj(T
∗S∗) ≤ ‖S‖ sj(T ) = ‖S∗‖ sj(T

∗). (2.4)

Corollary 2.2. ([1], Cor. XI.9.4.)
(i) For S, T ∈ B∞(H1,H2) and for all j ∈ N,

|sj(S) − sj(T )| ≤ ‖S − T‖ . (2.5)

(ii) For T ∈ B∞(H,H1), S ∈ B(H1,H2), and for all j ∈ N,

sj(ST ) ≤ ‖S‖ sj(T ). (2.6)

Corollary 2.3. ([1], Lemma XI.9.6., [4], Ch. II, Cor. 3.1.)
Let T ∈ B∞(H) and denote the sequences of nonzero eigenvalues of T and

s-numbers of T by {λj(T )}ν(T )
j=1 and {sj(T )}j∈J , respectively.

(i) For p ∈ (0,∞) and 1 ≤ n ≤ ν(T ) we have

|λ1(T ) · · ·λn(T )| ≤ |s1(T ) · · · sn(T )|, (2.7)

n∑
j=1

|λj(T )|p ≤
n∑

j=1

sj(T )p, (2.8)

sj(T ) = sj(T
∗), j ∈ J . (2.9)

(ii) For 1 ≤ n ≤ ν(T ) and r any positive number we have

n∏
j=1

(1 + r|λj(T )|) ≤
n∏

j=1

(1 + rsj(T )). (2.10)

2If the sequence of singular numbers is finite, that is, |J | < ∞, we have sj(T ) = 0,
j > |J |.
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Theorem 2.4. ([9], Thm. 7.8.)
(i) If S, T ∈ Bp(H,H1), 0 < p < ∞, then S + T also belongs to Bp(H,H1)
and

‖S + T‖p ≤ (‖S‖p + ‖T‖p), p ≥ 1, (2.11)

‖S + T‖p
p ≤ 2

(
‖S‖p

p + ‖T‖p
p

)
, p ≤ 1. (2.12)

The sets Bp(H,H1), p ∈ (0,∞), are therefore vector spaces.
(ii) If T ∈ Bp(H,H1), S ∈ Bq(H1,H2), p, q ∈ (0,∞), and 1

r
= 1

p
+ 1

q
, then

ST ∈ Br(H,H2) and

‖ST‖r ≤ 2
1
r ‖S‖q ‖T‖p . (2.13)

(iii) If T ∈ Bp(H,H1), p ∈ (0,∞), and S ∈ B(H1,H2), then ST ∈ Bp(H,H2)
and

‖ST‖p ≤ ‖S‖ ‖T‖p . (2.14)

The corresponding results hold for T ∈ B(H,H1) and S ∈ Bp(H1,H2), p ∈
(0,∞).

Proof. (i) We recall from (2.2) that for all j, k ∈ N0 we have sj+k+1(S +T ) ≤
sj+1(T ) + sk+1(T ). Thus,

‖S + T‖p
p =

∑
j

sj(S + T )p =
∑

j

{s2j−1(S + T )p + s2j(S + T )p}

=
∑

j

{s(j−1)+(j−1)+1(S + T )p + s(j−1)+j+1(S + T )p}

≤
∑

j

{[sj(S) + sj(T )]p + [sj(S) + sj+1(T )]p}.

If p ≥ 1: By Minkowski’s inequality for the lp norm, the above estimate
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implies that

‖S + T‖p
p ≤




(∑
j

sj(S)p

) 1
p

+

(∑
j

sj(T )p

) 1
p




p

+




(∑
j

sj(S)p

) 1
p

+

(∑
j

sj+1(T )p

) 1
p




p

≤ 2
[
‖S‖p + ‖T‖p

]p

.

If p ≤ 1: We use the fact that |α|p + |β|p ≥ |α + β|p. Then,

‖S + T‖p
p ≤

∑
j

{[sj(S) + sj(T )]p + [sj(S) + sj+1(T )]p}

≤
∑

j

[sj(S)p + sj(T )p + sj(S)p + sj+1(T )p]

≤
∑

j

2 [sj(S)p + sj(T )p]

= 2
(
‖S‖p

p + ‖T‖p
p

)
.

(ii) Note that 1
r

= 1
p

+ 1
q

implies that r
p

+ r
q

= 1. We recall from (2.3) that
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for all j, k ∈ N0 we have sj+k+1(ST ) ≤ sj+1(S)sk+1(T ). Thus,

‖ST‖r =

(∑
j

sj(ST )r

) 1
r

=

(∑
j

s2j−1(ST )r + s2j(ST )r

) 1
r

≤
(∑

j

sj(S)rsj(T )r +
∑

j

sj(S)rsj+1(T )r

) 1
r

≤
(( ∑

j

sj(S)q
) r

q
( ∑

j

sj(T )p
) r

p

+
( ∑

j

sj(S)q
) r

q
( ∑

j

sj+1(T )p
) r

p

) 1
r

=


2

(∑
j

sj(S)q

) r
q
(∑

j

sj(T )p

) r
p




1
r

= 2
1
r ‖S‖q ‖T‖p .

(iii) We recall from (2.4) that for T ∈ B∞(H,H1) and S ∈ B(H1,H2) we
have

sj(ST ) = sj(T
∗S∗) ≤ ‖S‖ sj(T ) = ‖S∗‖ sj(T

∗), j ∈ N.

Thus,

‖ST‖p =

(∑
j

sj(ST )p

) 1
p

≤
(∑

j

(‖S‖p sj(T )p)

) 1
p

=

(
‖S‖p

∑
j

sj(T )p

) 1
p

= ‖S‖
(∑

j

sj(T )p

) 1
p

.
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Remark 2.5. i) and iii) above imply that the linear spaces Bp(H), p ∈
(0,∞], are two-sided ideals of B(H) and that for S ∈ B(H) and T ∈ Bp(H)
we have ‖ST‖p ≤ ‖S‖ ‖T‖p and ‖TS‖p ≤ ‖T‖ ‖S‖p. One can show, in fact,
that B∞(H) is the maximal and only closed two-sided ideal of B(H) (see [4],
Ch. III, Thm. 1.1 and Cor. 1.1).

Definition 2.6. Given T ∈ B(H) and λ−1 /∈ σ(T ), the Fredholm resolvent
T (λ) is defined by

I + λT (λ) = (I − λT )−1. (2.15)

Lemma 2.7. For |λ| < |T |−1 the Fredholm resolvent T (λ) has the expansion

T (λ) =
∞∑

j=0

λjT j+1

which is convergent in operator norm. From (2.15) we have

(I + λT (λ))(I − λT ) = (I − λT )(I + λT (λ)) = I

which implies

T (λ) = T + λTT (λ) = T + λT (λ)T.

Therefore, if T ∈ Bp(H) for some p ∈ (0,∞), then its Fredholm resolvent
T (λ) ∈ Bp(H) as well.

Remark 2.8. (i) It can be verified that the object ‖T‖p =
(∑

j∈J |sj(T )|p
) 1

p

is a norm on the Bp(H) spaces, p ∈ [1,∞) (see [4], Ch. 3, Thm. 7.1). For
p ∈ (0, 1), ‖·‖p lacks the triangle inquality property of a norm.
(ii) If we regard sequences of singular numbers {sj(T )}j∈J as members of
lp(J ), then it follows that for T ∈ Bp1(H), p1 ∈ (0,∞), if 0 < p1 ≤ p2 < ∞
then ‖T‖p2

≤ ‖T‖p1
. The inclusion Bp1(H) ⊆ Bp2(H), 0 < p1 < p2 < ∞

follows. Indeed, we have

Bp1(H) ⊆ Bp2(H) ⊆ B∞(H) ⊆ B(H), 0 < p1 < p2 < ∞.

Moreover, we have the following lemma regarding completeness of the Bp

spaces:
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Lemma 2.9. ([1], Lemma XI.9.10.)
Let Tn ∈ Bp(H) be a sequence of operators such that for some p ∈ (0,∞),
‖Tn − Tm‖p → 0 as m, n → ∞. Then there exists a compact operator T ∈
Bp(H) such that Tn → T in the Bp(H) topology as n → ∞. In particular,
the spaces Bp(H), p > 0, are complete and in fact Banach spaces for p ≥ 1.

Proof. Given Tn as above, there exists a compact operator T ∈ B∞(H) such
that Tn → T as n → ∞ in the uniform topology. (We are using the facts
that Bp1 ⊆ Bp2 ⊆ B∞, p1 ≤ p2 and that compact operators are closed in the
uniform topology of operators.) Then by (2.5), we have for fixed j ∈ J

|sj(Tm) − sj(T )| ≤ ‖Tm − T‖ ,

which implies

lim
m→∞

sj(Tm) = sj(T ),

which in turn implies that for fixed n, k

lim
m→∞

sk(Tn − Tm) = sk(Tn − T ).

We then have

(
N∑

k=1

|sk(Tn − T )|p
) 1

p

≤ lim
m→∞

sup

( ∞∑
k=1

|sk(Tn − Tm)|p
) 1

p

= lim
m→∞

sup ‖Tn − Tm‖p .

Letting N → ∞ so that

(
N∑

k=1

|sk(Tn − T )|p
) 1

p

→ ‖Tn − T‖p

implies

‖Tn − T‖p ≤ lim
m→∞

sup ‖Tn − Tm‖p .

Finally, letting n → ∞ yields

lim
n→∞

‖Tn − T‖p ≤ lim
n→∞

(
lim

m→∞
sup ‖Tn − Tm‖p

)
= 0.
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Definition 2.10. An operator T in the set B1(H) (the trace class) has trace
defined by

tr(T ) =
∑
α∈A

(eα, T eα), (2.16)

where {eα}α∈A is an orthonormal basis of H and A ⊆ N is an appropriate
index set.

Definition 2.11. For operators S, T ∈ B2(H) (the set of Hilbert–Schmidt
operators) we define a scalar product by

(S, T )B2(H) = tr(S∗T ) =
∑
α∈A

(eα, S∗Teα), (2.17)

where {eα}α∈A is an orthonormal basis of H and A ⊆ N is an appropriate
index set.

Remark 2.12. One can verify that
(
(S, S)B2(H)

) 1
2 = ‖S‖2 for S ∈ B2(H).

Therefore, B2(H) is a Hilbert space.

3 Definition and properties of the determi-

nant for trace class operators

Let T̃ be an operator of finite rank in H with rank ≤ n. Let Ω be an arbitrary
finite-dimensional subspace which contains the ranges of the operators T̃ and
T̃ ∗. Then Ω is an invariant subspace of T̃ and T̃ vanishes on the orthogonal
complement of Ω. Let {eα}m

α=1, m ≤ n, be an orthonormal basis for Ω. Then

we denote by det(I + T̃ ) the determinant of the matrix
∥∥∥δjk + (ej, T̃ ek)

∥∥∥,

1 ≤ j, k ≤ m. This determinant does not depend on the choice of the
subspace Ω or the basis for it since we have

det(1 + T̃ ) =

ν(T )∏
j=1

(1 + λj(T̃ )),

where {λj(T̃ )}ν(T )
j=1 are the nonzero eigenvalues of T̃ counted up to algebraic

multiplicity. This suggests that the determinant of any operator T ∈ B1(H)
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should be defined by the formula

det(1 + T ) =

ν(T )∏
n=1

(1 + λn(T )), (3.1)

where {λn(T )}ν(T )
n=1 are the nonzero eigenvalues of T counted up to algebraic

muliplicity. The product on the right-hand side of (3.1) converges absolutely,
since, for any T ∈ B1(H),

ν(T )∑
j=1

|λj(T )| ≤ ‖T‖1 . (3.2)

Theorem 3.1. ([4], p. 157)

For T ∈ B1(H), where {λn(T )}ν(T )
n=1 are the nonzero eigenvalues of T counted

up to algebraic muliplicity, det(1 + zT ) is an entire function and

| det(1 + zT )| ≤ exp (|z| ‖T‖1) (3.3)

Proof. Certainly, det(1 + zT ) is an entire function by the definition. Then

| det(1 + zT )| ≤
ν(T )∏
n=1

(1 + |z||λn(T )|)

≤
∞∏

n=1

(1 + |z|sn(T )),

where {sn(T )}∞n=1 are the s-numbers of T . Here the second inequality follows
from (2.10). Then, using 1 + x ≤ exp x, one infers

∞∏
n=1

(1 + |z|sn(T )) ≤ exp (|z|
∞∑

n=1

sn(T )) = exp (|z| ‖T‖1).

Theorem 3.2. ([8],Thm. 3.4.)
The map

B1(H) → C : T 
→ det(1 + T )

is continuous. Explicitly, for S, T ∈ B1(H),

| det(1 + S) − det(1 + T )| ≤ ‖S − T‖1 exp (1 + max(‖S‖1 , ‖T‖1)). (3.4)
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Remark 3.3. The above inequality is actually a refinement of the inequality
found in the cited theorem (see [8], p. 66, for details).

Theorem 3.4. ([8],Thm. 3.5.)
(i) For any S, T ∈ B1(H),

det(1 + S + T + ST ) = det(1 + S) det(1 + T ). (3.5)

(ii) For T ∈ B1(H), det(1 + T ) �= 0 if an only if 1 + T is invertible.
(iii) For T ∈ B1(H) and z0 = −λ−1 with λ an eigenvalue with algebraic
multiplicity n, det(1 + zT ) has a zero of order n at z0.

Theorem 3.5. (Lidskii’s equality, [4], Ch. III, Thm. 8.4, [8], Thm. 3.7.)

For T ∈ B1(H), let {λn(T )}ν(T )
n=1 be its nonzero eigenvalues counted up to

algebraic mulitiplicity. Then,

ν(T )∑
n=1

λn(T ) = tr(T ).

Corollary 3.6. Let S, T ∈ B(H) so that ST ∈ B1(H) and TS ∈ B1(H).
Then, tr(ST ) = tr(TS).

Remark 3.7. The corollary follows from the fact that ST and TS have
the same eigenvalues including algebraic multiplicity. Lidskii’s equality then
gives the desired result.

Remark 3.8. The determinant of a trace class operator T ∈ B1(H) can
also be introduced as follows (cf. [4], Sect. IV.1, [7]): Let {φk}k∈K, K ⊆ N an
appropriate index set, be an orthonormal basis in H. Then,

det(I − T ) = lim
N→∞

det
((

δj,k − (φj, Tφk)
)
1≤j,k≤N

)
.

Moreover, assume {ψk}k∈K, K ⊆ N an appropriate index set, be an orthonor-
mal basis in Ran(T ). Then,

det(I − T ) = lim
N→∞

det
((

δj,k − (ψj, Tψk)
)
1≤j,k≤N

)
.

Since the range Ran(T ) of any compact operator in H is separable (cf. [9],
Thm. 6.5; this extends to compact operators in Banach spaces, cf. the proof
of Thm. III.4.10 in [6]), and hence Ran(T ) is separable (cf. [9], Thm. 2.5 (a)),
this yields a simple way to define the determinant of trace class operators in
nonseparable complex Hilbert spaces.
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4 (Modified) Fredholm determinants

We seek explicit formulae for g(µ) ≡ (1 + µT )−1, T ∈ B∞(H) which work
for all µ such that −µ−1 /∈ σ(T ). g(µ) is not entire in general, but it is
meromorphic and can be expressed as a ratio of entire functions:

g(µ) =
C(µ)

B(µ)
.

B(µ) must have zeros where g(µ) has poles. These poles are where (1+µT ) is
not invertible. By Theorem 3.4, these are the values of µ where det(1+µT ) =
0. det(1 + µT ) is then a candidate for B(µ).

Remark 4.1. Let T be an n×n matrix with complex-valued entries and In

the identity in C
n. Then Cramer’s rule gives

(In + µT )−1 =
M(µ)

det(In + µT )
,

where the entries of M(µ)n×n are polynomials in µ. Using (In + µT )−1 =
In − µT (In + µT )−1 we then have

(In + µT )−1 = In +
µM̃(µ)

det(In + µT )

with M̃(µ)n×n having polynomial entries in µ.

Remark 4.2. Alternatively, for T an n × n matrix with complex-valued
entries, notice that (In + µT ) satisfies the Hamilton–Cayley equation

n∑
m=0

αm(In + µT )m = 0, αn = 1, α0 = ± det(In + µT ).

Then

(In + µT )
n∑

m=1

αm(In + µT )m−1 = ∓ det(In + µT )In

and so

(In + µT )−1 =
∓

∑n
m=1 αm(In + µT )

det(In + µT )
=

N(µ)

det(In + µT )

= In +
Ñ(µ)

det(In + µT )
,

where N(µ), Ñ(µ) are n × n matrices with entries being polynomials in µ.
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Definition 4.3. Let X,Y be Banach spaces. A function f : X → Y is
finitely analytic if and only if for all α1, . . . , αn ∈ X, µ1, . . . , µn ∈ C, f(µ1α1+
· · · + µnαn) is an entire function from C

n to Y .

Definition 4.4. Let f : X → Y be a function between Banach spaces X,Y .
Let x0 ∈ X. F ∈ B(X,Y ) is the Frechet derivative of f at x0 (denoted
F = (Df)(x0)) if and only if ‖f(x + x0) − f(x0) − F (x)‖ = o(‖x‖).
Theorem 4.5. ([8], Thm. 5.1.) Let X,Y be Banach spaces. Let f be a
finitely analytic function from X to Y satisfying ‖f(x)‖ ≤ G(‖x‖) for some
monotone function G on [0,∞). Then f is Frechet differentiable for all
x ∈ X and Df is a finitely analytic function from X to B(X,Y ) with
‖(Df)(x)‖ ≤ G(‖x‖ + 1).

Corollary 4.6. ([8], Cor. 5.2.) For S, T ∈ B1(H), the function f : B1(H) →
C given by f(T ) = det(I + T ) is Frechet differentiable with derivative given
by

(Df)(T ) = (I + T )−1 det(I + T )

for those T with −1 /∈ σ(T ). In particular, the function

D(T ) ≡ −T (I + T )−1 det(I + T ) (4.1)

(henceforth the first Fredholm minor) defines a finitely analytic function from
B1(H) to itself satisfying:

‖D(T )‖1 ≤ ‖T‖1 exp (‖T‖1)

and

‖D(S) − D(T )‖1 ≤ ‖S − T‖1 exp(1 + max(‖S‖1 , ‖T‖1)).

Remark 4.7. The two inequalities above are refinements of the actual in-
equalities listed in Cor. 4.6 (see [8], p. 67 for details).

By definition,

I +
D(µT )

det(I + µT )
= I +

−µT (I + µT )−1 det(I + µT )

det(I + µT )
= I − µT (I + µT )−1.

But (I + µT )−1 = I − µT (I + µT )−1 implies that

(I + µT )−1 = I +
D(µT )

det(I + µT )
. (4.2)
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Remark 4.8. The estimates for D(µT ) above and for det(I + µT ) in Theo-
rem 3.1 allow one to control the rate of convergence for D(µT ) and det(I+µT )
and to obtain explicit expressions on the errors obtained by truncating their
Taylor series.Our original question of finding explicit formula for (I + µT )−1

has now shifted to finding expressions for the Taylor coefficients of D(µT )
and det(I + µT ).

Theorem 4.9. ([8], Thm. 5.4.) For T ∈ B1(H), define αn(T ), βn(T ) by

det(I + µT ) =
∞∑

n=0

αn(T )
µn

n!

and

D(µT ) =
∞∑

n=0

βn(T )
µn+1

n!
.

Then

αn(T ) =

∣∣∣∣∣∣∣∣∣∣∣

tr(T ) (n − 1) 0 · · · · · · · · · 0
tr(T 2) tr(T ) (n − 2) 0 · · · · · · 0

... tr(T 2) tr(T ) (n − 3) 0 · · · 0

...
...

...
...

...
...

...
tr(T n) tr(T n−1) · · · · · · · · · · · · tr(T )

∣∣∣∣∣∣∣∣∣∣∣
n×n

and
βn(T ) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T n 0 · · · · · · · · · · · · 0
T 2 tr(T ) (n − 1) 0 · · · · · · · · · 0
... tr(T 2) tr(T ) (n − 2) 0 · · · · · · 0
...

... tr(T 2) tr(T ) (n − 3) 0 · · · 0
...

...
...

...
...

...
...

...
T n+1 tr(T n) tr(T n−1) · · · · · · · · · · · · tr(T )

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

.

As a concrete application, we now consider an integral operator T ∈
B1(L

2((a, b); dx)) such that

(Tf)(x) =

∫ b

a

K(x, y)f(y)dy, f ∈ L2((a, b); dx)

with −∞ < a < b < ∞ and with K continuous on [a, b] × [a, b].
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Theorem 4.10. ([8], Thm. 3.9.) Let T ∈ B1(L
2((a, b); dx))) with a, b ∈ R,

a < b, and integral kernel K(·, ·) continuous on [a, b] × [a, b]. Then,

tr(T ) =

∫ b

a

K(x, x)dx.

Definition 4.11.

K

(
x1, . . . , xn

y1, . . . , yn

)
= det[(K(xi, yj))1≤i,j≤n]

=

∣∣∣∣∣∣∣∣∣

K(x1, y1) K(x1, y2) · · · K(x1, yn)
K(x2, y1) K(x2, y2) · · · K(x2, yn)

...
...

...
...

K(xn, y1) · · · · · · K(xn, yn)

∣∣∣∣∣∣∣∣∣
.

Theorem 4.12. (Fredholm formula, [8], Thm. 5.5.)
Let T ∈ B1(L

2((a, b); dx))) with integral kernel K(·, ·) continuous on [a, b] ×
[a, b]. Then

det(I + µT ) =
∞∑

n=0

αn(T )
µn

n!

and

D(µT ) =
∞∑

n=0

βn(T )
µn+1

n!
,

where

αn(T ) =

∫ b

a

· · ·
∫ b

a

dx1 · · · dxnK

(
x1, · · · , xn

y1, · · · , yn

)

and βn(T ) are integral operators with integral kernels

Kn(s, t) =

∫ b

a

· · ·
∫ b

a

dx1 · · · dxnK

(
s, x1, · · · , xn

t, y1, · · · , yn

)
.

Remark 4.13. The above results are not unique to T ∈ B1(L
2((a, b); dx)).

One can extend the formulas above to T ∈ Bn(L2((a, b); dx)), n ∈ N.
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Lemma 4.14. ([8], Lemma 9.1.) Let T ∈ B(H). Define

Rn(T ) ≡ (I + T ) exp

(
n−1∑
j=1

(−1)j

j
T j

)
− I, n ∈ N. (4.3)

Then for any T ∈ Bn(H), n ∈ N, we have Rn(T ) ∈ B1(H) and T 
→ Rn(T )
is finitely analytic.

Definition 4.15. For T ∈ Bn(H), n ∈ N, we denote

detn(I + T ) = det(I + Rn(T )). (4.4)

Theorem 4.16. ([8], Thm. 9.2.) Let S, T ∈ Bn(H), n ∈ N, with nonzero

eigenvalues {λk(T )}ν(T )
k=1 counted up to algebraic multiplicity. Then:

(i) For z ∈ C,

detn(I + zT ) =

ν(T )∏
k=1

[
(1 + zλk(T )) exp

(
n−1∑
j=1

(−1)j

j
λk(T )jzj

)]
. (4.5)

(ii)

|detn(I + T )| ≤ exp (Cn ‖T‖n
n). (4.6)

(iii)

|detn(I + S) − detn(I + T )| ≤ ‖S − T‖n exp [Cn(‖S‖n + ‖T‖n + 1)n]. (4.7)

(iv) If T ∈ Bn−1(H), then

detn(I + T ) = detn−1(I + T ) exp

[
(−1)n−1 tr(T n−1)

n − 1

]
. (4.8)

In particular, if T ∈ B1(H), then

detn(I + T ) = det(I + T ) exp

[
n−1∑
j=1

(−1)jtr(T j)

j

]
. (4.9)

(v) (I + T )−1 exists if and only if detn(I + T ) �= 0.
(vi) For T ∈ Bn(H), n ∈ N, and z0 = −λ−1 with λ an eigenvalue of algebraic
multiplicity m, detn(I + zT ) has a zero of order m at z0.
(vii) For S, T ∈ B2(H),

det2((I + S)(I + T )) = det2(I + S)det2(I + T ) exp (−tr(ST )). (4.10)
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Definition 4.17. For T ∈ Bn(H), n ∈ N, the nth Fredholm minor is

Dn(T ) ≡ −Td(R1(T )) exp

(
n−1∑
j=1

(−1)jT j)

j

)
, (4.11)

where

d(T ) = (I + T )−1 det(I + T ).

Theorem 4.18. (Plemej-Smithies formula for Bn(H), [8], Thm. 9.3.)

Let T ∈ Bn(H). Define α
(n)
m (T ), β

(n)
m (T ) by

detn(1 + µT ) =
∞∑

m=0

α(n)
m (T )

µm

m!

and

Dn(µT ) =
∞∑

m=0

β(n)
m (T )

µm+1

m!
.

Then the formulae for α
(n)
m (T ), β

(n)
m (T ) are the same as those for αm(T ), βm(T ),

repectively, in Theorem 4.9 after replacing tr(T ), . . . , tr(T n−1) with zeros.

Theorem 4.19. (Hilbert–Fredholm formula, [8], Thm. 9.4.)
Let T ∈ B2(L

2((a, b); dσ)), (a, b) ⊆ R, σ any positive measure on (a, b), be
an operator with square integrable kernel over (a, b) × (a, b), that is,

∫ b

a

∫ b

a

|K(x, y)|2dσ|x|dσ|y| < ∞.

Then

det2(I + µT ) =
∞∑

n=0

α(2)
n

µn

n!
, (4.12)

where

α(2)
n (T ) =

∫ b

a

· · ·
∫ b

a

dx1 · · · dxnK̃

(
x1, · · · , xn

y1, · · · , yn

)
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and

K̃

(
x1, . . . , xn

y1, . . . , yn

)
= det[(K(xi, yj))(1 − δij]

=

∣∣∣∣∣∣∣∣∣

0 K(x1, y2) · · · K(x1, yn)
K(x2, y1) 0 · · · K(x2, yn)

...
...

...
...

K(xn, y1) · · · · · · 0

∣∣∣∣∣∣∣∣∣
.

Theorem 4.20. For T ∈ B1(H),−µ−1 /∈ σ(T ),

(I + µT )−1 = I +
µD̃(µ)

det(I + µT )
,

where D̃(µ) =
∑∞

n=0 µnD̃n is an entire operator function with D̃n ∈ B1(H),

n ≥ 1, and the D̃n are given by the recurrence relation,

D̃0 = T, D̃n = D̃n−1T − 1

n
(tr(D̃n−1))T, n ≥ 1. (4.13)

5 Perturbation determinants

Let S, T ∈ B(H) with S − T ∈ B1(H). If µ−1 /∈ σ(S), then

(I − µT )(I − µS)−1 = I − µ(T − S)(I − µS)−1

with µ(T − S)(I − µS)−1 ∈ B1(H).

Definition 5.1. DT/S(µ) = det[(I − µT )(I − µS)−1] is the perturbation de-
terminant of the operator S by the operator T − S.

Remark 5.2. By definition, we have for S, T ∈ B1(H), µ−1 /∈ σ(S),

DT/S(µ) =
det(I − µT )

det(I − µS)
.

Theorem 5.3. If S, T ∈ B2(H), S − T ∈ B1(H), and µ−1 /∈ σ(S), then

DT/S(µ) =
det2(I − µT )

det2(I − µS)
exp [µ tr(S − T )].
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Corollary 5.4. Let R, S, T ∈ B(H). If µ−1 /∈ σ(R), µ−1 /∈ σ(S), and
S − R, T − S ∈ B1(H), then

DT/S(µ)DS/R(µ) = DT/R(µ).

Corollary 5.5. Let S, T ∈ B(H). If µ−1 /∈ σ(S), µ−1 /∈ σ(T ), and S − T ∈
B1(H), then

DS/T (µ) = [DT/S(µ)]−1.

Theorem 5.6. Let S, T ∈ B(H). If µ−1 /∈ σ(S), µ−1 /∈ σ(T ), and S − T ∈
B1(H), then

d

dµ
ln[DT/S(µ)] = tr[S(µ) − T (µ)]

= tr[(I − µT )−1(S − T )(I − µS)−1],

where S(µ), T (µ) are the Fredholm resolvents of S and T , respectively, as
defined in (2.15). In particular, for |µ| sufficiently small, we have

d

dµ
ln[DT/S(µ)] =

∞∑
j=0

µjtr(Sj+1 − T j+1).

6 An example

The material of this section is taken from [5], p. 299 – 301.
Let T be an operator acting on L2((0, 1); dx), defined as follows: Let

K(·, ·) ∈ L2((0, 1) × (0, 1); dx dy),

K(x, y) = 0, y > x.

Given K(·, ·), the Volterra integral operator T is then defined by

(Tf)(x) =

∫ x

0

K(x, y)f(y)dy, x ∈ (0, 1), f ∈ L2((0, 1); dx).

Consider the eigenvalue problem Tf = λf , 0 �= f ∈ L2((0, 1); dx). Let
g(x) be defined by g(x) =

∫ x

0
|f(y)|2dy. Then g(x) is monotone and differ-

entiable with g′(x) = |f(x)|2 a.e. Let a be the infimum of the support of g,
that is, g(a) = 0 and g(x) > 0 for a < x ≤ 1. We note that 0 < g(1) < ∞.
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λf(x) = Tf(x) =

∫ x

0

K(x, y)f(y)dy a.e.,

so that

|λ|2|f(x)| ≤
∫ x

0

|K(x, y)|2dy

∫ x

0

|f(y)|2dy a.e.,

which implies that

|λ|2 g′(x)

g(x)
≤

∫ x

0

|K(x, y)|2dy a.e. in (0, 1).

Integrate to get

|λ|2 log (g(x))|1a =

∫ 1

a

|λ|2 g′(y)

g(y)
dy ≤

∫ 1

0

∫ x

0

|K(x, y)|2dy dx = ‖K‖2
2 .

But 0 < g(1) < ∞ and g(a) = 0 imply that |λ|2 log g(x)|1a is unbounded for
non-zero λ. The only possible eigenvalue of the operator T is thus 0.

Theorem 6.1. (The Fredholm alternative.)
For T ∈ B∞(H), if µ �= 0, then either:
(i) (T −µI)f = g and (T ∗−µ∗I)h = k are uniquely solvable for all g, k ∈ H,
or
(ii) (T − µI)f = 0 and (T ∗ − µ∗I)h = 0 have nontrivial solutions.

Since T is compact, the Fredholm alternative implies that 0 is the only
number in the spectrum of T . Therefore, every Volterra operator is quasinilpo-
tent.

Next, let K(x, y) be the characteristic function of the triangle {(x, y)|0 ≤
y ≤ x ≤ 1} (this is then a Volterra kernel). The induced operator is then

(Sf)(x) =

∫ x

0

f(y)dy, x ∈ (0, 1), f ∈ L2((0, 1); dx).

To find the norm of S, we recall that ‖S‖ = s1(S), that is, ‖S‖ equals the

largest non-zero eigenvalue of (S∗S)
1
2 .

(S∗f)(x) =

∫ 1

x

f(y)dy x ∈ (0, 1), f ∈ L2((0, 1); dx).
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We can find the integral kernel S∗S(x, y) of S∗S to be

S∗S(x, y) = 1 − max(x, y) =

{
1 − x, 0 ≤ y ≤ x ≤ 1,
1 − y, 0 ≤ x ≤ y ≤ 1.

Then, for f ∈ L2((0, 1); dy),

(S∗Sf)(x) =

∫ 1

0

f(y)dy − x

∫ x

0

f(y)dy −
∫ 1

x

yf(y)dy a.e.

Differentiating the equation (S∗Sf)(x) = λf(x) twice with respect to x then
yields −f(x) = λf ′′(x). Solving this differential equation yields the eigenval-
ues

λk =
1

(k + 1
2
)2π2

, k ∈ N0 = N ∪ {0},

with corresponding orthonormal eigenvectors

fk(x) =
√

2 cos [π(k + (1/2))x], k ∈ N0.

The largest eigenvalue of |S∗S| 12 then occurs when k = 0. Therefore,

‖S‖ =
2

π
.

The singular values of T are

sk(T ) =
2

(2k + 1)π
, k ∈ N0.

One can then show that S ∈ B2((L
2(0, 1)); dy) but S /∈ B1((L

2(0, 1)); dy).
Specifically,

‖S‖2 =

(∑
k∈N0

|sk(S)|2
) 1

2

=
2

π

(∑
k∈N0

1

(2k + 1)2

) 1
2

=
2

π

(
π2

8

) 1
2

= 2−
1
2
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and

‖S‖1 =
∑
k∈N0

|sk(S)|

=
2

π

∑
k∈N0

1

2k + 1

= ∞.

Since S is Hilbert-Schmidt and quasinilpotent, it can be approximated in
the Hilbert-Schmidt norm by nilpotent operators Sn of finite rank. One then
obtains,

det2(I + S) = lim
n→∞

det2(I + Sn)

= lim
n→∞

det(I + Sn) exp

(
n−1∑
j=1

(−1)jtr(Sj
n)

j

)
.

But tr(Sj
n) = 0, j ≥ 1 and

det(I + Sn) =
∏
k∈N0

(1 + λk(Sn)) =
∏
k∈N0

(1 + 0) = 1

implies that

det2(I + S) = 1.
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Abstract. We revisit the computation of (2-modified) Fredholm
determinants for operators with matrix-valued semi-separable inte-
gral kernels. The latter occur, for instance, in the form of Green’s
functions associated with closed ordinary differential operators on
arbitrary intervals on the real line. Our approach determines the
(2-modified) Fredholm determinants in terms of solutions of closely
associated Volterra integral equations, and as a result offers a nat-
ural way to compute such determinants.

We illustrate our approach by identifying classical objects such
as the Jost function for half-line Schrödinger operators and the in-
verse transmission coefficient for Schrödinger operators on the real
line as Fredholm determinants, and rederiving the well-known ex-
pressions for them in due course. We also apply our formalism to
Floquet theory of Schrödinger operators, and upon identifying the
connection between the Floquet discriminant and underlying Fred-
holm determinants, we derive new representations of the Floquet
discriminant.

Finally, we rederive the explicit formula for the 2-modified Fred-
holm determinant corresponding to a convolution integral opera-
tor, whose kernel is associated with a symbol given by a rational
function, in a straghtforward manner. This determinant formula
represents a Wiener–Hopf analog of Day’s formula for the deter-
minant associated with finite Toeplitz matrices generated by the
Laurent expansion of a rational function.
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2 F. GESZTESY AND K. A. MAKAROV

1. Introduction

We offer a self-contained and elementary approach to the compu-
tation of Fredholm and 2-modified Fredholm determinants associated
with m×m matrix-valued, semi-separable integral kernels on arbitrary
intervals (a, b) ⊆ R of the type

K(x, x′) =

{
f1(x)g1(x

′), a < x′ < x < b,

f2(x)g2(x
′), a < x < x′ < b,

(1.1)

associated with the Hilbert–Schmidt operator K in L2((a, b); dx)m, m ∈
N,

(Kf)(x) =

∫ b

a

dx′ K(x, x′)f(x′), f ∈ L2((a, b); dx)m, (1.2)

assuming

fj ∈ L2((a, b); dx)m×nj , gj ∈ L2((a, b); dx)nj×m, nj ∈ N, j = 1, 2.
(1.3)

We emphasize that Green’s matrices and resolvent operators associated
with closed ordinary differential operators on arbitrary intervals (finite
or infinite) on the real line are always of the form (1.1)–(1.3) (cf. [11,
Sect. XIV.3]), as are certain classes of convolution operators (cf. [11,
Sect. XIII.10]).

To describe the approach of this paper we briefly recall the principal
ideas of the approach to m × m matrix-valued semi-separable integral
kernels in the monographs by Gohberg, Goldberg, and Kaashoek [11,
Ch. IX] and Gohberg, Goldberg, and Krupnik [14, Ch. XIII]. It consists
in decomposing K in (1.2) into a Volterra operator Ha and a finite-rank
operator QR

K = Ha + QR, (1.4)

where

(Haf)(x) =

∫ x

a

dx′ H(x, x′)f(x′), f ∈ L2((a, b); dx)m, (1.5)

H(x, x′) = f1(x)g1(x
′) − f2(x)g2(x

′), a < x′ < x < b (1.6)

and

Q : C
n2 �→ L2((a, b); dx)m, (Qu)(x) = f2(x)u, u ∈ C

n2 , (1.7)

R : L2((a, b); dx)m �→ C
n2 , (Rf) =

∫ b

a

dx′ g2(x
′)f(x′), (1.8)

f ∈ L2((a, b); dx)m.
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Moreover, introducing

C(x) = (f1(x) f2(x)), B(x) = (g1(x) − g2(x))� (1.9)

and the n × n matrix A (n = n1 + n2)

A(x) =

(
g1(x)f1(x) g1(x)f2(x)
−g2(x)f1(x) −g2(x)f2(x)

)
, (1.10)

one considers a particular nonsingular solution U(·, α) of the following
first-order system of differential equations

U ′(x, α) = αA(x)U(x, α) for a.e. x ∈ (a, b) and α ∈ C (1.11)

and obtains

(I − αHa)
−1 = I + αJa(α) for all α ∈ C, (1.12)

(Ja(α)f)(x) =

∫ x

a

dx′ J(x, x′, α)f(x′), f ∈ L2((a, b); dx)m, (1.13)

J(x, x′, α) = C(x)U(x, α)U(x′, α)−1B(x′), a < x′ < x < b. (1.14)

Next, observing

I − αK = (I − αHa)[I − α(I − αHa)
−1QR] (1.15)

and assuming that K is a trace class operator,

K ∈ B1(L
2((a, b); dx)m), (1.16)

one computes,

det(I − αK) = det(I − αHa) det(I − α(I − αHa)
−1QR)

= det(I − α(I − αHa)
−1QR)

= detCn2 (In2 − αR(I − αHa)
−1Q). (1.17)

In particular, the Fredholm determinant of I − αK is reduced to a
finite-dimensional determinant induced by the finite rank operator QR
in (1.4). Up to this point we followed the treatment in [11, Ch. IX]).
Now we will depart from the presentation in [11, Ch. IX] and [14,
Ch. XIII] that focuses on a solution U(·, α) of (1.11) normalized by
U(a, α) = In. The latter normalization is in general not satisfied for
Schrödinger operators on a half-line or on the whole real line possessing
eigenvalues as discussed in Section 4.
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To describe our contribution to this circle of ideas we now introduce
the Volterra integral equations

f̂1(x, α) = f1(x) − α

∫ b

x

dx′ H(x, x′)f̂1(x
′, α),

f̂2(x, α) = f2(x) + α

∫ x

a

dx′ H(x, x′)f̂2(x
′, α), α ∈ C

(1.18)

with solutions f̂j(·, α) ∈ L2((a, b); dx)m×nj , j = 1, 2, and note that the
first-order n × n system of differential equations (1.11) then permits
the explicit particular solution

U(x, α)

=

(
In1 − α

∫ b

x
dx′ g1(x

′)f̂1(x
′, α) α

∫ x

a
dx′ g1(x

′)f̂2(x
′, α)

α
∫ b

x
dx′ g2(x

′)f̂1(x
′, α) In2 − α

∫ x

a
dx′ g2(x

′)f̂2(x
′, α)

)
,

x ∈ (a, b). (1.19)

Given (1.19), one can supplement (1.17) by

det(I − αK) = detCn2 (In2 − αR(I − αHa)
−1Q)

= detCn2

(
In2 − α

∫ b

a

dx g2(x)f̂2(x, α)

)

= detCn(U(b, α)), (1.20)

our principal result. A similar set of results can of course be obtained by
introducing the corresponding Volterra operator Hb in (2.5). Moreover,
analogous results hold for 2-modified Fredholm determinants in the case
where K is only assumed to be a Hilbert–Schmidt operator.

Equations (1.17) and (1.20) summarize this approach based on de-
composing K into a Volterra operator plus finite rank operator in (1.4),
as advocated in [11, Ch. IX] and [14, Ch. XIII], and our additional twist
of relating this formalism to the underlying Volterra integral equations
(1.18) and the explicit solution (1.19) of (1.11).

In Section 2 we set up the basic formalism leading up to the solution
U in (1.19) of the first-order system of differential equations (1.11). In
Section 3 we derive the set of formulas (1.17), (1.20), if K is a trace
class operator, and their counterparts for 2-modified Fredholm deter-
minants, assuming K to be a Hilbert–Schmidt operator only. Section 4
then treats four particular applications: First we treat the case of half-
line Schrödinger operators in which we identify the Jost function as
a Fredholm determinant (a well-known, in fact, classical result due to
Jost and Pais [23]). Next, we study the case of Schrödinger operators on
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the real line in which we characterize the inverse of the transmission co-
efficient as a Fredholm determinant (also a well-known result, see, e.g.,
[31, Appendix A], [36, Proposition 5.7]). We also revisit this problem
by replacing the second-order Schrödinger equation by the equivalent
first-order 2× 2 system and determine the associated 2-modified Fred-
holm determinant. The case of periodic Schrödinger operators in which
we derive a new one-parameter family of representations of the Floquet
discriminant and relate it to underlying Fredholm determinants is dis-
cussed next. Apparently, this is a new result. In our final Section 5,
we rederive the explicit formula for the 2-modified Fredholm determi-
nant corresponding to a convolution integral operator whose kernel is
associated with a symbol given by a rational function. The latter rep-
resents a Wiener–Hopf analog of Day’s formula [7] for the determinant
of finite Toeplitz matrices generated by the Laurent expansion of a ra-
tional function. The approach to (2-modified) Fredholm determinants
of semi-separable kernels advocated in this paper permits a remarkably
elementary derivation of this formula compared to the current ones in
the literature (cf. the references provided at the end of Section 5).

The effectiveness of the approach pursued in this paper is demon-
strated by the ease of the computations involved and by the unifying
character it takes on when applied to differential and convolution-type
operators in several different settings.

2. Hilbert–Schmidt operators with semi-separable
integral kernels

In this section we consider Hilbert-Schmidt operators with matrix-
valued semi-separable integral kernels following Gohberg, Goldberg,
and Kaashoek [11, Ch. IX] and Gohberg, Goldberg, and Krupnik [14,
Ch. XIII] (see also [15]). To set up the basic formalism we introduce
the following hypothesis assumed throughout this section.

Hypothesis 2.1. Let −∞ ≤ a < b ≤ ∞ and m, n1, n2 ∈ N. Suppose
that fj are m× nj matrices and gj are nj ×m matrices, j = 1, 2, with
(Lebesgue) measurable entries on (a, b) such that

fj ∈ L2((a, b); dx)m×nj , gj ∈ L2((a, b); dx)nj×m, j = 1, 2. (2.1)

Given Hypothesis 2.1, we introduce the Hilbert–Schmidt operator

K ∈ B2(L
2((a, b); dx)m),

(Kf)(x) =

∫ b

a

dx′ K(x, x′)f(x′), f ∈ L2((a, b); dx)m
(2.2)
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in L2((a, b); dx)m with m × m matrix-valued integral kernel K(·, ·) de-
fined by

K(x, x′) =

{
f1(x)g1(x

′), a < x′ < x < b,

f2(x)g2(x
′), a < x < x′ < b.

(2.3)

One verifies that K is a finite rank operator in L2((a, b); dx)m if f1 = f2

and g1 = g2 a.e. Conversely, any finite rank operator in L2((a, b)); dx)m

is of the form (2.2), (2.3) with f1 = f2 and g1 = g2 (cf. [11, p. 150]).
Associated with K we also introduce the Volterra operators Ha and

Hb in L2((a, b); dx)m defined by

(Haf)(x) =

∫ x

a

dx′ H(x, x′)f(x′), (2.4)

(Hbf)(x) = −
∫ b

x

dx′ H(x, x′)f(x′); f ∈ L2((a, b); dx)m, (2.5)

with m × m matrix-valued (triangular) integral kernel

H(x, x′) = f1(x)g1(x
′) − f2(x)g2(x

′). (2.6)

Moreover, introducing the matrices1

C(x) = (f1(x) f2(x)), (2.7)

B(x) = (g1(x) − g2(x))�, (2.8)

one verifies

H(x, x′) = C(x)B(x′), where

{
a < x′ < x < b for Ha,

a < x < x′ < b for Hb

(2.9)

and2

K(x, x′) =

{
C(x)(In − P0)B(x′), a < x′ < x < b,

−C(x)P0B(x′), a < x < x′ < b
(2.10)

with

P0 =

(
0 0
0 In2

)
. (2.11)

1M� denotes the transpose of the matrix M .
2Ik denotes the identity matrix in C

k, k ∈ N.
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Next, introducing the linear maps

Q : C
n2 �→ L2((a, b); dx)m, (Qu)(x) = f2(x)u, u ∈ C

n2 , (2.12)

R : L2((a, b); dx)m �→ C
n2 , (Rf) =

∫ b

a

dx′ g2(x
′)f(x′), (2.13)

f ∈ L2((a, b); dx)m,

S : C
n1 �→ L2((a, b); dx)m, (Sv)(x) = f1(x)v, v ∈ C

n1 , (2.14)

T : L2((a, b); dx)m �→ C
n1 , (Tf) =

∫ b

a

dx′ g1(x
′)f(x′), (2.15)

f ∈ L2((a, b); dx)m,

one easily verifies the following elementary yet significant result.

Lemma 2.2 ([11], Sect. IX.2; [14], Sect. XIII.6). Assume Hypothesis 2.1.
Then

K = Ha + QR (2.16)

= Hb + ST. (2.17)

In particular, since R and T are of finite rank, so are K − Ha and
K − Hb.

Remark 2.3. The decompositions (2.16) and (2.17) of K are signifi-
cant since they prove that K is the sum of a Volterra and a finite rank
operator. As a consequence, the (2-modified) determinants correspond-
ing to I − αK can be reduced to determinants of finite-dimensional
matrices, as will be further discussed in Sections 3 and 4.

To describe the inverse3 of I − αHa and I − αHb, α ∈ C, one intro-
duces the n × n matrix A (n = n1 + n2)

A(x) =

(
g1(x)f1(x) g1(x)f2(x)
−g2(x)f1(x) −g2(x)f2(x)

)
(2.18)

= B(x)C(x) for a.e. x ∈ (a, b) (2.19)

and considers a particular nonsingular solution U = U(x, α) of the
first-order n × n system of differential equations

U ′(x, α) = αA(x)U(x, α) for a.e. x ∈ (a, b) and α ∈ C. (2.20)

3I denotes the identity operator in L2((a, b); dx)m.
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Since A ∈ L1((a, b))n×n, the general solution V of (2.20) is an n × n
matrix with locally absolutely continuous entries on (a, b) of the form
V = UD for any constant n × n matrix D (cf. [11, Lemma IX.2.1])4.

Theorem 2.4 ([11], Sect. IX.2; [14], Sects. XIII.5, XIII.6).
Assume Hypothesis 2.1 and let U(·, α) denote a nonsingular solution
of (2.20). Then,
(i) I − αHa and I − αHb are invertible for all α ∈ C and

(I − αHa)
−1 = I + αJa(α), (2.21)

(I − αHb)
−1 = I + αJb(α), (2.22)

(Ja(α)f)(x) =

∫ x

a

dx′ J(x, x′, α)f(x′), (2.23)

(Jb(α)f)(x) = −
∫ b

x

dx′ J(x, x′, α)f(x′); f ∈ L2((a, b); dx)m,

(2.24)

J(x, x′, α) = C(x)U(x, α)U(x′, α)−1B(x′), (2.25)

where

{
a < x′ < x < b for Ja,

a < x < x′ < b for Jb.

(ii) Let α ∈ C. Then I − αK is invertible if and only if the n2 × n2

matrix In2 −αR(I −αHa)
−1Q is. Similarly, I −αK is invertible if and

only if the n1 × n1 matrix In1 − αT (I − αHb)
−1S is. In particular,

(I − αK)−1 = (I − αHa)
−1 + α(I − αHa)

−1QR(I − αK)−1 (2.26)

= (I − αHa)
−1 (2.27)

+ α(I − αHa)
−1Q[In2 − αR(I − αHa)

−1Q]−1R(I − αHa)
−1

= (I − αHb)
−1 + α(I − αHb)

−1ST (I − αK)−1 (2.28)

= (I − αHb)
−1 (2.29)

+ α(I − αHb)
−1S[In1 − αT (I − αHb)

−1S]−1T (I − αHb)
−1.

4If a > −∞, V extends to an absolutely continuous n×n matrix on all intervals
of the type [a, c), c < b. The analogous consideration applies to the endpoint b if
b < ∞.
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Moreover,

(I − αK)−1 = I + αL(α), (2.30)

(L(α)f)(x) =

∫ b

a

dx′ L(x, x′, α)f(x′), (2.31)

L(x, x′, α) (2.32)

=

{
C(x)U(x, α)(I − P (α))U(x′, α)−1B(x′), a < x′ < x < b,

−C(x)U(x, α)P (α)U(x′, α)−1B(x′), a < x < x′ < b,

where P (α) satisfies

P0U(b, α)(I − P (α)) = (I − P0)U(a, α)P (α), P0 =

(
0 0
0 In2

)
.

(2.33)

Remark 2.5. (i) The results (2.21)–(2.25) and (2.30)–(2.33) are eas-
ily verified by computing (I − αHa)(I + αJa) and (I + αJa)(I − αHa),
etc., using an integration by parts. Relations (2.26)–(2.29) are clear
from (2.16) and (2.17), a standard resolvent identity, and the fact that
K − Ha and K − Hb factor into QR and ST , respectively.
(ii) The discussion in [11, Sect. IX.2], [14, Sects. XIII.5, XIII.6] starts
from the particular normalization

U(a, α) = In (2.34)

of a solution U satisfying (2.20). In this case the explicit solution for
P (α) in (2.33) is given by

P (α) =

(
0 0

U2,2(b, α)−1U2,1(b, α) In2

)
. (2.35)

However, for concrete applications to differential operators to be dis-
cussed in Section 4, the normalization (2.34) is not necessarily possible.

Rather than solving the basic first-order system of differential equa-
tions U ′ = αAU in (2.20) with the fixed initial condition U(a, α) = In

in (2.34), we now derive an explicit particular solution of (2.20) in terms
of closely associated solutions of Volterra integral equations involving
the integral kernel H(·, ·) in (2.6). This approach is most naturally
suited for the applications to Jost functions, transmission coefficients,
and Floquet discriminants we discuss in Section 4 and to the class of
Wiener–Hopf operators we study in Section 5.
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Still assuming Hypothesis 2.1, we now introduce the Volterra integral
equations

f̂1(x, α) = f1(x) − α

∫ b

x

dx′ H(x, x′)f̂1(x
′, α), (2.36)

f̂2(x, α) = f2(x) + α

∫ x

a

dx′ H(x, x′)f̂2(x
′, α); α ∈ C, (2.37)

with solutions f̂j(·, α) ∈ L2((a, b); dx)m×nj , j = 1, 2.

Lemma 2.6. Assume Hypothesis 2.1 and let α ∈ C.
(i) The first-order n×n system of differential equations U ′ = αAU a.e.
on (a, b) in (2.20) permits the explicit particular solution

U(x, α)

=

(
In1 − α

∫ b

x
dx′ g1(x

′)f̂1(x
′, α) α

∫ x

a
dx′ g1(x

′)f̂2(x
′, α)

α
∫ b

x
dx′ g2(x

′)f̂1(x
′, α) In2 − α

∫ x

a
dx′ g2(x

′)f̂2(x
′, α)

)
,

x ∈ (a, b). (2.38)

As long as5

detCn1

(
In1 − α

∫ b

a

dx g1(x)f̂1(x, α)

)
�= 0, (2.39)

or equivalently,

detCn2

(
In2 − α

∫ b

a

dx g2(x)f̂2(x, α)

)
�= 0, (2.40)

U is nonsingular for all x ∈ (a, b) and the general solution V of (2.20)
is then of the form V = UD for any constant n × n matrix D.
(ii) Choosing (2.38) as the particular solution U in (2.30)–(2.33), P (α)
in (2.33) simplifies to

P (α) = P0 =

(
0 0
0 In2

)
. (2.41)

Proof. Differentiating the right-hand side of (2.38) with respect to x
and using the Volterra integral equations (2.36), (2.37) readily proves
that U satisfies U ′ = αAU a.e. on (a, b).

5detCk(M) and trCk(M) denote the determinant and trace of a k × k matrix M
with complex-valued entries, respectively.
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By Liouville’s formula (cf., e.g., [21, Theorem IV.1.2]) one infers

detCn(U(x, α)) = detCn(U(x0, α)) exp

(
α

∫ x

x0

dx′ trCn(A(x′))

)
,

(2.42)

x, x0 ∈ (a, b).

Since trCn(A) ∈ L1((a, b); dx) by (2.1),

lim
x↓a

detCn(U(x, α)) and lim
x↑b

detCn(U(x, α)) exist. (2.43)

Hence, if (2.39) holds, U(x, α) is nonsingular for x in a neighborhood
(a, c), a < c, of a, and similarly, if (2.40) holds, U(x, α) is nonsingular
for x in a neighborhood (c, b), c < b, of b. In either case, (2.42) then
proves that U(x, α) is nonsingular for all x ∈ (a, b).

Finally, since U2,1(b, α) = 0, (2.41) follows from (2.35).

Remark 2.7. In concrete applications (e.g., to Schrödinger operators
on a half-line or on the whole real axis as discussed in Section 4), it
may happen that detCn(U(x, α)) vanishes for certain values of intrinsic
parameters (such as the energy parameter). Hence, a normalization of
the type U(a, α) = In is impossible in the case of such parameter values
and the normalization of U is best left open as illustrated in Section 4.
One also observes that in general our explicit particular solution U in
(2.38) satisfies U(a, α) �= In, U(b, α) �= In.

Remark 2.8. In applications to Schrödinger and Dirac-type systems,
A is typically of the form

A(x) = e−MxÃ(x)eMx, x ∈ (a, b) (2.44)

where M is an x-independent n× n matrix (in general depending on a

spectral parameter) and Ã has a simple asymptotic behavior such that
for some x0 ∈ (a, b)

∫ x0

a

wa(x)dx |Ã(x) − Ã−| +
∫ b

x0

wb(x)dx |Ã(x) − Ã+| < ∞ (2.45)

for constant n×n matrices Ã± and appropriate weight functions wa ≥
0, wb ≥ 0. Introducing W (x, α) = eMxU(x, α), equation (2.20) reduces
to

W ′(x, α) = [M + αÃ(x)]W (x, α), x ∈ (a, b) (2.46)

with

detCn(W (x, α)) = detCn(U(x, α))e−trCn (M)x, x ∈ (a, b). (2.47)
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The system (2.46) then leads to operators Ha, Hb, and K. We will
briefly illustrate this in connection with Schrödinger operators on the
line in Remark 4.8.

3. (Modified) Fredholm determinants for operators with
semi-separable integral kernels

In the first part of this section we suppose that K is a trace class
operator and consider the Fredholm determinant of I − K. In the
second part we consider 2-modified Fredholm determinants in the case
where K is a Hilbert–Schmidt operator.

In the context of trace class operators we assume the following hy-
pothesis.

Hypothesis 3.1. In addition to Hypothesis 2.1, we suppose that K is
a trace class operator, K ∈ B1(L

2((a, b); dx)m).

The following results can be found in Gohberg, Goldberg, and Kaash-
oek [11, Theorem 3.2] and in Gohberg, Goldberg, and Krupnik [14,
Sects. XIII.5, XIII.6] under the additional assumptions that a, b are
finite and U satisfies the normalization U(a) = In (cf. (2.20), (2.34)).
Here we present the general case where (a, b) ⊆ R is an arbitrary
interval on the real line and U is not normalized but given by the
particular solution (2.38).

In the course of the proof we use some of the standard properties of
determinants, such as,

det((IH − A)(IH − B)) = det(IH − A) det(IH − B), A, B ∈ B1(H),

(3.1)

det(IH1 − AB) = det(IH − BA) for all A ∈ B1(H1,H),

B ∈ B(H,H1) such that AB ∈ B1(H1), BA ∈ B1(H), (3.2)

and

det(IH − A) = detCk(Ik − Dk) for A =

(
0 C
0 Dk

)
, H = K � C

k,

(3.3)

since

IH − A =

(
IK −C
0 Ik − Dk

)
=

(
IK 0
0 Ik − Dk

) (
IK −C
0 Ik

)
. (3.4)

Here H and H1 are complex separable Hilbert spaces, B(H) denotes
the set of bounded linear operators on H, Bp(H), p ≥ 1, denote the
usual trace ideals of B(H), and IH denotes the identity operator in H.
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Moreover, detp(IH−A), A ∈ Bp(H), denotes the (p-modified) Fredholm
determinant of IH−A with det1(IH−A) = det(IH−A), A ∈ B1(H), the
standard Fredholm determinant of a trace class operator, and tr(A),
A ∈ B1(H), the trace of a trace class operator. Finally, � in (3.3)
denotes a direct but not necessary orthogonal direct decomposition of
H into K and the k-dimensional subspace C

k. (We refer, e.g., to [12],
[18, Sect. IV.1], [34, Ch. 17], [35], [36, Ch. 3] for these facts).

Theorem 3.2. Suppose Hypothesis 3.1 and let α ∈ C. Then,

tr(Ha) = tr(Hb) = 0, det(I − αHa) = det(I − αHb) = 1, (3.5)

tr(K) =

∫ b

a

dx trCn1 (g1(x)f1(x)) =

∫ b

a

dx trCm(f1(x)g1(x)) (3.6)

=

∫ b

a

dx trCn2 (g2(x)f2(x)) =

∫ b

a

dx trCm(f2(x)g2(x)). (3.7)

Assume in addition that U is given by (2.38). Then,

det(I − αK) = detCn1 (In1 − αT (I − αHb)
−1S) (3.8)

= detCn1

(
In1 − α

∫ b

a

dx g1(x)f̂1(x, α)

)
(3.9)

= detCn(U(a, α)) (3.10)

= detCn2 (In2 − αR(I − αHa)
−1Q) (3.11)

= detCn2

(
In2 − α

∫ b

a

dx g2(x)f̂2(x, α)

)
(3.12)

= detCn(U(b, α)). (3.13)

Proof. We briefly sketch the argument following [11, Theorem 3.2] since
we use a different solution U of U ′ = αAU . Relations (3.5) are clear
from Lidskii’s theorem (cf., e.g., [11, Theorem VII.6.1], [18, Sect. III.8,
Sect. IV.1], [36, Theorem 3.7]). Thus,

tr(K) = tr(QR) = tr(RQ) = tr(ST ) = tr(TS) (3.14)

then proves (3.6) and (3.7). Next, one observes

I − αK = (I − αHa)[I − α(I − αHa)
−1QR] (3.15)

= (I − αHb)[I − α(I − Hb)
−1ST ] (3.16)
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and hence,

det(I − αK) = det(I − αHa) det(I − α(I − αHa)
−1QR)

= det(I − α(I − αHa)
−1QR)

= det(I − αR(I − αHa)
−1Q)

= detCn2 (In2 − αR(I − αHa)
−1Q) (3.17)

= detCn(U(b, α)). (3.18)

Similarly,

det(I − αK) = det(I − αHb) det(I − α(I − αHb)
−1ST )

= det(I − α(I − αHb)
−1ST )

= det(I − αT (I − αHb)
−1S)

= detCn1 (In1 − αT (I − αHb)
−1S) (3.19)

= detCn(U(a, α)). (3.20)

Relations (3.18) and (3.20) follow directly from taking the limit x ↑ b
and x ↓ a in (2.39). This proves (3.8)–(3.13).

Equality of (3.18) and (3.20) also follows directly from (2.42) and

∫ b

a

dx′trCn(A(x′)) =

∫ b

a

dx′[trCn1 (g1(x
′)f1(x

′)) − trCn2 (g2(x
′)f2(x

′))]

(3.21)

= tr(Ha) = tr(Hb) = 0. (3.22)

Finally, we treat the case of 2-modified Fredholm determinants in
the case where K is only assumed to lie in the Hilbert-Schmidt class.
In addition to (3.1)–(3.3) we will use the following standard facts for
2-modified Fredholm determinants det2(I − A), A ∈ B2(H) (cf. e,g.,
[13], [14, Ch. XIII], [18, Sect. IV.2], [35], [36, Ch. 3]),

det2(I − A) = det((I − A) exp(A)), A ∈ B2(H), (3.23)

det2((I − A)(I − B)) = det2(I − A)det2(I − B)e−tr(AB), (3.24)

A, B ∈ B2(H),

det2(I − A) = det(I − A)etr(A), A ∈ B1(H). (3.25)

Theorem 3.3. Suppose Hypothesis 2.1 and let α ∈ C. Then,

det2(I − αHa) = det2(I − αHb) = 1. (3.26)
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Assume in addition that U is given by (2.38). Then,

det2(I − αK) = detCn1 (In1 − αT (I − αHb)
−1S) exp(α trCm(ST ))

(3.27)

= detCn1

(
In1 − α

∫ b

a

dx g1(x)f̂1(x, α)

)

× exp

(
α

∫ b

a

dx trCm(f1(x)g1(x))

)
(3.28)

= detCn(U(a, α)) exp

(
α

∫ b

a

dx trCm(f1(x)g1(x))

)
(3.29)

= detCn2 (In2 − αR(I − αHa)
−1Q) exp(α trCm(QR)) (3.30)

= detCn2

(
In2 − α

∫ b

a

dx g2(x)f̂2(x, α)

)

× exp

(
α

∫ b

a

dx trCm(f2(x)g2(x))

)
(3.31)

= detCn(U(b, α)) exp

(
α

∫ b

a

dx trCm(f2(x)g2(x))

)
. (3.32)

Proof. Relations (3.26) follow since the Volterra operators Ha, Hb have
no nonzero eigenvalues. Next, again using (3.15) and (3.16), one com-
putes,

det2(I − αK) = det2(I − αHa)det2(I − α(I − αHa)
−1QR)

× exp(−tr(α2Ha(I − αHa)
−1QR))

= det(I − α(I − αHa)
−1QR) exp(α tr((I − αHa)

−1QR))

× exp(−tr(α2Ha(I − αHa)
−1QR))

= detCn2 (In2 − αR(I − αHa)
−1Q) exp(α tr(QR)) (3.33)

= detCn(U(b, α)) exp

(
α

∫ b

a

dx trCm(f1(x)g1(x))

)
. (3.34)
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Similarly,

det2(I − αK) = det2(I − αHb)det2(I − α(I − αHb)
−1ST )

× exp(−tr(α2Hb(I − αHb)
−1ST ))

= det(I − α(I − αHb)
−1ST ) exp(α tr((I − αHb)

−1ST ))

× exp(−tr(α2Hb(I − αHb)
−1ST ))

= detCn1 (In1 − αT (I − αHb)
−1S) exp(α tr(ST )) (3.35)

= detCn(U(a, α)) exp

(
α

∫ b

a

dx trCm(f2(x)g2(x))

)
. (3.36)

Equality of (3.34) and (3.36) also follows directly from (2.42) and
(3.21).

4. Some applications to Jost functions, transmission
coefficients, and Floquet discriminants of

Schrödinger operators

In this section we illustrate the results of Section 3 in three particular
cases: The case of Jost functions for half-line Schrödinger operators, the
transmission coefficient for Schrödinger operators on the real line, and
the case of Floquet discriminants associated with Schrödinger opera-
tors on a compact interval. The case of a the second-order Schrödinger
operator on the line is also transformed into a first-order 2 × 2 sys-
tem and its associated 2-modified Fredholm deteminant is identified
with that of the Schrödinger operator on R. For simplicity we will
limit ourselves to scalar coefficients although the results for half-line
Schrödinger operators and those on the full real line immediately ex-
tend to the matrix-valued situation.

We start with the case of half-line Schrödinger operators:
The case (a, b) = (0, ∞): Assuming

V ∈ L1((0,∞); dx), (4.1)

(we note that V is not necessarily assumed to be real-valued) we in-
troduce the closed Dirichlet-type operators in L2((0,∞); dx) defined
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by

H
(0)
+ f = −f ′′,

f ∈ dom
(
H

(0)
+

)
= {g ∈ L2((0,∞); dx) | g, g′ ∈ ACloc([0, R]) (4.2)

for all R > 0, f(0+) = 0, f ′′ ∈ L2((0,∞); dx)},
H+f = −f ′′ + V f,

f ∈ dom(H+) = {g ∈ L2((0,∞); dx) | g, g′ ∈ ACloc([0, R]) (4.3)

for all R > 0, f(0+) = 0, (−f ′′ + V f) ∈ L2((0,∞); dx)}.

We note that H
(0)
+ is self-adjoint and that H+ is self-adjoint if and only

if V is real-valued.
Next we introduce the regular solution φ(z, ·) and Jost solution f(z, ·)

of −ψ′′(z) + V ψ(z) = zψ(z), z ∈ C\{0}, by

φ(z, x) = z−1/2 sin(z1/2x) +

∫ x

0

dx′g
(0)
+ (z, x, x′)V (x′)φ(z, x′), (4.4)

f(z, x) = eiz1/2x −
∫ ∞

x

dx′g
(0)
+ (z, x, x′)V (x′)f(z, x′), (4.5)

Im(z1/2) ≥ 0, z �= 0, x ≥ 0,

where

g
(0)
+ (z, x, x′) = z−1/2 sin(z1/2(x − x′)). (4.6)

We also introduce the Green’s function of H
(0)
+ ,

G
(0)
+ (z, x, x′) =

(
H

(0)
+ − z

)−1
(x, x′) =

{
z−1/2 sin(z1/2x)eiz1/2x′

, x ≤ x′,

z−1/2 sin(z1/2x′)eiz1/2x, x ≥ x′.

(4.7)

The Jost function F associated with the pair
(
H+, H

(0)
+

)
is given by

F(z) = W (f(z), φ(z)) = f(z, 0) (4.8)

= 1 + z−1/2

∫ ∞

0

dx sin(z1/2x)V (x)f(z, x) (4.9)

= 1 +

∫ ∞

0

dx eiz1/2xV (x)φ(z, x); Im(z1/2) ≥ 0, z �= 0, (4.10)

where

W (f, g)(x) = f(x)g′(x) − f ′(x)g(x), x ≥ 0, (4.11)
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denotes the Wronskian of f and g. Introducing the factorization

V (x) = u(x)v(x),

u(x) = |V (x)|1/2 exp(i arg(V (x))), v(x) = |V (x)|1/2,
(4.12)

one verifies6

(H+ − z)−1 =
(
H

(0)
+ − z

)−1

−
(
H

(0)
+ − z

)−1
v
[
I + u

(
H

(0)
+ − z

)−1
v
]−1

u
(
H

(0)
+ − z

)−1
,

z ∈ C\spec(H+). (4.13)

To establish the connection with the notation used in Sections 2 and
3, we introduce the operator K(z) in L2((0,∞); dx) (cf. (2.3)) by

K(z) = −u
(
H

(0)
+ − z

)−1
v, z ∈ C\spec

(
H

(0)
+

)
(4.14)

with integral kernel

K(z, x, x′) = −u(x)G
(0)
+ (z, x, x′)v(x′), Im(z1/2) ≥ 0, x, x′ ≥ 0,

(4.15)

and the Volterra operators H0(z), H∞(z) (cf. (2.4), (2.5)) with integral
kernel

H(z, x, x′) = u(x)g
(0)
+ (z, x, x′)v(x′). (4.16)

Moreover, we introduce for a.e. x > 0,

f1(z, x) = −u(x)eiz1/2x, g1(z, x) = v(x)z−1/2 sin(z1/2x),

f2(z, x) = −u(x)z−1/2 sin(z1/2x), g2(z, x) = v(x)eiz1/2x. (4.17)

Assuming temporarily that

supp(V ) is compact (4.18)

in addition to hypothesis (4.1), introducing f̂j(z, x), j = 1, 2, by

f̂1(z, x) = f1(z, x) −
∫ ∞

x

dx′ H(z, x, x′)f̂1(z, x′), (4.19)

f̂2(z, x) = f2(z, x) +

∫ x

0

dx′ H(z, x, x′)f̂2(z, x′), (4.20)

Im(z1/2) ≥ 0, z �= 0, x ≥ 0,

6T denotes the operator closure of T and spec(·) abbreviates the spectrum of a
linear operator.
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yields solutions f̂j(z, ·) ∈ L2((0,∞); dx), j = 1, 2. By comparison with
(4.4), (4.5), one then identifies

f̂1(z, x) = −u(x)f(z, x), (4.21)

f̂2(z, x) = −u(x)φ(z, x). (4.22)

We note that the temporary compact support assumption (4.18) on V
has only been introduced to guarantee that

f2(z, ·), f̂2(z, ·) ∈ L2((0,∞); dx). (4.23)

This extra hypothesis will soon be removed.
We start with a well-known result.

Theorem 4.1 (Cf. [33], Theorem XI.20). Suppose f, g ∈ Lq(R; dx) for
some 2 ≤ q < ∞. Denote by f(X) the maximally defined multiplica-
tion operator by f in L2(R; dx) and by g(P ) the maximal multiplica-
tion operator by g in Fourier space7 L2(R; dp). Then8 f(X)g(P ) ∈
Bq(L

2(R; dx)) and

‖f(X)g(P )‖Bq(L2(R;dx)) ≤ (2π)−1/q‖f‖Lq(R;dx)‖g‖Lq(R;dx). (4.24)

We will use Theorem 4.1, to sketch a proof of the following known
result:

Theorem 4.2. Suppose V ∈ L1((0,∞); dx) and z ∈ C with Im(z1/2) >
0. Then

K(z) ∈ B1(L
2((0,∞); dx)). (4.25)

Proof. For z < 0 this is discussed in the proof of [33, Theorem XI.31].
For completeness we briefly sketch the principal arguments of a proof
of Theorem 4.2. One possible approach consists of reducing Theorem
4.2 to Theorem 4.1 in the special case q = 2 by embedding the half-line
problem on (0,∞) into a problem on R as follows. One introduces the
decomposition

L2(R; dx) = L2((0,∞); dx) ⊕ L2((−∞, 0); dx), (4.26)

7That is, P = −id/dx with domain dom(P ) = H2,1(R) the usual Sobolev space.
8Bq(H), q ≥ 1 denote the usual trace ideals, cf. [18], [36].
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and extends u, v, V to (−∞, 0) by putting u, v, V equal to zero on
(−∞, 0), introducing

ũ(x) =

{
u(x), x > 0,

0, x < 0,
ṽ(x) =

{
v(x), x > 0,

0, x < 0,

Ṽ (x) =

{
V (x), x > 0,

0, x < 0.
(4.27)

Moreover, consider the Dirichlet Laplace operator H
(0)
D in L2(R; dx) by

H
(0)
D f = −f ′′,

dom
(
H

(0)
D

)
= {g ∈ L2(R; dx) | g, g′ ∈ ACloc([0, R]) ∩ ACloc([−R, 0])

for all R > 0, f(0±) = 0, f ′′ ∈ L2(R; dx)} (4.28)

and introduce

K̃(z) = −ũ
(
H

(0)
D − z

)−1
ṽ = K(z) ⊕ 0, Im(z1/2) > 0. (4.29)

By Krein’s formula, the resolvents of the Dirichlet Laplace operator

H
(0)
D and that of the ordinary Laplacian H(0) = P 2 = −d2/dx2 on

H2,2(R) differ precisely by a rank one operator. Explicitly, one obtains

G
(0)
D (z, x, x′) = G(0)(z, x, x′) − G(0)(z, x, 0)G(0)(z, 0, 0)−1G(0)(z, 0, x′)

= G(0)(z, x, x′) − i

2z1/2
exp(iz1/2|x|) exp(iz1/2|x′|),

Im(z1/2) > 0, x, x′ ∈ R, (4.30)

where we abbreviated the Green’s functions of H
(0)
D and H(0) = −d2/dx2

by

G
(0)
D (z, x, x′) =

(
H

(0)
D − z

)−1
(x, x′), (4.31)

G(0)(z, x, x′) =
(
H(0) − z

)−1
(x, x′) =

i

2z1/2
exp(iz1/2|x − x′|). (4.32)

Thus,

K̃(z) = −ũ
(
H(0) − z

)−1
ṽ − i

2z1/2

(
ṽ exp(iz1/2| · |) , ·

)
ũ exp(iz1/2| · |).

(4.33)

By Theorem 4.1 for q = 2 one infers that

[
ũ
(
H(0) − z

)−1/2] ∈ B2(L
2(R; dx)), Im(z1/2) > 0 (4.34)
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and hence,
[
ũ
(
H(0) − z

)−1/2][(
H(0) − z

)−1/2
ṽ
]
∈ B1(L

2(R; dx)), Im(z1/2) > 0.
(4.35)

Since the second term on the right-hand side of (4.33) is a rank one
operator one concludes

K̃(z) ∈ B1(L
2(R; dx)), Im(z1/2) > 0 (4.36)

and hence (4.25) using (4.29).

An application of Lemma 2.6 and Theorem 3.2 then yields the follow-
ing well-known result identifying the Fredholm determinant of I−K(z)
and the Jost function F(z).

Theorem 4.3. Suppose V ∈ L1((0,∞); dx) and z ∈ C with Im(z1/2) >
0. Then

det(I − K(z)) = F(z). (4.37)

Proof. Assuming temporarily that supp(V ) is compact (cf. (4.18)),
Lemma 2.6 applies and one obtains from (2.38) and (4.17)–(4.22) that

U(z, x) =

(
1 −

∫ ∞
x

dx′ g1(z, x′)f̂1(z, x′)
∫ x

0
dx′ g1(z, x′)f̂2(z, x′)∫ ∞

x
dx′ g2(z, x′)f̂1(z, x′) 1 −

∫ x

0
dx′ g2(z, x′)f̂2(z, x′)

)
,

=

(
1+

∫ ∞
x dx′ sin(z1/2x′)

z1/2
V (x′)f(z,x′) −

∫ x
0 dx′ sin(z1/2x′)

z1/2
V (x′)φ(z,x′)

−
∫ ∞

x dx′ eiz1/2x′V (x′)f(z,x′) 1+
∫ x
0 dx′ eiz1/2x′V (x′)φ(z,x′)

)
,

x > 0. (4.38)

Relations (3.9) and (3.12) of Theorem 3.2 with m = n1 = n2 = 1,
n = 2, then immediately yield

det(I − K(z)) = 1 + z−1/2

∫ ∞

0

dx sin(z1/2x)V (x)f(z, x)

= 1 +

∫ ∞

0

dx eiz1/2xV (x)φ(z, x)

= F(z) (4.39)

and hence (4.37) is proved under the additional hypothesis (4.18). Re-
moving the compact support hypothesis on V now follows by a standard
argument. For completeness we sketch this argument next. Multiply-
ing u, v, V by a smooth cutoff function χε of compact support of the
type

0 ≤ χ ≤ 1, χ(x) =

{
1, x ∈ [0, 1],

0, |x| ≥ 2,
χε(x) = χ(εx), ε > 0, (4.40)
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denoting the results by uε = uχε, vε = vχε, Vε = V χε, one introduces
in analogy to (4.27),

ũε(x) =

{
uε(x), x > 0,

0, x < 0,
ṽε(x) =

{
vε(x), x > 0,

0, x < 0,

Ṽε(x) =

{
Vε(x), x > 0,

0, x < 0,
(4.41)

and similarly, in analogy to (4.14) and (4.29),

Kε(z) = −uε

(
H

(0)
+ − z

)−1
vε, Im(z1/2) > 0, (4.42)

K̃ε(z) = −ũε

(
H

(0)
D − z

)−1
ṽε = Kε(z) ⊕ 0, Im(z1/2) > 0. (4.43)

One then estimates,∥∥K̃(z) − K̃ε(z)
∥∥
B1(L2(R;dx))

≤
∥∥∥ − ũ

(
H(0) − z

)−1
ṽ + ũε

(
H(0) − z

)−1
ṽε

∥∥∥
B1(L2(R;dx))

+
1

2|z|1/2

∥∥∥(
ṽ exp(iz1/2| · |) , ·

)
ũ exp(iz1/2| · |)

−
(
ṽε exp(iz1/2| · |) , ·

)
ũε exp(iz1/2| · |)

∥∥∥
B1(L2(R;dx))

≤
∥∥∥ − ũ

(
H(0) − z

)−1
ṽ + ũε

(
H(0) − z

)−1
ṽ

− ũε

(
H(0) − z

)−1
ṽ + ũε

(
H(0) − z

)−1
ṽε

∥∥∥
B1(L2(R;dx))

+
1

2|z|1/2

∥∥∥(
ṽ exp(iz1/2| · |) , ·

)
ũ exp(iz1/2| · |)

−
(
ṽ exp(iz1/2| · |) , ·

)
ũε exp(iz1/2| · |)

+
(
ṽ exp(iz1/2| · |) , ·

)
ũε exp(iz1/2| · |)

−
(
ṽε exp(iz1/2| · |) , ·

)
ũε exp(iz1/2| · |)

∥∥∥
B1(L2(R;dx))

≤ C̃(z)
[
‖ũ − ũε‖L2(R;dx) + ‖ṽ − ṽε‖L2(R;dx)

]

= C(z)‖ṽ − ṽε‖L2(R;dx)

≤ C(z)‖v − vε‖L2((0,∞);dx), (4.44)

where C(z) = 2C̃(z) > 0 is an appropriate constant. Thus, applying
(4.29) and (4.43), one finally concludes

lim
ε↓0

∥∥K(z) − Kε(z)
∥∥
B1(L2((0,∞);dx))

= 0. (4.45)
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Since Vε has compact support, (4.39) applies to Vε and one obtains,

det(I − Kε(z)) = Fε(z), (4.46)

where, in obvious notation, we add the subscript ε to all quantities
associated with Vε resulting in φε, fε, Fε, fε,j, f̂ε,j, j = 1, 2, etc. By
(4.45), the left-hand side of (4.46) converges to det(I −K(z)) as ε ↓ 0.
Since

lim
ε↓0

‖Vε − V ‖L1((0,∞);dx) = 0, (4.47)

the Jost function Fε is well-known to converge to F pointwise as ε ↓ 0
(cf. [5]). Indeed, fixing z and iterating the Volterra integral equation
(4.5) for fε shows that |z−1/2 sin(z1/2x)fε(z, x)| is uniformly bounded
with respect to (x, ε) and hence the continuity of Fε(z) with respect to
ε follows from (4.47) and the analog of (4.9) for Vε,

Fε(z) = 1 + z−1/2

∫ ∞

0

dx sin(z1/2x)Vε(x)fε(z, x), (4.48)

applying the dominated convergence theorem. Hence, (4.46) yields
(4.37) in the limit ε ↓ 0.

Remark 4.4. (i) The result (4.39) explicitly shows that detCn(U(z, 0))
vanishes for each eigenvalue z (one then necessarily has z < 0) of the
Schrödinger operator H. Hence, a normalization of the type U(z, 0) =
In is clearly impossible in such a case.
(ii) The right-hand side F of (4.37) (and hence the Fredholm determi-
nant on the left-hand side) admits a continuous extension to the positive
real line. Imposing the additional exponential falloff of the potential of
the type V ∈ L1((0,∞); exp(ax)dx) for some a > 0, then F and hence
the Fredholm determinant on the left-hand side of (4.37) permit an an-
alytic continuation through the essential spectrum of H+ into a strip of
width a/2 (w.r.t. the variable z1/2). This is of particular relevance in
the study of resonances of H+ (cf. [37]).

The result (4.37) is well-known, we refer, for instance, to [23], [29],
[30], [32, p. 344–345], [37]. (Strictly speaking, these authors addi-
tionally assume V to be real-valued, but this is not essential in this
context.) The current derivation presented appears to be by far the
simplest available in the literature as it only involves the elementary
manipulations leading to (3.8)–(3.13), followed by a standard approxi-
mation argument to remove the compact support hypothesis on V .
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Since one is dealing with the Dirichlet Laplacian on (0,∞) in the
half-line context, Theorem 4.2 extends to a larger potential class char-
acterized by

∫ R

0

dx x|V (x)| +
∫ ∞

R

dx |V (x)| < ∞ (4.49)

for some fixed R > 0. We omit the corresponding details but refer to
[33, Theorem XI.31], which contains the necessary basic facts to make
the transition from hypothesis (4.1) to (4.49).

Next we turn to Schrödinger operators on the real line:
The case (a, b) = R: Assuming

V ∈ L1(R; dx), (4.50)

we introduce the closed operators in L2(R; dx) defined by

H(0)f = −f ′′, f ∈ dom
(
H(0)

)
= H2,2(R), (4.51)

Hf = −f ′′ + V f, (4.52)

f ∈ dom(H) = {g ∈ L2(R; dx) | g, g′ ∈ ACloc(R);

(−f ′′ + V f) ∈ L2(R); dx)}.
Again, H(0) is self-adjoint. Moreover, H is self-adjoint if and only if V
is real-valued.

Next we introduce the Jost solutions f±(z, ·) of −ψ′′(z) + V ψ(z) =
zψ(z), z ∈ C\{0}, by

f±(z, x) = e±iz1/2x −
∫ ±∞

x

dx′g(0)(z, x, x′)V (x′)f±(z, x′), (4.53)

Im(z1/2) ≥ 0, z �= 0, x ∈ R,

where g(0)(z, x, x′) is still given by (4.6). We also introduce the Green’s
function of H(0),

G(0)(z, x, x′) =
(
H(0) − z

)−1
(x, x′) =

i

2z1/2
eiz1/2|x−x′|, (4.54)

Im(z1/2) > 0, x, x′ ∈ R.

The Jost function F associated with the pair
(
H, H(0)

)
is given by

F(z) =
W (f−(z), f+(z))

2iz1/2
(4.55)

= 1 − 1

2iz1/2

∫

R

dx e∓iz1/2xV (x)f±(z, x), Im(z1/2) ≥ 0, z �= 0,

(4.56)
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where W (·, ·) denotes the Wronskian defined in (4.11). We note that
if H(0) and H are self-adjoint, then

T (λ) = lim
ε↓0

F(λ + iε)−1, λ > 0, (4.57)

denotes the transmission coefficient corresponding to the pair
(
H, H(0)

)
.

Introducing again the factorization (4.12) of V = uv, one verifies as in
(4.13) that

(H − z)−1 =
(
H(0) − z

)−1

−
(
H(0) − z

)−1
v
[
I + u

(
H(0) − z

)−1
v
]−1

u
(
H(0) − z

)−1
,

z ∈ C\spec(H). (4.58)

To make contact with the notation used in Sections 2 and 3, we intro-
duce the operator K(z) in L2(R; dx) (cf. (2.3), (4.14)) by

K(z) = −u
(
H(0) − z

)−1
v, z ∈ C\spec

(
H(0)

)
(4.59)

with integral kernel

K(z, x, x′) = −u(x)G(0)(z, x, x′)v(x′), Im(z1/2) ≥ 0, z �= 0, x, x′ ∈ R,
(4.60)

and the Volterra operators H−∞(z), H∞(z) (cf. (2.4), (2.5)) with inte-
gral kernel

H(z, x, x′) = u(x)g(0)(z, x, x′)v(x′). (4.61)

Moreover, we introduce for a.e. x ∈ R,

f1(z, x) = −u(x)eiz1/2x, g1(z, x) = (i/2)z−1/2v(x)e−iz1/2x,

f2(z, x) = −u(x)e−iz1/2x, g2(z, x) = (i/2)z−1/2v(x)eiz1/2x.
(4.62)

Assuming temporarily that

supp(V ) is compact (4.63)

in addition to hypothesis (4.50), introducing f̂j(z, x), j = 1, 2, by

f̂1(z, x) = f1(z, x) −
∫ ∞

x

dx′ H(z, x, x′)f̂1(z, x′), (4.64)

f̂2(z, x) = f2(z, x) +

∫ x

−∞
dx′ H(z, x, x′)f̂2(z, x′), (4.65)

Im(z1/2) ≥ 0, z �= 0, x ∈ R,
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yields solutions f̂j(z, ·) ∈ L2(R; dx), j = 1, 2. By comparison with
(4.53), one then identifies

f̂1(z, x) = −u(x)f+(z, x), (4.66)

f̂2(z, x) = −u(x)f−(z, x). (4.67)

We note that the temporary compact support assumption (4.18) on V

has only been introduced to guarantee that fj(z, ·), f̂j(z, ·) ∈ L2(R; dx),
j = 1, 2. This extra hypothesis will soon be removed.

We also recall the well-known result.

Theorem 4.5. Suppose V ∈ L1(R; dx) and let z ∈ C with Im(z1/2) >
0. Then

K(z) ∈ B1(L
2(R; dx)). (4.68)

This is an immediate consequence of Theorem 4.1 with q = 2.
An application of Lemma 2.6 and Theorem 3.2 then again yields the

following well-known result identifying the Fredholm determinant of
I −K(z) and the Jost function F(z) (inverse transmission coefficient).

Theorem 4.6. Suppose V ∈ L1(R; dx) and let z ∈ C with Im(z1/2) >
0. Then

det(I − K(z)) = F(z). (4.69)

Proof. Assuming temporarily that supp(V ) is compact (cf. (4.18)),
Lemma 2.6 applies and one infers from (2.38) and (4.62)–(4.67) that

U(z, x)

=

(
1 −

∫ ∞
x

dx′ g1(z, x′)f̂1(z, x′)
∫ x

−∞ dx′ g1(z, x′)f̂2(z, x′)∫ ∞
x

dx′ g2(z, x′)f̂1(z, x′) 1 −
∫ x

−∞ dx′ g2(z, x′)f̂2(z, x′)

)
,

x ∈ R, (4.70)

becomes

U1,1(z, x) = 1 +
i

2z1/2

∫ ∞

x

dx′ e−iz1/2x′
V (x′)f+(z, x′), (4.71)

U1,2(z, x) = − i

2z1/2

∫ x

−∞
dx′ e−iz1/2x′

V (x′)f−(z, x′), (4.72)

U2,1(z, x) = − i

2z1/2

∫ ∞

x

dx′ eiz1/2x′
V (x′)f+(z, x′), (4.73)

U2,2(z, x) = 1 +
i

2z1/2

∫ x

−∞
dx′ eiz1/2x′

V (x′)f−(z, x′). (4.74)
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Relations (3.9) and (3.12) of Theorem 3.2 with m = n1 = n2 = 1,
n = 2, then immediately yield

det(I − K(z)) = 1 − 1

2iz1/2

∫

R

dx e∓iz1/2xV (x)f±(z, x)

= F(z) (4.75)

and hence (4.69) is proved under the additional hypothesis (4.63). Re-
moving the compact support hypothesis on V now follows line by line
the approximation argument discussed in the proof of Theorem 4.3.

Remark 4.4 applies again to the present case of Schrödinger operators
on the line. In particular, if one imposes the additional exponential
falloff of the potential V of the type V ∈ L1(R; exp(a|x|)dx) for some
a > 0, then F and hence the Fredholm determinant on the left-hand
side of (4.69) permit an analytic continuation through the essential
spectrum of H into a strip of width a/2 (w.r.t. the variable z1/2). This
is of relevance to the study of resonances of H (cf., e.g., [8], [37], and
the literature cited therein).

The result (4.69) is well-known (although, typically under the ad-
ditional assumption that V be real-valued), see, for instance, [9], [31,
Appendix A], [36, Proposition 5.7], [37]. Again, the derivation just
presented appears to be the most streamlined available for the reasons
outlined after Remark 4.4.

For an explicit expansion of Fredholm determinants of the type
(4.15) and (4.60) (valid in the case of general Green’s functions G
of Schrödinger operators H, not just for G(0) associated with H(0)) we
refer to Proposition 2.8 in [35].

Next, we revisit the result (4.69) from a different and perhaps some-
what unusual perspective. We intend to rederive the analogous result
in the context of 2-modified determinants det2(·) by rewriting the scalar
second-order Schrödinger equation as a first-order 2× 2 system, taking
the latter as our point of departure.

Assuming hypothesis 4.50 for the rest of this example, the Schrödin-
ger equation

−ψ′′(z, x) + V (x)ψ(z, x) = zψ(z, x), (4.76)

is equivalent to the first-order system

Ψ′(z, x) =

(
0 1

V (x) − z 0

)
Ψ(z, x), Ψ(z, x) =

(
ψ(z, x)
ψ′(z, x)

)
. (4.77)
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Since Φ(0) defined by

Φ(0)(z, x) =

(
exp(−iz1/2x) exp(iz1/2x)

−iz1/2 exp(−iz1/2x) iz1/2 exp(iz1/2x)

)
, Im(z1/2) ≥ 0

(4.78)

with

detC2(Φ(0)(z, x)) = 1, (z, x) ∈ C × R, (4.79)

is a fundamental matrix of the system (4.77) in the case V = 0 a.e.,
and since

Φ(0)(z, x)Φ(0)(z, x′)−1

=

(
cos(z1/2(x − x′)) z−1/2 sin(z1/2(x − x′))

−z1/2 sin(z1/2(x − x′)) cos(z1/2(x − x′))

)
, (4.80)

the system (4.77) has the following pair of linearly independent solu-
tions for z �= 0,

F±(z, x) = F
(0)
± (z, x)

−
∫ ±∞

x

dx′
(

cos(z1/2(x − x′)) z−1/2 sin(z1/2(x − x′))
−z1/2 sin(z1/2(x − x′)) cos(z1/2(x − x′))

)

×
(

0 0
V (x′) 0

)
F±(z, x′)

= F
(0)
± (z, x) −

∫ ±∞

x

dx′
(

z−1/2 sin(z1/2(x − x′)) 0
cos(z1/2(x − x′)) 0

)
V (x′)F±(z, x′),

Im(z1/2) ≥ 0, z �= 0, x ∈ R, (4.81)

where we abbreviated

F
(0)
± (z, x) =

(
1

±iz1/2

)
exp(±iz1/2x). (4.82)

By inspection, the first component of (4.81) is equivalent to (4.53) and
the second component to the x-derivative of (4.53), that is, one has

F±(z, , x) =

(
f±(z, x)
f ′
±(z, x)

)
, Im(z1/2) ≥ 0, z �= 0, x ∈ R. (4.83)
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Next, one introduces

f1(z, x) = −u(x)

(
1

iz1/2

)
exp(iz1/2x),

f2(z, x) = −u(x)

(
1

−iz1/2

)
exp(−iz1/2x),

g1(z, x) = v(x)

(
i

2z1/2
exp(−iz1/2x) 0

)
,

g2(z, x) = v(x)

(
i

2z1/2
exp(iz1/2x) 0

)

(4.84)

and hence

H(z, x, x′) = f1(z, x)g1(z, x′) − f2(z, x)g2(z, x′) (4.85)

= u(x)

(
z−1/2 sin(z1/2(x − x′)) 0

cos(z1/2(x − x′)) 0

)
v(x′) (4.86)

and we introduce

K̃(z, x, x′) =

{
f1(z, x)g1(z, x′), x′ < x,

f2(z, x)g2(z, x′), x < x′,
(4.87)

=





−u(x)1
2
exp(iz1/2(x − x′))

(
iz−1/2 0

−1 0

)
v(x′), x′ < x,

−u(x)1
2
exp(−iz1/2(x − x′))

(
iz−1/2 0

1 0

)
v(x′), x < x′,

Im(z1/2) ≥ 0, z �= 0, x, x′ ∈ R. (4.88)

We note that K̃(z, ·, ·) is discontinuous on the diagonal x = x′. Since

K̃(z, ·, ·) ∈ L2(R2; dx dx′), Im(z1/2) ≥ 0, z �= 0, (4.89)

the associated operator K̃(z) with integral kernel (4.88) is Hilbert–
Schmidt,

K̃(z) ∈ B2(L
2(R; dx)), Im(z1/2) ≥ 0, z �= 0. (4.90)

Next, assuming temporarily that

supp(V ) is compact, (4.91)
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the integral equations defining f̂j(z, x), j = 1, 2,

f̂1(z, x) = f1(z, x) −
∫ ∞

x

dx′ H(z, x, x′)f̂1(z, x′), (4.92)

f̂2(z, x) = f2(z, x) +

∫ x

−∞
dx′ H(z, x, x′)f̂2(z, x′), (4.93)

Im(z1/2) ≥ 0, z �= 0, x ∈ R,

yield solutions f̂j(z, ·) ∈ L2(R; dx), j = 1, 2. By comparison with
(4.81), one then identifies

f̂1(z, x) = −u(x)F+(z, x), (4.94)

f̂2(z, x) = −u(x)F−(z, x). (4.95)

We note that the temporary compact support assumption (4.91) on V
has only been introduced to guarantee that

fj(z, ·), f̂j(z, ·) ∈ L2(R; dx)2, j = 1, 2. (4.96)

This extra hypothesis will soon be removed.
An application of Lemma 2.6 and Theorem 3.3 then yields the fol-

lowing result.

Theorem 4.7. Suppose V ∈ L1(R; dx) and let z ∈ C with Im(z1/2) ≥
0, z �= 0. Then

det2(I − K̃(z)) = F(z) exp

(
− i

2z1/2

∫

R

dx V (x)

)
(4.97)

= det2(I − K(z)) (4.98)

with K(z) defined in (4.59).

Proof. Assuming temporarily that supp(V ) is compact (cf. (4.91)),
equation (4.97) directly follows from combining (3.28) (or (3.31)) with
a = −∞, b = ∞, (3.17) (or (3.19)), (4.69), and (4.84). Equation (4.98)
then follows from (3.25), (3.6) (or (3.7)), and (4.84). To extend the re-
sult to general V ∈ L1(R; dx) one follows the approximation argument
presented in Theorem 4.3.

One concludes that the scalar second-order equation (4.76) and the
first-order system (4.77) share the identical 2-modified Fredholm de-
terminant.
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Remark 4.8. Let Im(z1/2) ≥ 0, z �= 0, and x ∈ R. Then following up
on Remark 2.8, one computes

A(z, x) =

(
g1(z, x)f1(z, x) g1(z, x)f2(z, x)
−g2(z, x)f1(z, x) −g2(z, x)f2(z, x)

)

= − i

2z1/2
V (x)

(
1 e−2iz1/2x

−e2iz1/2x −1

)
(4.99)

= − i

2z1/2
V (x)

(
e−iz1/2x 0

0 eiz1/2x

) (
1 1
−1 −1

) (
eiz1/2x 0

0 e−iz1/2x

)
.

Introducing

W (z, x) = eM(z)xU(z, x), M(z) = iz1/2

(
1 0
0 −1

)
, (4.100)

and recalling

U ′(z, x) = A(z, x)U(z, x), (4.101)

(cf. (2.20)), equation (4.101) reduces to

W ′(z, x) =

[
iz1/2

(
1 0
0 −1

)
− i

2z1/2
V (x)

(
1 1
−1 −1

) ]
W (z, x).

(4.102)

Moreover, introducing

T (z) =

(
1 1

iz1/2 −iz1/2

)
, Im(z1/2) ≥ 0, z �= 0, (4.103)

one obtains
[
iz1/2

(
1 0
0 −1

)
− i

2z1/2
V (x)

(
1 1
−1 −1

) ]
(4.104)

= T (z)−1

(
0 1

V (x) − z 0

)
T (z), Im(z1/2) ≥ 0, z �= 0, x ∈ R,

which demonstrates the connection between (2.20), (4.102), and (4.77).

Finally, we turn to the case of periodic Schrödinger operators of
period ω > 0:
The case (a,b) = (0, ω): Assuming

V ∈ L1((0, ω); dx), (4.105)
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we now introduce two one-parameter families of closed operators in
L2((0, ω); dx) defined by

H
(0)
θ f = −f ′′,

f ∈ dom
(
H

(0)
θ

)
= {g ∈ L2((0, ω); dx) | g, g′ ∈ AC([0, ω]);

g(ω) = eiθg(0), g′(ω) = eiθg′(0), g′′ ∈ L2((0, ω); dx)}, (4.106)

Hθf = −f ′′ + V f,

f ∈ dom(Hθ) = {g ∈ L2((0, ω); dx) | g, g′ ∈ AC([0, ω]); (4.107)

g(ω) = eiθg(0), g′(ω) = eiθg′(0), (−g′′ + V g) ∈ L2((0, ω); dx)},

where θ ∈ [0, 2π). As in the previous cases considered, H
(0)
θ is self-

adjoint and Hθ is self-adjoint if and only if V is real-valued.
Introducing the fundamental system of solutions c(z, ·) and s(z, ·) of

−ψ′′(z) + V ψ(z) = zψ(z), z ∈ C, by

c(z, 0) = 1 = s′(z, 0), c′(z, 0) = 0 = s(z, 0), (4.108)

the associated fundamental matrix of solutions Φ(z, x) is defined by

Φ(z, x) =

(
c(z, x) s(z, x)
c′(z, x) s′(z, x)

)
. (4.109)

The monodromy matrix is then given by Φ(z, ω), and the Floquet dis-
criminant ∆(z) is defined as half of the trace of the latter,

∆(z) = trC2(Φ(z, ω))/2 = [c(z, ω) + s′(z, ω)]/2. (4.110)

Thus, the eigenvalue equation for Hθ reads,

∆(z) = cos(θ). (4.111)

In the special case V = 0 a.e. one obtains

c(0)(z, x) = cos(z1/2x), s(0)(z, x) = sin(z1/2x) (4.112)

and hence,

∆(0)(z) = cos(z1/2ω). (4.113)

Next we introduce additional solutions ϕ±(z, ·), ψ±(z, ·) of −ψ′′(z)+
V ψ(z) = zψ(z), z ∈ C, by

ϕ±(z, x) = e±iz1/2x +

∫ x

0

dx′g(0)(z, x, x′)V (x′)ϕ±(z, x′), (4.114)

ψ±(z, x) = e±iz1/2x −
∫ ω

x

dx′g(0)(z, x, x′)V (x′)ψ±(z, x′), (4.115)

Im(z1/2) ≥ 0, x ∈ [0, ω],
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where g(0)(z, x, x′) is still given by (4.6). We also introduce the Green’s

function of H
(0)
θ ,

G
(0)
θ (z, x, x′) =

(
H

(0)
θ − z

)−1
(x, x′)

=
i

2z1/2

[
eiz1/2|x−x′| +

eiz1/2(x−x′)

eiθe−iz1/2ω − 1
+

e−iz1/2(x−x′)

e−iθe−iz1/2ω − 1

]
,

Im(z1/2) > 0, x, x′ ∈ (0, ω). (4.116)

Introducing again the factorization (4.12) of V = uv, one verifies as in
(4.13) that

(Hθ − z)−1 =
(
H

(0)
θ − z

)−1

−
(
H

(0)
θ − z

)−1
v
[
I + u

(
H

(0)
θ − z

)−1
v
]−1

u
(
H

(0)
θ − z

)−1
,

z ∈ C\{spec(Hθ) ∪ spec(H
(0)
θ )}. (4.117)

To establish the connection with the notation used in Sections 2 and
3, we introduce the operator Kθ(z) in L2((0, ω); dx) (cf. (2.3), (4.14))
by

Kθ(z) = −u
(
H

(0)
θ − z

)−1
v, z ∈ C\spec

(
H

(0)
θ

)
(4.118)

with integral kernel

Kθ(z, x, x′) = −u(x)G
(0)
θ (z, x, x′)v(x′), (4.119)

z ∈ C\spec
(
H

(0)
θ

)
, x, x′ ∈ [0, ω],

and the Volterra operators H0(z), Hω(z) (cf. (2.4), (2.5)) with integral
kernel

H(z, x, x′) = u(x)g(0)(z, x, x′)v(x′). (4.120)

Moreover, we introduce for a.e. x ∈ (0, ω),

f1(z, x) = f2(z, x) = f(z, x) = −u(x)(eiz1/2x e−iz1/2x),

g1(z, x) =
i

2z1/2
v(x)

(
exp(iθ) exp(−iz1/2ω) exp(−iz1/2x)

exp(iθ) exp(−iz1/2ω)−1
exp(iz1/2x)

exp(−iθ) exp(−iz1/2ω)−1

)
, (4.121)

g2(z, x) =
i

2z1/2
v(x)

(
exp(−iz1/2x)

exp(iθ) exp(−iz1/2ω)−1
exp(−iθ) exp(−iz1/2ω) exp(iz1/2x)

exp(−iθ) exp(−iz1/2ω)−1

)
.
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Introducing f̂j(z, x), j = 1, 2, by

f̂1(z, x) = f(z, x) −
∫ ω

x

dx′ H(z, x, x′)f̂1(z, x′), (4.122)

f̂2(z, x) = f(z, x) +

∫ x

0

dx′ H(z, x, x′)f̂2(z, x′), (4.123)

Im(z1/2) ≥ 0, z �= 0, x ≥ 0,

yields solutions f̂j(z, ·) ∈ L2((0, ω); dx), j = 1, 2. By comparison with
(4.4), (4.5), one then identifies

f̂1(z, x) = −u(x)(ψ+(z, x) ψ−(z, x)), (4.124)

f̂2(z, x) = −u(x)(ϕ+(z, x) ϕ−(z, x)). (4.125)

Next we mention the following result.

Theorem 4.9. Suppose V ∈ L1((0, ω); dx), let θ ∈ [0, 2π), and z ∈
C\spec

(
H

(0)
θ

)
. Then

Kθ(z) ∈ B1(L
2((0, ω); dx)) (4.126)

and

det(I − Kθ(z)) =
∆(z) − cos(θ)

cos(z1/2ω) − cos(θ)
. (4.127)

Proof. Since the integral kernel of Kθ(z) is square integrable over the
set (0, ω) × (0, ω), one has of course Kθ(z) ∈ B2(L

2((0, ω); dx)). To
prove its trace class property one imbeds (0, ω) into R in analogy to
the half-line case discussed in the proof of Theorem 4.2, introducing

L2(R; dx) = L2((0, ω); dx) ⊕ L2(R\[0, ω]; dx) (4.128)

and

ũ(x) =

{
u(x), x ∈ (0, ω),

0, x /∈ (0, ω),
ṽ(x) =

{
v(x), x ∈ (0, ω),

0, x /∈ (0, ω),

Ṽ (x) =

{
V (x), x ∈ (0, ω),

0, x /∈ (0, ω).

(4.129)

At this point one can follow the proof of Theorem 4.2 line by line
using (4.116) instead of (4.30) and noticing that the second and third
term on the right-hand side of (4.116) generate rank one terms upon
multiplying them by ũ(x) from the left and ṽ(x′) from the right.



FREDHOLM DETERMINANTS AND SEMI-SEPARABLE KERNELS 35

By (4.111) and (4.113), and since

det(I − Kθ(z)) = det
((

H
(0)
θ − z

)−1/2
(Hθ − z)

(
H

(0)
θ − z

)−1/2
)
,

(4.130)

det(I −Kθ(z)) and [∆(z)− cos(θ)]/[cos(z1/2ω)− cos(θ)] have the same
set of zeros and poles. Moreover, since either expression satisfies the
asymptotics 1 + o(1) as z ↓ −∞, one obtains (4.127).

An application of Lemma 2.6 and Theorem 3.2 then yields the fol-
lowing result relating the Fredholm determinant of I − Kθ(z) and the
Floquet discriminant ∆(z).

Theorem 4.10. Suppose V ∈ L1((0, ω); dx), let θ ∈ [0, 2π), and z ∈
C\spec

(
H

(0)
θ

)
. Then

det(I − Kθ(z)) =
∆(z) − cos(θ)

cos(z1/2ω) − cos(θ)

=

[
1 +

i

2z1/2

eiθe−iz1/2ω

eiθe−iz1/2ω − 1

∫ ω

0

dx e−iz1/2xV (x)ψ+(z, x)

]

×
[
1 +

i

2z1/2

1

e−iθe−iz1/2ω − 1

∫ ω

0

dx eiz1/2xV (x)ψ−(z, x)

]

+
1

4z

eiθe−iz1/2ω

[
eiθe−iz1/2ω − 1

][
e−iθe−iz1/2ω − 1

]

×
∫ ω

0

dx eiz1/2xV (x)ψ+(z, x)

∫ ω

0

dx e−iz1/2xV (x)ψ−(z, x)

(4.131)

=

[
1 +

i

2z1/2

1

eiθe−iz1/2ω − 1

∫ ω

0

dx e−iz1/2xV (x)ϕ+(z, x)

]

×
[
1 +

i

2z1/2

e−iθe−iz1/2ω

e−iθe−iz1/2ω − 1

∫ ω

0

dx eiz1/2xV (x)ϕ−(z, x)

]

+
1

4z

e−iθe−iz1/2ω

[
eiθe−iz1/2ω − 1

][
e−iθe−iz1/2ω − 1

]

×
∫ ω

0

dx eiz1/2xV (x)ϕ+(z, x)

∫ ω

0

dx e−iz1/2xV (x)ϕ−(z, x).

(4.132)
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Proof. Again Lemma 2.6 applies and one infers from (2.38) and (4.121)–
(4.125) that

U(z, x) =

(
1 −

∫ ω

x
dx′ g1(z, x′)f̂(z, x′)

∫ x

0
dx′ g1(z, x′)f̂(z, x′)∫ ω

x
dx′ g2(z, x′)f̂(z, x′) 1 −

∫ x

0
dx′ g2(z, x′)f̂(z, x′)

)
,

x ∈ [0, ω], (4.133)

becomes

U1,1(z, x) = I2 +
i

2z1/2

∫ ω

x

dx′




exp(iθ) exp(−iz1/2ω) exp(−iz1/2x′)
exp(iθ) exp(−iz1/2ω)−1

eiz1/2x′

exp(−iθ) exp(−iz1/2ω)−1


 V (x′)

× (ψ+(z, x′) ψ−(z, x′)), (4.134)

U1,2(z, x) = − i

2z1/2

∫ x

0

dx′

(
exp(iθ) exp(−iz1/2ω) exp(−iz1/2x′)

exp(iθ) exp(−iz1/2ω)−1
exp(iz1/2x′)

exp(−iθ) exp(−iz1/2ω)−1

)
V (x′)

× (ϕ+(z, x′) ϕ−(z, x′)), (4.135)

U2,1(z, x) = − i

2z1/2

∫ ω

x

dx′

(
exp(−iz1/2x′)

exp(iθ) exp(−iz1/2ω)−1
exp(−iθ) exp(−iz1/2ω) exp(iz1/2x′)

exp(−iθ) exp(−iz1/2ω)−1

)
V (x′)

× (ψ+(z, x′) ψ−(z, x′)), (4.136)

U2,2(z, x) = I2 +
i

2z1/2

∫ x

0

dx′

(
exp(−iz1/2x′)

exp(iθ) exp(−iz1/2ω)−1
exp(−iθ) exp(−iz1/2ω) exp(iz1/2x′)

exp(−iθ) exp(−iz1/2ω)−1

)
V (x′)

× (ϕ+(z, x′) ϕ−(z, x′)). (4.137)

Relations (3.9) and (3.12) of Theorem 3.2 with m = 1, n1 = n2 = 2,
n = 4, then immediately yield (4.131) and (4.132).

To the best of our knowledge, the representations (4.131) and (4.132)
of ∆(z) appear to be new. They are the analogs of the well-known
representations of Jost functions (4.9), (4.10) and (4.56) on the half-line
and on the real line, respectively. That the Floquet discriminant ∆(z) is
related to infinite determinants is well-known. However, the connection
between ∆(z) and determinants of Hill-type discussed in the literature
(cf., e.g., [27], [14, Ch. III, Sect. VI.2], [28, Sect. 2.3]) is of a different
nature than the one in (4.127) and based on the Fourier expansion of
the potential V . For different connections between Floquet theory and
perturbation determinants we refer to [10].

5. Integral operators of convolution-type
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with rational symbols

In our final section we rederive the explicit formula for the 2-modified
Fredholm determinant corresponding to integral operators of convolu-
tion-type, whose integral kernel is associated with a symbol given by a
rational function, in an elementary and straghtforward manner. This
determinant formula represents a truncated Wiener–Hopf analog of
Day’s formula for the determinant associated with finite Toeplitz ma-
trices generated by the Laurent expansion of a rational function.

Let τ > 0. We are interested in truncated Wiener–Hopf-type opera-
tors K in L2((0, τ); dx) of the form

(Kf)(x) =

∫ τ

0

dx′ k(x − x′)f(x′), f ∈ L2((0, τ); dx), (5.1)

where k(·), extended from [−τ, τ ] to R\{0}, is defined by

k(t) =

{∑
�∈L α� e−λ�t, t > 0,∑
m∈M βmeµmt, t < 0

(5.2)

and

α� ∈ C, 
 ∈ L = {1, . . . , L}, L ∈ N,

βm ∈ C, m ∈ M = {1, . . . , M}, M ∈ N,

λ� ∈ C, Re(λ�) > 0, 
 ∈ L,

µm ∈ C, Re(µm) > 0, m ∈ M.

(5.3)

In terms of semi-separable integral kernels, k can be rewritten as,

k(x − x′) = K(x, x′) =

{
f1(x)g1(x

′), 0 < x′ < x < τ,

f2(x)g2(x
′), 0 < x < x′ < τ,

(5.4)

where

f1(x) =
(
α1e

−λ1x, . . . , αLe−λLx
)
,

f2(x) =
(
β1e

µ1x, . . . , βMeµMx
)
,

g1(x) =
(
eλ1x, . . . , eλLx

)�
,

g2(x) =
(
e−µ1x, . . . , e−µMx

)�
.

(5.5)

Since K(·, ·) ∈ L2((0, τ)×(0, τ); dx dx′), the operator K in (5.1) belongs
to the Hilbert–Schmidt class,

K ∈ B2(L
2((0, τ); dx)). (5.6)
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Associated with K we also introduce the Volterra operators H0, Hτ

(cf. (2.4), (2.5)) in L2((0, τ); dx) with integral kernel

h(x − x′) = H(x, x′) = f1(x)g1(x
′) − f2(x)g2(x

′), (5.7)

such that

h(t) =
∑
�∈L

α� e−λ�t −
∑

m∈M
βmeµmt. (5.8)

In addition, we introduce the Volterra integral equation

f̂2(x) = f2(x) +

∫ x

0

dx′ h(x − x′)f̂2(x
′), x ∈ (0, τ) (5.9)

with solution f̂2 ∈ L2((0, τ); dx).
Next, we introduce the Laplace transform F of a function f by

F(ζ) =

∫ ∞

0

dt e−ζtf(t), (5.10)

where either f ∈ Lr((0,∞); dt), r ∈ {1, 2} and Re(ζ) > 0, or, f satisfies
an exponential bound of the type |f(t)| ≤ C exp(Dt) for some C >
0, D ≥ 0 and then Re(ζ) > D. Moreover, whenever possible, we
subsequently meromorphically continue F into the half-plane Re(ζ) < 0
and Re(ζ) < D, respectively, and for simplicity denote the result again
by F.

Taking the Laplace transform of equation (5.9), one obtains

F̂2(ζ) = F2(ζ) + H(ζ)F̂2(ζ), (5.11)

where

F2(ζ) =
(
β1(ζ − µ1)

−1, . . . , βM(ζ − µM)−1
)
, (5.12)

H(ζ) =
∑
�∈L

α�(ζ + λ�)
−1 −

∑
m∈M

βm(ζ − µm)−1 (5.13)

and hence solving (5.11), yields

F̂2(ζ) = (1 − H(ζ))−1
(
β1(ζ − µ1)

−1, . . . , βM(ζ − µM)−1
)
. (5.14)

Introducing the Fourier transform F(k) of the kernel function k by

F(k)(x) =

∫

R

dt eixtk(t), x ∈ R, (5.15)

one obtains the rational symbol

F(k)(x) =
∑
�∈L

α�(λ� − ix)−1 +
∑

m∈M
βm(µm + ix)−1. (5.16)
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Thus,

1 − H(−ix) = 1 −F(k)(x)

=
∏
n∈N

(−ix + iζn)
∏
�∈L

(−ix + λ�)
−1

∏
m∈M

(−ix − µm)−1 (5.17)

for some

ζn ∈ C, n ∈ N = {1, . . . , N}, N = L + M. (5.18)

Consequently,

1 − H(ζ) =
∏
n∈N

(ζ + iζn)
∏
�∈L

(ζ + λ�)
−1

∏
m∈M

(ζ − µm)−1, (5.19)

(1 − H(ζ))−1 = 1 +
∑
n∈N

γn(ζ + iζn)−1, (5.20)

where

γn =
∏

n′∈N
n′ �=n

(iζn − iζn′)−1
∏
�∈L

(λ� − iζn)
∏

m∈M
(−iζn − µm), n ∈ N .

(5.21)

Moreover, one computes

βm =
∏
�∈L

(µm + λ�)
−1

∏
m′∈M
m′ �=m

(µm − µm′)−1
∏
n∈N

(µm + iζn), m ∈ M.

(5.22)

Combining (5.14) and (5.20) yields

F̂2(ζ) =

(
1 +

∑
n∈N

γn(ζ + iζn)−1

)(
β1(ζ − µ1)

−1, . . . , βM(ζ − µM)−1
)

(5.23)

and hence

f̂2(x) =

(
β1

[
eµ1x −

∑
n∈N

γn

(
e−iζnx − eµ1x

)
(µ1 + iζn)−1

]
, . . .

. . . , βM

[
eµMx −

∑
n∈N

γn

(
e−iζnx − eµMx

)
(µM + iζn)−1

])
.

(5.24)

In view of (3.31) we now introduce the M × M matrix

G =
(
Gm,m′

)
m,m′∈M =

∫ τ

0

dx g2(x)f̂2(x). (5.25)
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Lemma 5.1. One computes

Gm,m′ = δm,m′ + e−µmτβm′
∑
n∈N

γne
−iζnτ (µm + iζn)−1(µm′ + iζn)−1,

m, m′ ∈ M. (5.26)

Proof. By (5.25),

Gm,m′ =

∫ τ

0

dt e−µmtβm′

(
eµm′ t −

∑
n∈N

γn

(
e−iζnt − eµm′ t

)
(iζn + µm′)−1

)

= βm′

∫ τ

0

dt e−(µm−µm′ )t

(
1 +

∑
n∈N

γn(iζn + µm′)−1

)

− βm′

∫ τ

0

dt e−µmt
∑
n∈N

γne
−iζnt(iζn + µm′)−1

= −βm′
∑
n∈N

γn(iζn + µm′)−1

∫ τ

0

dt e−(iζn+µm)t

= βm′
∑
n∈N

γn

[
e−(iζn+µm)t − 1

]
(iζn + µm)−1(iζn + µm′)−1. (5.27)

Here we used the fact that

1 +
∑
n∈N

γn(iζn + µm′)−1 = 0, (5.28)

which follows from

1 +
∑
n∈N

γn(iζn + µm′)−1 = (1 − H(µm′))−1 = 0, (5.29)

using (5.19) and (5.20). Next, we claim that

−βm′
∑
n∈N

γn(iζn + µm)−1(iζn + µm′)−1 = δm,m′ . (5.30)

Indeed, if m �= m′, then

∑
n∈N

γn(iζn + µm)−1(iζn + µm′)−1 (5.31)

= −
∑
n∈N

γn(µm − µm′)−1
[
(iζn + µm)−1 − (iζn + µm′)−1

]
= 0,



FREDHOLM DETERMINANTS AND SEMI-SEPARABLE KERNELS 41

using (5.28). On the other hand, if m = m′, then

βm

∑
n∈N

γn(iζn + µm)−2 = −βm
d

dζ
(1 − H(ζ))−1

∣∣∣∣
ζ=µm

= Res
ζ=µm

(
H(ζ)

) d

dζ
(1 − H(ζ))−1

∣∣∣∣
ζ=µm

= −Res
ζ=µm

d

dζ
log

(
(1 − H(ζ))−1

)

= −1, (5.32)

using (5.19). This proves (5.30). Combining (5.27) and (5.30) yields
(5.26).

Given Lemma 5.1, one can decompose IM − G as

IM − G = diag(e−µ1τ , . . . , e−µM τ ) Γ diag(β1, . . . , βM), (5.33)

where diag(·) denotes a diagonal matrix and the M × M matrix Γ is
defined by

Γ =
(
Γm,m′

)
m,m′∈M

=

(
−

∑
n∈N

γne
−iζnτ (µm + iζn)−1(µm′ + iζn)−1

)

m,m′∈M
. (5.34)

The matrix Γ permits the factorization

Γ = A diag(γ1e
−iζ1τ , . . . , γNe−iζN τ ) B, (5.35)

where A is the M × N matrix

A =
(
Am,n

)
m∈M,n∈N =

(
(µm + iζn)−1

)
m∈M,n∈N (5.36)

and B is the N × M matrix

B =
(
Bn,m

)
n∈N ,m∈M =

(
− (µm + iζn)−1

)
n∈N ,m∈M . (5.37)

Next, we denote by Ψ the set of all monotone functions

ψ : {1, . . . , M} → {1, . . . , N} (5.38)

(we recall N = L + M) such that

ψ(1) < · · · < ψ(M). (5.39)

The set Ψ is in a one-to-one correspondence with all subsets M̃⊥ =

{1, . . . , N}\M̃ of {1, . . . , N} which consist of L elements. Here M̃ ⊆
{1, . . . , N} with cardinality of M equal to M , |M̃| = M .
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Moreover, denoting by Aψ and Bψ the M × M matrices

Aψ =
(
Am,ψ(m′)

)
m,m′∈M, ψ ∈ Ψ, (5.40)

Bψ =
(
Bψ(m),m′

)
m,m′∈M, ψ ∈ Ψ, (5.41)

one notices that

A�
ψ = −Bψ, ψ ∈ Ψ. (5.42)

The matrix Aψ is of Cauchy-type and one infers (cf. [24, p. 36]) that

A−1
ψ = Dψ

1 A�
ψDψ

2 , (5.43)

where Dψ
j , j = 1, 2, are diagonal matrices with diagonal entries given

by
(
Dψ

1

)
m,m

=
∏

m′∈M
(µm′ + iζψ(m))

∏
m′′∈M
m′′ �=m

(−iζψ(m′′) + iζψ(m))
−1, m ∈ M,

(5.44)
(
Dψ

2

)
m,m

=
∏

m′∈M
(µm + iζψ(m′))

∏
m′′∈M
m′′ �=m

(µm − µm′′)−1, m ∈ M.

(5.45)

One then obtains the following result.

Lemma 5.2. The determinant of IM − G is of the form

detCM (IM − G)

= (−1)M exp

(
− τ

∑
m∈M

µm

)( ∏
�∈L

β�

) ∑
ψ∈Ψ

( ∏
�′∈L

γψ(�′)

)

× exp

(
− iτ

∑
�′′∈L

ζψ(�′′)

)[
detCM

(
Dψ

1

)
detCM

(
Dψ

2

)]−1
. (5.46)

Proof. Let ψ ∈ Ψ. Then

detCM

(
Aψ

)
detCM

(
Bψ

)
= (−1)M

[
detCM

(
Aψ

)]2

= (−1)M
[
detCM

(
Dψ

1

)
detCM

(
Dψ

2

)]−1
. (5.47)

An application of the Cauchy–Binet formula for determinants yields

detCM (Γ) =
∑
ψ∈Ψ

detCM

(
Aψ

)
detCM

(
Bψ

) ∏
m∈M

γψ(m)e
−iτζψ(m) . (5.48)

Combining (5.33), (5.47), and (5.48) then yields (5.46).

Applying Theorem 3.3 then yields the principal result of this section.
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Theorem 5.3. Let K be the Hilbert–Schmidt operator defined in (5.1)–
(5.3). Then

det2(I − K) = exp

(
τk(0−) − τ

∑
m∈M

µm

) ∑

L̃⊆{1,...,N}
|L̃|=L

VL̃ exp
(
− iτvL̃

)

(5.49)

= exp

(
τk(0+) − τ

∑
�∈L

λ�

) ∑

M̃⊆{1,...,N}
|M̃|=M

WM̃ exp
(
iτwM̃

)
.

(5.50)

Here k(0±) = limε↓0 k(±ε), |S| denotes the cardinality of S ⊂ N, and

VL̃ =
∏

�∈L, m∈L̃⊥

(λ� − iζm)
∏

�′∈L̃,m′∈M

(µm′ + iζ�′)

×
∏

�′′∈L,m′′∈M
(µm′′ + λ�′′)

−1
∏

�′′′∈L̃,m′′′∈L̃⊥

(iζm′′′ − iζ�′′′)
−1, (5.51)

WM̃ =
∏

�∈L, m∈M̃

(λ� − iζm)
∏

�′∈M̃⊥,m′∈M

(µm′ + iζ�′)

×
∏

�′′∈L,m′′∈M
(µm′′ + λ�′′)

−1
∏

�′′′∈M̃⊥,m′′′∈M̃

(iζ�′′′ − iζm′′′)−1,

(5.52)

vL̃ =
∑

m∈L̃⊥

ζm, (5.53)

wM̃ =
∑

�∈M̃⊥

ζ� (5.54)

with

L̃⊥ = {1, . . . , N}\L̃ for L̃ ⊆ {1, . . . , N}, |L̃| = L, (5.55)

M̃⊥ = {1, . . . , N}\M̃ for M̃ ⊆ {1, . . . , N}, |M̃| = M. (5.56)

Finally, if L = ∅ or M = ∅, then K is a Volterra operator and hence
det2(I − K) = 1.
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Proof. Combining (3.31), (5.44), (5.45), and (5.46) one obtains

det2(I − K) = detCM (IM − G) exp

( ∫ τ

0

dx f2(x)g2(x)

)

= detCM (IM − G) exp

(
τ

∑
m∈M

βm

)

= detCM (IM − G) exp(τk(0−)) (5.57)

= exp

(
τk(0−) − τ

∑
m∈M

µm

)

×
∑

L̃⊆{1,...,N}
|L̃|=L

VL̃ exp

(
− iτ

∑

m∈L̃⊥

ζm

)
,

where

VL̃ = (−1)M

( ∏

m∈L̃⊥

βm

)( ∏

m′∈L̃⊥

γm′

) ∏

m′′∈L̃⊥

∏

p∈L̃⊥

p�=m′′

(iζm′′ − iζp)

×
∏

p′∈M

∏
p′′∈M
p′′ �=p′

(µp′ − µp′′)
∏

q∈L̃⊥

∏
q′∈M

(µq′ + iζq)
−1

×
∏
r∈M

∏

r′∈L̃⊥
r′ �=r

(µr + iζr′)
−1. (5.58)

Elementary manipulations, using (5.21), (5.22), then reduce (5.58) to
(5.51) and hence prove (5.49). To prove (5.50) one can argue as follows.
Introducing

F̃(k)(x) = F(k)(−x), x ∈ R (5.59)

with associated kernel function

k̃(t) = k(−t), t ∈ R\{0}, (5.60)

equation (5.17) yields

1 − F̃(k)(x) =
∏
n∈N

(x + ζn)
∏
�∈L

(x − iλ�)
−1

∏
m∈M

(x + iµm)−1. (5.61)

Denoting by K̃ the truncated Wiener–Hopf operator in L2((0, τ); dx)

with convolution integral kernel k̃ (i.e., replacing k by k̃ in (5.1), and
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applying (5.49) yields

det2(I − K̃) = exp

(
τ k̃(0−) − τ

∑
�∈L

λ�

) ∑

M̃⊆{1,...,N}
|M̃|=M

WM̃ exp
(
iτ

∑

�∈M̃⊥

ζ�

)
.

(5.62)

Here WM̃ is given by (5.52) (after interchanging the roles of λ� and µm

and interchanging ζm and −ζ�, etc.) By (5.60), k̃(0−) = k(0+). Since

K̃ = K�, where K� denotes the transpose integral operator of K (i.e.,
K� has integral kernel K(x′, x) if K(x, x′) is the integral kernel of K),
and hence

det2(I − K̃) = det2(I − K�) = det2(I − K), (5.63)

one arrives at (5.50).
Finally, if L = ∅ then k(0+) = 0 and one infers det2(I − K) = 1 by

(5.50). Similarly, if M = ∅, then k(0−) = 0 and again det2(I −K) = 1
by (5.49).

Remark 5.4. (i) Theorem 5.3 permits some extensions. For instance,
it extends to the case where Re(λ�) ≥ 0, Re(µm) ≥ 0. In this case the
Fourier transform of k should be understood in the sense of distribu-
tions. One can also handle the case where −iλ� and iµm are higher
order poles of F(k) by using a limiting argument.
(ii) The operator K is a trace class operator, K ∈ B1(L

2((0, τ); dx)),
if and only if k is continuous at t = 0 (cf. equation (2) on p. 267 and
Theorem 10.3 in [12]).

Explicit formulas for determinants of Toeplitz operators with rational
symbols are due to Day [7]. Different proofs of Day’s formula can be
found in [2, Theorem 6.29], [19], and [22]. Day’s theorem requires that
the degree of the numerator of the rational symbol be greater or equal
to that of the denominator. An extension of Day’s result avoiding
such a restriction recently appeared in [6]. Determinants of rationally
generated block operator matrices have also been studied in [38] and
[39]. Explicit representations for determinants of the block-operator
matrices of Toeplitz type with analytic symbol of a special form has
been obtained in [20]. Textbook expositions of these results can be
found in [2, Theorem 6.29] and [3, Theorem 10.45] (see also [4, Sect.
5.9]).

The explicit result (5.50), that is, an explicit representation of the
2-modified Fredholm determinant for truncated Wiener-Hopf operators
on a finite interval, has first been obtained by Böttcher [1]. He succ-
ceeded in reducing the problem to that of Toeplitz operators combining
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a discretization approach and Day’s formula. Theorem 5.3 should thus
be viewed as a continuous analog of Day’s formula. The method of
proof presented in this paper based on (3.31) is remarkably elementary
and direct. A new method for the computation of (2-modified) determi-
nants for truncated Wiener-Hopf operators, based on the Nagy–Foias
functional model, has recently been suggested in [26] (cf. also [25]),
without, however, explicitly computing the right-hand sides of (5.49),
(5.50). A detailed exposition of the theory of operators of convolution
type with rational symbols on a finite interval, including representa-
tions for resolvents, eigenfunctions, and (modified) Fredholm determi-
nants (different from the explicit one in Theorem 5.3), can be found
in [11, Sect. XIII.10]. Finally, extensions of the classical Szegő–Kac–
Achiezer formulas to the case of matrix-valued rational symbols can be
found in [17] and [16].
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Basel, 2000.

[15] I. Gohberg and M. A. Kaashoek, Time varying linear systems with boundary
conditions and integral operators, I. The transfer operator and its properties,
Integral eq. operator theory 7, 325–391 (1984).

[16] I. Gohberg and M. A. Kaashoek, Asymptotic formulas of Szegö–Kac–Achiezer
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1 Preliminaries

The results on half-line Jacobi operators in this manuscript are taken from
[2], Sect. VII.1 and [1], Ch. 4. The results on Jacobi operators on Z are based
on [2], Sect. VII.3, [3], and [4].

Definition 1.1. We denote N0 = N∪{0}. Let l2(N0) be the Hilbert space of
all sequences u = (u0, u1, . . . ), uj ∈ C, j ∈ N0, such that

∑∞
j=0 |uj|2 < ∞ with

scalar product (·, ·) to be linear in the second argument. Let l20(N0) ⊂ l2(N0)
be the dense subspace of all sequences of finite support

u = (u0, u1, . . . , uN , 0, 0, . . . ),

where N = N(u) depends on u.

Definition 1.2. Let L be the following Jacobi difference expression:

(Lu)j = aj−1uj−1 + bjuj + ajuj+1, j ∈ Z, u ∈ l∞(Z), (1.1)

where aj and bj are given real-valued coefficients with aj > 0, j ∈ Z.

Remark 1.3. A straigtforward calculation shows that the following version
of Green’s formula is valid for the difference expression (1.1)

l∑
j=k

[
(Lu)jvj − uj(Lv)j

]
= al(ul+1vl − ulvl+1) (1.2)

− ak−1(ukvk−1 − uk−1vk), k, l ∈ Z.

2 Jacobi operators on N

The results in this section are taken from [2], p. 501-503.

Definition 2.1. Let H ′
+ : l20(N0) → l20(N0) be the linear operator defined as

(H ′
+u)j = (Lu)j, j ∈ N0 with u−1 = 0 on the Hilbert space l20(N0).

Remark 2.2. (i) The condition u−1 = 0 plays the role of a boundary condi-
tion.
(ii) Using Green’s formula (1.2) it is easy to see that the operator H ′

+ is
symmetric.

2



In the following we denote by H+ = H ′
+ the closure of the operator H ′

+.

Remark 2.3. H+ is symmetric because H ′
+ defined on the dense subset of

l2(N0) is symmetric and H+ is the closure of H ′
+.

Lemma 2.4. Dom
(
H∗

+

)
= {v ∈ l2(N0) |Lv ∈ l2(N0)}.

Proof. Using Green’s formula (1.2) we have the following equality:

(H+u, v) = (Lu, v) = (u, Lv) = (u, H∗
+v) for all u ∈ l20(N0), v ∈ l2(N0).

Therefore, H∗
+ acts in l2(N0) as the difference expression (1.1). The required

statement then follows from the previous equality and the definition of the
domain of an adjoint operator,

Dom
(
H∗

+

)
= {v ∈ l2(N0) |For all u ∈ Dom (H+) , there exists a unique

w ∈ l2(N0) s.t. (H+u, v) = (u, w), w = H∗
+v}.

Remark 2.5. In general, H+ � H∗
+, that is, Dom (H+) � Dom

(
H∗

+

)
. In

the latter case, H+ is symmetric but not self-adjoint and H∗
+ is not symmet-

ric.

Definition 2.6. The deficiency indices of a symmetric operator A are the di-
mensions of the orthogonal complements of Ran (A − zI) and Ran (A + zI),
respectively, for any nonreal z.

Lemma 2.7. The deficiency indices of the operator H+ are equal and hence
independent of z.

Proof. The deficiency index of the symmetric operator is known to be con-
stant in the open upper and lower half-planes. Therefore, there are at
most two different deficiency numbers of the operator H+ corresponding to
Im (z) ≷ 0. But because the coefficients of H+ are real, H+ is real, that is,
the domain of H+ is invariant under the involution v → v and H+v = H+v.
Therefore, for all v ∈ Ran (H − zI), there exists u ∈ Dom (H+) such that
(H+−zI)u = v. By the invariance of the domain of H+ under the involution
we get

u ∈ Dom (H+) and (H+ − zI)u = (H+ − zI)u = v,
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which implies v ∈ Ran (H+ − zI). Therefore,

Ran (H+ − zI) ⊆ Ran (H+ − zI)

and by symmetry the converse also holds:

Ran (H+ − zI) ⊇ Ran (H+ − zI) .

The previous inclusions imply

dim
(
Ran (H+ − zI)

)
= dim (Ran (H+ − zI)) ,

which proves equality of the deficiency indices of H+.

Remark 2.8. The action of the operator H+ on u ∈ l2(N0) can be rep-
resented as the multiplication of the following matrix by the vector u =
(u0, u1, . . . ) from the right

J =

∥∥∥∥∥∥∥∥

b0 a0 0 0 0 . . .
a0 b1 a1 0 0 . . .
0 a1 b2 a2 0 . . .
. . . . . . . . . .

∥∥∥∥∥∥∥∥
.

Matrices of this form are called Jacobi matrices and the corresponding oper-
ators H+ are called Jacobi operators.

3 Polynomials of the first kind

The results in this section are taken from [2], p. 503-508.
Consider the equation

(Lu)j = aj−1uj−1 + bjuj + ajuj+1 = zuj, j ∈ N0, (3.1)

u−1 = 0, u0 = 1,

where z is some complex number. It can be considered as a recursion relation
for the determination of uj+1 from uj and uj−1. By the hypothesis aj �= 0,
this relation is always solvable. Define P+,j(z) for j ≥ 1 by (3.1). Clearly,
P+,j(z) is a polynomial of degree j in z. Explicitly, one obtains

P+,0(z) = 1,

P+,1(z) = (z − b0)/a0,

P+,2(z) = [(z − b1)(z − b0)/a0 − a0]/a1, etc.
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Definition 3.1. The polynomials P+,j(z) are called polynomials of the first
kind, generated by the difference expression L.

Theorem 3.2. The operator H+ has deficiency indices (0, 0) or (1, 1). The
first case is characterized by the divergence of the series

∑∞
j=0 |P+,j(z)|2 for

all nonreal z, and the second case by the convergence of this series.
In the second case, the deficiency subspace Nz is a one dimensional sub-

space, and is spanned by the vector

P+(z) = (P+,0(z), P+,1(z), . . . ). (3.2)

Proof. Let Im (z) �= 0, and denote by Nz the orthogonal complement of
Ran (H+ − zI), that is, the deficiency subspace of the operator H+. Then,

0 = ((H+ − zI)u, v) = (u, (H∗
+ − zI)v) for all v ∈ Nz, u ∈ Dom (H+) .

Therefore, Nz coincides with the subspace of solutions of the equation H∗
+v =

zv or, because of the form of H∗
+, with the subspace of the solutions of the

difference equation (Lv)j = zvj, v−1 = 0, which belong to l2(N0). By (3.1)
each solution of this equation is represented in the form vj = v0P+,j(z), and
therefore the deficiency subspace is at most one-dimensional; moreover, it is
nonzero if and only if v = P+(z) ∈ l2(N0), that is,

∑∞
j=0 |P+,j(z)|2 < ∞.

Remark 3.3. Because of the constancy of the deficiency indices in the open
upper and lower complex half-planes, a sufficient condition for H+ to be self-
adjoint is that the series

∑∞
j=0 |P+,j(z)|2 diverges for just one nonreal z.

Definition 3.4. The difference expression L is said to be in the limit point
case at ∞ if the deficiency indices of the operator H+ are (0, 0), that is, the
operator H+ is self-adjoint, and L is said to be in the limit circle case at ∞
if the deficiency indices of H+ are (1,1), that is, H+ is symmetric but not
self-adjoint.

Remark 3.5. (i) P+(z) in (3.2) is called a generalized eigenvector of H+

because

(P+(z), (H∗
+ − zI)u) = ((L − zI)P+(z), u) = 0 for all u ∈ l20(N0).

(ii) If the real-valued sequences {aj}j∈N0 and {bj}j∈N0 are bounded, then the
operator H+ is bounded and hence self-adjoint.
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4 The eigenfunction expansion

The results in this section are taken from [2], p. 508-513.
In the following we will assume H+ to be a self-adjoint operator.
By δk ∈ l2(Z), k ∈ Z we will denote a vector, such that (δk)j = δk,j,

j ∈ Z.

Theorem 4.1. There is a family of projection operators {E+(λ)}λ∈R corre-
sponding to the operator H+ and the following representations are valid,

I =

∫

R

dE+(λ) and H+ =

∫

R

λ dE+(λ).

Theorem 4.2. The following formula is valid,

δk,j =

∫

R

P+,k(λ)P+,j(λ) d(δ0, E+(λ)δ0). (4.1)

In particular, the polynomials P+,j(λ) are orthonormal with respect to the
measure d(δ0, E+(λ)δ0) on R.

Proof. First, note that because of

(H+δj, u) = (δj, H+u) = (H+u)j

= aj−1uj−1 + ajuj+1 + bjuj

= (aj−1δj−1 + ajδj+1 + bjδj, u), u ∈ l20(N0),

H+ acts on each δj as

H+δj = aj−1δj−1 + ajδj+1 + bjδj, j ∈ N0,

where we assume δ−1 = 0. Therefore, δj belongs to the domain of any Hn
+,

n ∈ N, and analogously to (3.1) we find that

δj = P+,j(H+)δ0.

Now it is easy to establish (4.1) using

δk,j = (δk, δj)

= (P+,k(H+)δ0, P+,j(H+)δ0)

= (δ0, P+,j(H+)P+,k(H+)δ0)

=

∫

R

P+,j(λ)P+,k(λ) d(δ0, E+(λ)δ0).
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Definition 4.3. Let σ+(λ) = (δ0, E+(λ)δ0), then dσ+(λ) is called the spec-
tral measure associated with H+.

Remark 4.4. Following the usual conventions we also call dσ+(λ) the spec-
tral measure of H+ even though this terminology is usually reserved for
the operator-valued spectral measure dE+(λ). (This slight abuse of notation
should hardly cause any confusion.)

Lemma 4.5. The set of points of increase of the function σ+(λ) is infinite,
that is, for all polynomials P (λ) ∈ L2(R, dσ+(λ)),

∫

R

|P (λ)|2 dσ+(λ) = 0 if and only if P (λ) = 0.

5 Eigenfunction transforms

The results in this section are taken from [2], p. 513-518.

Definition 5.1. For any u = (uj)j∈N0
∈ l2(N0) the function

ũ(·) =
∞∑

j=0

ujP+,j(·) ∈ L2(R, dσ+(λ)) (5.1)

is called the eigenfunction transform of u.

Remark 5.2. The sum in (5.1) converges in the L2(R, dσ+(λ)) space for
each u ∈ l2(N0) because P+,j(λ) form an orthonormal system of polynomials
in L2(R, dσ+(λ)).

Lemma 5.3. From (4.1) and (5.1) we have Parseval’s relation

(u, v) =

∫

R

ũ(λ)ṽ(λ) dσ+(λ), u, v ∈ l2(N0). (5.2)

Lemma 5.4. From (5.1) it follows that the set of eigenfunction transforms
of all sequences of finite support is the set of all polynomials in λ. And since
P+,j(λ) ∈ L2(R, dσ+(λ)), any polynomial belongs to L2(R, dσ+(λ)); in other
words, the spectral measure dσ+(λ) satisfies

∫

R

|λ|m dσ+(λ) < ∞, m ∈ N0. (5.3)

7



Lemma 5.5. The operator H+ on l20(N0) is transformed by the eigenfunction
transform into the operator of multiplication by λ on the set of all polynomials
in L2(R, dσ+(λ)).

Proof.

(̃H+u)(λ) =
∞∑

j=0

(H+u)jP+,j(λ) =
∞∑

j=0

uj(H+P+(λ))j

= λ
∞∑

j=0

ujP+,j(λ) = λũ(λ).

Theorem 5.6. The operator H+ is self-adjoint if and only if the set of

eigenfunction transforms of all sequences of finite support l̃20(N0) is dense
in L2(R, dσ+(λ)).

Theorem 5.7. Let dσ+(λ) be a nonnegative finite measure on R satisfying
condition (5.3). If Parseval’s formula (5.2) holds for any finite sequences
u, v and their eigenfunction transforms (or equivalently, if the orthogonality
relations (4.1) hold), then dσ+(λ) is a spectral measure, that is, there exists
a resolution of the identity E+(λ), such that dσ+(λ) = d(δ0, E+(λ)δ0).

Proof. Parseval’s formula establishes an isometry between l2(N0) and

l̃2(N0) ⊆ L2(R, dσ+(λ)) by which the operator H+ is transformed into the

operator H̃+ of multiplication by λ, defined to be the closure of the operator
of multiplication by λ on polynomials. Now we can consider an operator
of multiplication by λ on L2(R, dσ+(λ)), construct the resolution of identity
for it, and then by isometry between the Hilbert spaces obtain the required
resolution of identity for H+.

6 The inverse problem of spectral analysis on

the semi-axis

The results in this section are taken from [2], p. 518-520.
So far we have considered the direct spectral problem: for a given differ-

ence operator H+ we constructed a spectral decomposition. However, it is
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natural to consider the inverse problem, whether one can recover H+ from
appropriate spectral data. In this section we will show that such a recovery
is possible when the spectral data consist of the spectral measure dσ+(λ).

Roughly speaking, this reconstruction procedure of {aj, bj}j∈N0 starting
from dσ+(λ) proceeds as follows: Given the spectral measure dσ+(λ), one first
constructs the orthonormal set of polynomials {P+,j(λ)}j∈N0 with respect to
dσ+(λ) using the Gram-Schmidt orthogonalization process as in the proof
of Theorem 6.1 below. The fact that P+,j(λ) satisfies a second-order Jacobi
difference equation and orthogonality properties of P+,j(λ) then yield explicit
expressions for {aj, bj}j∈N0 .

To express the coefficients {aj, bj}j∈N0 in terms of P+,j(λ) and dσ+(λ) one
first notes that

aj−1P+,j−1(λ) + ajP+,j+1(λ) + bjP+,j(λ) = λP+,j(λ), j ∈ N0,

P+,−1(λ) = 0.

Taking the scalar product in L2(R, dσ+(λ)) of each side of this equation with
P+,k(λ) and using the orthogonality relations (4.1), we obtain

aj =

∫

R

λP+,j(λ)P+,j+1(λ) dσ+(λ), bj =

∫

R

λP 2
+,j(λ) dσ+(λ), j ∈ N0.

(6.1)

Theorem 6.1. Let dσ+(λ) be a nonnegative finite measure on R, for which
σ+(λ) has an infinite number of points of increase, such that

∫

R

dσ+(λ) = 1,

∫

R

|λ|m dσ+(λ) < ∞, m ∈ N0.

Then dσ+(λ) is necessarily the spectral measure for some second order fi-
nite difference expression. The coefficients of this expression are uniquely
determined by dσ+(λ) by formula (6.1), where {P+,j(λ)}j∈N0 is the orthonor-
mal system of polynomials constructed by the orthogonalization process in the
space L2(R, dσ+(λ)) of the system of powers 1, λ, λ2, . . . .

Proof. Consider the space L2(R, dσ+(λ)) and in it the system of functions
1, λ, λ2, . . . . Orthogonalize this sequence by applying the Gram-Schmidt or-
thogonalization process. If a polynomial is zero in the norm of L2(R, dσ+(λ)),
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it is identically zero because of the infinite number of points of increase of
σ+(λ). Thus, in the end we obtain an orthonormal sequence of real polyno-
mials P+,0(λ) = 1, P+,1(λ), . . . , where P+,j(λ) has degree j and its leading
coefficient is positive.

Define aj and bj by means of the equation (6.1) for the polynomials
P+,j(λ). It is easy to see that aj > 0, j ∈ N0. In fact, λP+,j(λ) is a
polynomial of degree j +1 whose leading coefficient is positive, and therefore
in the representation λP+,j(λ) = cj+1P+,j+1 + · · · + c0P+,0(λ), cj+1 > 0. But
cj+1 = aj, and thus the numbers aj and bj may be taken as the coefficients
of some difference expression H+.

Now we will show that the P+,j(λ) are polynomials of the first kind for
the expression H+ just constructed, that is, we will show that

λP+,j(λ) = aj−1P+,j−1(λ) + ajP+,j+1(λ) + bjP+,j(λ), j ∈ N0,

P+,−1(λ) = 0, P+,0(λ) = 1.

For the proof, it is sufficient to show that in the decomposition of the poly-
nomial λP+,j(λ) of degree j + 1 with respect to P+,0(λ), . . . , P+,j+1(λ), the
coefficients of P+,0(λ), . . . , P+,j−2 are zero, that is,

∫

R

λP+,j(λ)P+,k(λ) dσ+(λ) = 0, k = 0, . . . , j − 2.

But λP+,k(λ) is a polynomial of degree at most j−1, so P+,j(λ) is orthogonal
to it as required.

7 Polynomials of the second kind

The results in this section are taken from [2], p. 520-523.
Consider the difference equation

(Lu)j = aj−1uj−1 + bjuj + ajuj+1 = zuj, j ∈ N0, (7.1)

u0 = 0, u1 = 1/a0,

where z is some complex number. Let Q+(z) = (Q+,1(z), Q+,2(z), . . . ) be a
solution of this equation. It is easy to see that Q+,j(z) is a polynomial of
degree j − 1 with real coefficients, and whose leading coefficient is positive.
Therefore, Q+,j(z) is uniquely defined.
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Definition 7.1. The polynomials Q+,j(z) are called polynomials of the sec-
ond kind, generated by the difference expression L.

Remark 7.2. Clearly P+(z) and Q+(z) form a linearly independent system
of solutions of the second order difference equation (Lu)j = zuj, j ∈ N0.

Lemma 7.3. The polynomials Q+,j(z) and P+,j(z) are connected by the fol-
lowing relation

Q+,j(z) =

∫

R

P+,j(λ) − P+,j(z)

λ − z
dσ+(λ), j ∈ N0. (7.2)

Proof. In fact, the sequence uj =
∫

R

P+,j(λ)−P+,j(z)

λ−z
dσ+(λ) satisfies the equa-

tion

(Lu)j =

∫

R

(LP+(λ))j − (LP+(z))j

λ − z
dσ+(λ) = z

∫

R

P+,j(λ) − P+,j(z)

λ − z
dσ+(λ)

+

∫

R

P+,j(λ) dσ+(λ)

= z uj, j ∈ N.

Here we used
∫
R

P+,j(λ) dσ+(λ) = 0, j ∈ N, due to the orthogonality of P+,j,

j ∈ N with respect to P+,0 = 1. In addition, u0 = 0 and

u1 =

∫

R

1
a0

(λ − b0) − 1
a0

(z − b0)

λ − z
dσ+(λ) =

1

a0

.

Thus, uj = Q+,j(z), j ∈ N, and relation (7.2) is established.

Lemma 7.4. Let R+(z) = (H+ − zI)−1, z ∈ � (H+) be the resolvent 1 of the
difference operator H+. Then

R+(z) =

∫

R

(λ − z)−1dE+(λ)

and

(δj, R+(z)δk) =

∫

R

P+,j(λ)P+,k(λ)

λ − z
dσ+(λ), j, k ∈ N0.

1� (H+) denotes the resolvent set of H+.
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Definition 7.5. The function

m+(z) = (δ0, R+(z)δ0) =

∫

R

dσ+(λ)

λ − z
, z ∈ � (H+) ,

that is, the Stieltjes transform of the spectral measure, is called the Weyl–
Titchmarsh function of the operator H+.

Remark 7.6. Let α, β ∈ R, α < β. Then the spectral measure dσ+(λ) can
be reconstructed from the Weyl–Titchmarsh function m+(z) as follows,

σ+((α, β]) = lim
δ↓0

lim
ε↓0

1

π

β+δ∫

α+δ

Im (m+(λ + iε)) dλ. (7.3)

This is a consequence of the fact that m+(z) is a Herglotz function, that is,
m+(z) : C+ → C+ is analytic (C+ = {z ∈ C | Im (z) > 0}).
Theorem 7.7. R+(z)δ0 = Q+(z) + m+(z)P+(z), z ∈ � (H+).

Proof.

(R+(z)δ0)j =

∫

R

P+,j(λ)

λ − z
dσ+(λ) =

∫

R

P+,j(λ) − P+,j(z)

λ − z
dσ+(λ)

+ P+,j(z)

∫

R

dσ+(λ)

λ − z
= Q+,j(z) + m+(z)P+,j(z), j ∈ N0.

Corollary 7.8. For all z ∈ � (H+)

Q+(z) + m+(z)P+(z) ∈ l2(N0). (7.4)

Theorem 7.9. If the operator H+ is self-adjoint, then the Weyl–Titchmarsh
function m+(z) is uniquely defined by the relation (7.4).

Proof. Suppose we have a function f+(z) which satisfies (7.4) for all z ∈
� (H+), then

(f+(z) − m+(z))P+(z) ∈ l2(N0), z ∈ � (H+) .

From the fact that P+(z) /∈ l2(N0) (since H+ is assumed to be self-adjoint)
for all z ∈ � (H+) we get

f+(z) − m+(z) = 0, z ∈ � (H+) .

Thus, the Weyl–Titchmarsh function m+(z) is uniquely defined by (7.4).
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8 Jacobi operators on Z

The results in this section are taken from [2], p. 581-587, [3], and [4].

Definition 8.1. Let l2(Z) be the Hilbert space of all sequences

u = (. . . , u−1, u0, u1, . . . ), such that
∞∑

j=−∞
|uj|2 < ∞

with the scalar product (·, ·) to be linear in the second argument. Moreover,
let l20(Z) ⊂ l2(Z) be the dense subspace of all sequences of finite support

u = (. . . , 0, 0, uK , . . . , u−1, u0, u1, . . . , uN , 0, 0, . . . ),

where N = N(u) and K = K(u) depend on u.

Definition 8.2. Let H ′ : l20(Z) → l20(Z) be the linear operator defined as
(H ′u)j = (Lu)j, j ∈ Z on the Hilbert space l20(Z).

Remark 8.3. Using Green’s formula (1.2) it is easy to see that the operator
H ′ is symmetric.

In the following we denote by H = H ′ the closure of the operator H ′.

Lemma 8.4. H is symmetric because H ′ defined on the dense subset of l2(Z)
is symmetric and H is the closure of H ′.

The spectral theory of such operators is in many instances similar to the
theory on the semi-axis; the difference is that now the spectrum may, in
general, have multiplicity two on some subsets of R. This multiplicity of the
spectrum leads to a 2×2 matrix-valued spectral measure rather than a scalar
spectral measure.

In the following we will assume H to be a self-adjoint operator, that is,
we assume the difference expression L to be in the limit point case at ±∞.

Definition 8.5. Fix a site n0 ∈ Z and define solutions P+,j(z, n0 + 1) and
P−,j(z, n0) of the equation

(Hu)j = aj−1uj−1 + bjuj + ajuj+1 = zuj, z ∈ C, j ∈ Z,
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satisfying the initial conditions

P−,n0(z, n0) = 1, P−,n0+1(z, n0) = 0,

P+,n0(z, n0 + 1) = 0, P+,n0+1(z, n0 + 1) = 1.

Similarly to (3.1), {P−,j(z, n0)}j∈Z and {P+,j(z, n0 + 1)}j∈Z are two systems
of polynomials.

Corollary 8.6. Any solution of the equation

(Hu)j = aj−1uj−1 + bjuj + ajuj+1 = zuj, z ∈ C, j ∈ Z,

has the following form

u(z) = un0(z)P−(z, n0) + un0+1(z)P+(z, n0 + 1).

Remark 8.7. Like the half-line difference operator H+, the operator H has
an associated family of spectral projection operators {E(λ)}λ∈R and the fol-
lowing representations are valid,

I =

∫

R

dE(λ) and H =

∫

R

λ dE(λ).

Theorem 8.8. The two-dimensional polynomials

Pj(z) =
(
P−,j(z, n0), P+,j(z, n0 + 1)

)
: C → C

2, j ∈ Z,

are orthonormal with respect to the 2 × 2 matrix-valued spectral measure

dΩ(λ, n0) = d

(
(δn0 , E(λ)δn0) (δn0 , E(λ)δn0+1)

(δn0+1, E(λ)δn0) (δn0+1, E(λ)δn0+1)

)
,

that is,

δk,j =

∫

R

Pk(λ) dΩ(λ, n0) Pj(λ)�. (8.1)

Proof. Like the half-line operator H+, the operator H acts on each δj as

Hδj = aj−1δj−1 + ajδj+1 + bjδj, j ∈ Z.

14



Taking into account Corollary 8.6 and analogously to (3.1) we find that

δj = P−,j(L, n0)δn0 + P+,j(L, n0 + 1)δn0+1.

Now it is easy to establish (8.1) using

δk,j = (δk, δj)

= (P−,k(L, n0)δn0 , P−,j(L, n0)δn0)

+ (P+,k(L, n0 + 1)δn0+1, P−,j(L, n0)δn0)

+ (P−,k(L, n0)δn0 , P+,j(L, n0 + 1)δn0+1)

+ (P+,k(L, n0 + 1)δn0+1, P+,j(L, n0 + 1)δn0+1)

=

∫

R

P−,j(λ, n0)P−,k(λ, n0) d(δn0 , E(λ)δn0)

+

∫

R

P−,j(λ, n0)P+,k(λ, n0 + 1) d(δn0+1, E(λ)δn0)

+

∫

R

P+,j(λ, n0 + 1)P−,k(λ, n0) d(δn0 , E(λ)δn0+1)

+

∫

R

P+,j(λ, n0 + 1)P+,k(λ, n0 + 1) d(δn0+1, E(λ)δn0+1)

=

∫

R

Pk(λ) dΩ(λ, n0) Pj(λ)�.

Lemma 8.9. The two-dimensional polynomials

Pj(z) =
(
P+,j(z, n0 + 1), P−,j(z, n0)

)

satisfy the following equation

aj−1Pj−1(z) + ajPj+1(z) + bjPj(z) = zPj(z), z ∈ C, j ∈ Z,

and due to their orthonormality the following equalities hold,

aj =

∫

R

λPj(λ) dΩ(λ, n0) Pj+1(λ)�, bj =

∫

R

λPj(λ) dΩ(λ, n0) Pj(λ)�,

j ∈ Z. (8.2)
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Definition 8.10. Let Ψ±(z, n0) = (Ψ±,j(z, n0))j∈Z
be two solutions of the

following equation

(Lu)j = aj−1uj−1 + bjuj + ajuj+1 = zuj, z ∈ C, j ∈ Z,

un0 = 1, (8.3)

such that for some (and hence for all) m ∈ Z

Ψ±(z, n0) ∈ l2([m,±∞) ∩ Z), z ∈ C\R. (8.4)

The fact that such solutions always exist will be shown in the next result.

Theorem 8.11. If L is in the limit point case at ±∞, then the solutions
Ψ±(z, n0) in (8.3) and (8.4) exist and are unique.

Proof. First of all note that Ψ±,k(z, n0) �= 0 for all z ∈ C\R and k ∈ Z,
since otherwise they would be eigenfunctions corresponding to the nonreal
eigenvalue z of the restrictions of the self-adjoint operator H to the half-lines
l2((k,±∞) ∩ Z) with the Dirichlet boundary conditions at the point k.

Now suppose, for instance, we have two linearly independent functions
Ψ+(z, n0) and Φ+(z, n0) satisfying (8.3) and (8.4). Then the following func-
tion

f+(z) = Ψ+(z, n0) − Φ+(z, n0), z ∈ C\R.

also satisfies (8.3) and (8.4). Since f+,n0(z) = 0, one obtains a contradiction
by the previous consideration. Therefore, Ψ±(z, n0) are unique.

Now consider the restriction H+ of the operator H to l2(N0) with the
Dirichlet boundary condition at −1 and apply the result (7.4) from the pre-
vious section,

uj(z) = Q+,j(z) + m+(z)P+,j(z), j ∈ N.

By definition of Q+(z) and P+(z)

(Lu(z))j = zuj(z), j ∈ N.

The rest of the components of uj, namely {uj}−∞
j=0, can be determined recur-

sively from (8.3). Now define Ψ+(z, n0) as follows,

Ψ+,j(z, n0) = uj(z)/un0(z), j ∈ Z.

Therefore, there exists at least one function Ψ+(z, n0). An analogous consid-
eration is valid for Ψ−(z, n0).
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Corollary 8.12. Ψ±(z, n) = Ψ±(z, n0)/Ψ±,n(z, n0), n ∈ Z.

Definition 8.13. If the difference expression L is in the limit point case at
±∞, the (uniquely determined) solutions Ψ±(z, n0) of (8.3) satisfying (8.4)
are called the Weyl–Titchmarsh solutions of Lu = zu. Let M±(z, n0) be
functions, such that

Ψ±(z, n0) = P−(z, n0) −
1

an0

M±(z, n0)P+(z, n0 + 1). (8.5)

Such functions always exist due to Theorem 8.11 and Corollary 8.6.

In the following we denote by H±,n0 the restrictions of the operator H
to the right and left half-line with the Dirichlet boundary condition at the
point n0 ∓ 1, that is, H±,n0 acts on l2([n0,±∞) ∩ Z) with the corresponding
boundary condition un0∓1 = 0.

Next, let m±(z, n0) be the Weyl–Titchmarsh functions for the half-line
operators H±,n0 with σ±(λ, n0) the associated spectral functions, that is,

m±(z, n0) = ((H±,n0 − zI)−1δn0 , δn0) =

∫

R

dσ±(λ, n0)

λ − z
, z ∈ � (H±,n0) .

Then, analogously to (7.4),

Q±(z, n0) + m±(z, n0)P±(z, n0) ∈ l2([n0,±∞) ∩ Z),

where P±(z, n0) and Q±(z, n0) are polynomials of the first and second kind
for the half-line operators H±,n0 , that is,

(H±,n0P±(z, n0))j = zP±,j(z, n0), j ∈ [n0,±∞) ∩ Z,

(H±,n0Q±(z, n0))j = zQ±,j(z, n0), j ∈ (n0,±∞) ∩ Z,

and

P+,n0−1(z, n0) = 0, P+,n0(z, n0) = 1,

Q+,n0(z, n0) = 0, Q+,n0+1(z, n0) = 1/an0 ,

P−,n0(z, n0) = 1, P−,n0+1(z, n0) = 0,

Q−,n0−1(z, n0) = 1/an0−1, Q−,n0(z, n0) = 0.
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Lemma 8.14. The following relations hold

M+(z, n0) = −1/m+(z, n0) − z + bn0 ,

M−(z, n0) = 1/m−(z, n0).
(8.6)

Proof. From the uniqueness of the Weyl–Titchmarsh functions Ψ±(z, n0) we
get

Ψ±,j(z, n0) = c±(z, n0) (Q±,j(z, n0) + m±(z, n0)P±,j(z, n0)) , j � n0,

Ψ±,j(z, n0) = P−,j(z, n0) −
1

an0

M±(z, n0)P+,j(z, n0 + 1), j ∈ Z.

Using the recursion formula (8.3) and

P−,n0(z, n0) = 1, P−,n0+1(z, n0) = 0,

P+,n0(z, n0 + 1) = 0, P+,n0+1(z, n0 + 1) = 1,

one finds

1 =Ψ±,n0(z, n0) = c±(z, n0)m±(z, n0),

−M+(z, n0)

an0

=Ψ+,n0+1(z, n0) = c+(z, n0)

(
1

an0

+ m+(z, n0)
z − bn0

an0

)
, (8.7)

−M−(z, n0)

an0

=Ψ−,n0+1(z, n0) = c−(z, n0)
−1

an0

. (8.8)

Therefore,

c±(z, n0) = 1/m±(z, n0),

and

M+(z, n0) = −1/m+(z, n0) − z + bn0 ,

M−(z, n0) = 1/m−(z, n0).

In particular, (8.7) and (8.8) yield

M±(z, n0) = −an0Ψ±,n0+1(z, n0). (8.9)

Next, we introduce the Wronskian of two vectors u and v at the point m
by

W (u, v)(m) = am(umvm+1 − um+1vm).
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Lemma 8.15. The Wronskian of the Weyl–Titchmarsh functions Ψ−(z, n0)
and Ψ+(z, n0), W (Ψ−(z, n0), Ψ+(z, n0))(m), is independent of m and one
obtains

W (Ψ−(z, n0), Ψ+(z, n0)) = M−(z, n0) − M+(z, n0).

Proof.

W (Ψ+, Ψ−)(m) = am[Ψ+,mΨ−,m+1 − Ψ+,m+1Ψ−,m]

= −[am+1Ψ+,m+2 + (bm+1 − z)Ψ+,m+1]Ψ−,m+1

+ [am+1Ψ−,m+2 + (bm+1 − z)Ψ−,m+1]Ψ+,m+1

= am+1[Ψ+,m+1Ψ−,m+2 − Ψ+,m+2Ψ−,m+1]

= W (Ψ+, Ψ−)(m + 1).

Therefore, to find the Wronskian of the Weyl–Titchmarsh functions Ψ±(z, n0)
it suffices to calculate it at any point, for instance, at n0,

W (Ψ+(z, n0), Ψ−(z, n0))(n0) =an0

[
− 1

an0

M−(z, n0) +
1

an0

M+(z, n0)

]

=M+(z, n0) − M−(z, n0).

Next, let R(z) = (H − zI)−1, z ∈ � (H), be the resolvent of the operator
H. Then

R(z) =

∫

R

(λ − z)−1dE(λ), z ∈ � (H) .

Lemma 8.16.

(δj, R(z)δk) =
1

W (Ψ−(z, n0), Ψ+(z, n0))

{
Ψ−,j(z, n0)Ψ+,k(z, n0), j ≤ k,

Ψ−,k(z, n0)Ψ+,j(z, n0), j ≥ k,

j, k ∈ Z. (8.10)

Moreover, (8.10) does not depend on n0 due to Corollary 8.12 and because it
is homogeneous in Ψ.

Proof. Denote the expression on the right-hand side of (8.10) as T (z, j, k)
and define a vector Ψ(z, j) = (Ψk(z, j))k∈Z ∈ l2(Z) as follows,

Ψk(z, j) = T (z, j, k), k ∈ Z.

19



Indeed, Ψ(z, j) ∈ l2(Z) because

Ψ =
1

W
(. . . , Ψ+,jΨ−,j−1, Ψ+,jΨ−,j, Ψ−,jΨ+,j+1, Ψ−,jΨ+,j+2, . . . )

=
1

W

[
Ψ+,j(. . . , Ψ−,j−1, Ψ−,j, 0, 0 . . . )

+ Ψ−,j(. . . , 0, 0, Ψ+,j+1, Ψ+,j+2, . . . )
]

and

(. . . , Ψ−,j−1, Ψ−,j, 0, 0 . . . ) ∈ l2(Z),

(. . . , 0, 0, Ψ+,j+1, Ψ+,j+2, . . . ) ∈ l2(Z).

Define an operator T (z) on l20(Z) as follows,

T (z)u =

( ∑
j∈Z

T (z, j, k)uj

)

k∈Z

=
∑
j∈Z

Ψ(z, j)uj, u ∈ l20(Z).

To prove (8.10) it suffices to show that,

(H − zI) T (z) δj = δj, j ∈ Z,

T (z) (H − zI) δj = δj, j ∈ Z,

because {δj}j∈Z is a basis in l2(Z).

(H − zI) T (z) δj =(H − zI)Ψ(z, j)

=
1

W
(H − zI)

[
Ψ−,j(. . . , 0, 0, ajΨ+,j+1,−ajΨ+,j, 0, 0, . . . )

+ Ψ+,j(. . . , 0, 0,−ajΨ−,j+1, ajΨ−,j, 0, 0 . . . )
]

=
1

W
δjaj

[
Ψ−,jΨ+,j+1 − Ψ+,jΨ−,j+1

]

=δj.
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T (z) (H − zI) δj =T (z)
[
aj−1δj + ajδj+1 + (bj − z)δj

]

=aj−1Ψ(z, j − 1) + ajΨ(z, j + 1) + (bj − z)Ψ(z, j)

=δj
1

W

[
aj−1Ψ−,j−1Ψ+,j + ajΨ−,jΨ+,j+1

+ (bj − z)Ψ−,jΨ+,j

]

=δj
1

W

[
aj−1Ψ−,j−1Ψ+,j + ajΨ−,j+1Ψ+,j + W

+ (bj − z)Ψ−,jΨ+,j

]

=δj.

Corollary 8.17.

(δj, R(z)δk) =
1

W (Ψ−(z, n0), Ψ+(z, n0))

{
Ψ−,j(z, n0)Ψ+,k(z, n0), j ≤ k

Ψ−,k(z, n0)Ψ+,j(z, n0), j ≥ k

=
1

W (Ψ−(z, n0), Ψ+(z, n0))

{
Ψ−,k(z, n0)Ψ+,j(z, n0), j ≥ k

Ψ−,j(z, n0)Ψ+,k(z, n0), j ≤ k

=(δk, R(z)δj), j, k ∈ Z.

Corollary 8.18. Using the definition of M±(z, n0) one finds

(δn0+1, R(z)δn0+1) =
Ψ−,n0+1(z, n0)Ψ+,n0+1(z, n0)

W (Ψ−(z, n0), Ψ+(z, n0))

=
1

a2
n0

M+(z, n0)M−(z, n0)

M−(z, n0) − M+(z, n0)
,

(δn0 , R(z)δn0) =
Ψ−,n0(z, n0)Ψ+,n0(z, n0)

W (Ψ−(z, n0), Ψ+(z, n0))

=
1

M−(z, n0) − M+(z, n0)
,

(δn0 , R(z)δn0+1) = (δn0+1, R(z)δn0)

=
Ψ−,n0(z, n0)Ψ+,n0+1(z, n0)

W (Ψ−(z, n0), Ψ+(z, n0))

= − 1

an0

M+(z, n0)

M−(z, n0) − M+(z, n0)
.
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Definition 8.19. The following matrix M(z, n0)

M(z, n0) =

∫

R

1

λ − z
dΩ(λ, n0) =

(
(δn0 , R(z)δn0) (δn0 , R(z)δn0+1)

(δn0+1, R(z)δn0) (δn0+1, R(z)δn0+1)

)

=

(
1

M−(z,n0)−M+(z,n0)
− 1

an

M+(z,n0)
M−(z,n0)−M+(z,n0)

− 1
an

M+(z,n0)
M−(z,n0)−M+(z,n0)

1
a2

n

M+(z,n0)M−(z,n0)
M−(z,n0)−M+(z,n0)

)
, (8.11)

is called the Weyl–Titchmarsh matrix associated with the operator H.

Remark 8.20. In connection with some applications (cf. [3]) it is some-
times more natural to use the following matrix M(z, n0) instead of the Weyl–
Titchmarsh matrix M(z, n0),

M(z, n0) =

(
1 0
0 −an0

)
M(z, n0)

(
1 0
0 −an0

)
+

1

2

(
0 1
1 0

)

=

(
1

M−(z,n0)−M+(z,n0)
1
2

M+(z,n0)+M−(z,n0)
M−(z,n0)−M+(z,n0)

1
2

M+(z,n0)+M−(z,n0)
M−(z,n0)−M+(z,n0)

M+(z,n0)M−(z,n0)
M−(z,n0)−M+(z,n0)

)
.

Remark 8.21. The spectral measure dΩ(λ, n0) can be reconstructed from the
Weyl–Titchmarsh matrix M(z, n0) and hence from M(z, n0) as follows,

Ω((α, β], n0) = lim
δ↓0

lim
ε↓0

1

π

β+δ∫

α+δ

Im (M(λ + iε, n0)) dλ. (8.12)

Remark 8.22. It is possible to treat a generalization of the previous sec-
tions by introducing the general linear homogeneous boundary condition in a
neighborhood of the origin:

αu−1 + βu0 = 0, |α| + |β| > 0.

From Green’s formula (1.2) it is easy to see that L is symmetric if and only if
Im (α) = Im (β) = 0. In this case all of the theory developed in the previous
sections can be carried over to problems of the form

(Lu)j = aj−1uj−1 + bjuj + ajuj+1, j ∈ N0,

αu−1 + βu0 = 0, |α| + |β| > 0, Im (α) = Im (β) = 0.
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9 Examples

The results in this section are taken from [2], p. 544-546 and p. 585-586.

Example 9.1. Consider the following difference expression on N0:

(Lu)j =
1

2
uj−1 +

1

2
uj+1, j ∈ N0, (9.1)

u−1 = 0,

where aj = 1/2, bj = 0, j ∈ N0.
First, we determine P+,j(z). These polynomials are the solution of the

following problem

1

2
uj−1 +

1

2
uj+1 = zuj, j ∈ N0,

u−1 = 0, u0 = 1.

The solution of the resulting recursion will again be unique; on the other
hand, introducing z = cos(θ), the sequence uj = sin[(j +1)θ]/ sin(θ), j ∈ N0,
obviously satisfies it. Thus,

P+,j(z) =
sin[(j + 1) arccos(z)]

sin[arccos(z)]
, j ∈ N0

will be the solution of problem (9.1). These polynomials are known as Cheby-
shev polynomials of the second kind. The polynomials Q+,j(z) form the
solution of the problem

1

2
uj−1 +

1

2
uj+1 = zuj, j ∈ N0,

u0 = 0, u1 = 1/a0 = 2.

Comparing this problem with the previous one, we obtain

Q+,j(z) = 2Pj−1(z), j ∈ N0.

Since the coefficients of L are bounded, the operator L is bounded. The
unique spectral measure for L is given by2

dσ+(λ) =

{
2
π

√
1 − λ2 dλ, |λ| ≤ 1,

0, |λ| ≥ 1.

2We define
√· to be the branch with

√
x > 0 for x > 0.
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This follows from Theorem 5.7 and the well-known orthogonality relations
for Chebyshev polynomials

2

π

1∫

−1

P+,k(λ)P+,j(λ)
√

1 − λ2 dλ =
2

π

π∫

0

sin[(k + 1)θ] sin[(j + 1)θ] dθ = δkj,

j, k ∈ N0.

Thus,

Spec (L) = [−1, 1] and ‖L‖ = 1.

The function m+(z) has the form

m+(z) =
2

π

1∫

−1

√
1 − λ2 dλ

λ − z
= 2(

√
z2 − 1 − z), z ∈ C\[−1, 1].

Example 9.2. Consider the following difference expression on N0:

(Lu)j = aj−1uj−1 + ajuj+1, j ∈ N0,

u−1 = 0,

where a0 = 1/
√

2, aj = 1/2, j ∈ N, and bj = 0, j ∈ N0.
First, we determine P+,j(z). These polynomials are the solution of the

following problem

1

2
uj−1 +

1

2
uj+1 = zuj, j ≥ 2,

1√
2
u1 = zu0,

1√
2
u0 +

1

2
u2 = zu1,

u−1 = 0, u0 = 1.

Set, as before, z = cos(θ). It is not difficult to see that the solution of the
resulting recursion relation is the sequence uj =

√
2 cos(jθ), j ∈ N. Thus,

P+,0(z) = 1,

P+,j(z) =
√

2 cos[j arccos(z)], j ∈ N0
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will be the solution of the problem. These polynomials are known as Cheby-
shev polynomials of the first kind. The polynomials Q+,j(z) satisfy the rela-
tion

1

2
uj−1 +

1

2
uj+1 = zuj, j ∈ N,

u0 = 0, u1 = 1/a0 =
√

2.

Comparing this problem with the previous example, we obtain

Q+,j(z) =
√

2
sin[j arccos(z)]

sin[arccos(z)]
, j ∈ N0.

As in the previous example, it is easy to see that L is bounded, and

dσ+(λ) =

{
dλ

π
√

1−λ2 , |λ| < 1,

0, |λ| > 1,

Spec (L) = [−1, 1] and ‖L‖ = 1,

m+(z) =
1

π

1∫

−1

dλ

(λ − z)
√

1 − λ2
= − 1√

z2 − 1
, z ∈ C\[−1, 1].

Example 9.3. Consider the following difference expression on Z:

(Lu)j =
1

2
uj−1 +

1

2
uj+1, j ∈ Z,

where aj = 1/2, bj = 0, j ∈ Z.
In this example it does not matter which point to choose as a reference

point; therefore, without loss of generality, we will assume n0 = 0.
The Weyl–Titchmarsh solutions Ψ±,j(z, 0) are then seen to be of the form

Ψ±,j(z, 0) =
(
∓
√

z2 − 1 + z
)j

, z ∈ C\[−1, 1], j ∈ Z.

By (8.7) and (8.8) one obtains

M±(z, 0) =
1

2

(
±
√

z2 − 1 − z
)

, z ∈ C\[−1, 1].
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By (8.6) one infers

m−(z, 0) = m+(z, 0) = 2(
√

z2 − 1 − z), z ∈ C\[−1, 1].

Moreover, using (8.11), one finds for the Weyl–Titchmarsh matrix M(z, 0),

M(z, 0) =

(
−1√
z2−1

−z√
z2−1

+ 1
−z√
z2−1

+ 1 −1√
z2−1

)
, z ∈ C\[−1, 1].

By (8.12) this yields the corresponding spectral measure dΩ(λ, 0),

dΩ(λ, 0) =





1
π

(
1√

1−λ2

λ√
1−λ2

λ√
1−λ2

1√
1−λ2

)
dλ, |λ| < 1,

0, |λ| > 1.
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1 Floquet theory

We consider the differential equation

Lψ(x) =

[
− d2

dx2
+ q(x)

]
ψ(x) = 0, x ∈ R, q ∈ C(R), (1.1)

where ψ, ψ′ ∈ ACloc(R), and q is a periodic function (possibly complex-
valued) with period Ω > 0. That is,

q(x + Ω) = q(x) for all x ∈ R.

It is well-known that equation (1.1) has two linearly independent solutions
and any solution of (1.1) can be written as a linear combination of these two
linearly independent solutions. Also we can see that if ψ(x) is a solution of
(1.1), then so is ψ(x + Ω). Thus, one might ask whether or not these two
solutions ψ(x) and ψ(x + Ω) are linearly independent.

When q(x) = 1, in which case Ω can be any positive real number, say
Ω = 1, we know that ψ1(x) = ex and ψ2(x) = e−x are linearly independent
solutions of (1.1). Then we see that ψj(x) and ψj(x+1) are linearly dependent
for j = 1, 2, respectively. However, the solutions (ψ1 + ψ2)(x) and (ψ1 +
ψ2)(x+1) are linearly independent. So for the special case q(x) = 1, whether
solutions ψ(x) and ψ(x+Ω) are linearly dependent depends upon the choice
of the solution ψ(x). In fact, this is true in general. (We will later see that
in some exceptional cases, all solutions of (1.1) are periodic.)

Now we prove the following theorem on the existence of a non-trivial
solution ψ(x) of (1.1) such that ψ(x) and ψ(x + Ω) are linearly dependent.

Theorem 1.1. There exist a non-zero constant ρ and a non-trivial solution
ψ of (1.1) such that

ψ(x + Ω) = ρψ(x), x ∈ R. (1.2)

Proof. It is well-known that (1.1) has solutions φ1 and φ2 such that

φ1(0) = 1, φ2(0) = 0,

φ′
1(0) = 0, φ′

2(0) = 1. (1.3)

So in particular,

W (φ1, φ2)(x) = φ1(x)φ′
2(x) − φ′

1(x)φ2(x) = 1. (1.4)

2



Then, since φ1(x + Ω) and φ2(x + Ω) are also solutions of (1.1), using
(1.3) we get

φ1(x + Ω) = φ1(Ω)φ1(x) + φ′
1(Ω)φ2(x),

φ2(x + Ω) = φ2(Ω)φ1(x) + φ′
2(Ω)φ2(x). (1.5)

Since every solution ψ(x) of (1.1) can be written as ψ(x) = c1φ1(x) +
c2φ2(x), it suffices to show that there exist a vector (c1, c2) ∈ C

2 \ {0} and a
constant ρ ∈ C such that

(
φ1(Ω) φ2(Ω)
φ′

1(Ω) φ′
2(Ω)

) (
c1

c2

)
= ρ

(
c1

c2

)
,

which, by (1.5), is equivalent to

ψ(x + Ω) = ρψ(x).

Now the question becomes whether the matrix

M =

(
φ1(Ω) φ2(Ω)
φ′

1(Ω) φ′
2(Ω)

)
(1.6)

has an eigenvector (c1, c2)
T (the transpose of (c1, c2)) with the corresponding

(non-zero) eigenvalue ρ. Since an eigenvalue is a solution of the quadratic
equation

ρ2 − [φ1(Ω) + φ′
2(Ω)] ρ + 1 = 0, (1.7)

where we used (1.4) to get the constant term 1, it is clear that every eigenvalue
is non-zero. Therefore, matrix algebra completes the proof.

We note that the matrix M in (1.6) is called the monodromy matrix of
equation (1.1).

In addition to the previous theorem, one can show that equation (1.1)
has two linearly independent solutions of a very special form:

Theorem 1.2. The equation (1.1) has linearly independent solutions ψ1(x)
and ψ2(x) such that either
(i) ψ1(x) = em1xp1(x), ψ2(x) = em2xp2(x), where m1, m2 ∈ C and p1(x) and
p2(x) are periodic functions with period Ω; or
(ii) ψ1(x) = emxp1(x), ψ2(x) = emx {xp1(x) + p2(x)} , where m ∈ C and
p1(x) and p2(x) are periodic functions with period Ω.
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Proof. We will divide the proof into two cases.
Case I: Suppose that the monodromy matrix M has two distinct eigenvalues
ρ1, ρ2. Certainly, (1.1) has two linearly independent solutions ψ1(x) and
ψ2(x) with ψj(x + Ω) = ρjψj(x) for j = 1, 2. Next, we choose constants m1

and m2 so that

emjΩ = ρj, j = 1, 2, (1.8)

and define

pj(x) = e−mjxψj(x), j = 1, 2. (1.9)

Then one can easily verify that pj(x) are periodic with period Ω as follows.

pj(x + Ω) = e−mj(x+Ω)ψj(x + Ω)

= e−mjxe−mjΩ ρj ψj(x)

= pj(x), j = 1, 2, x ∈ R.

Thus, ψj(x) = emjxpj(x), where pj(x) has period Ω. So we have case (i) of
the theorem.
Case II: Assume the matrix M has a repeated eigenvalue ρ. We then choose
m so that emΩ = ρ. By Theorem 1.1, there exists a non-trivial solution
Ψ1(x) of (1.1) such that Ψ1(x+Ω) = ρΨ1(x). Since (1.1) has two linearly in-
dependent solutions, we can choose a second solution Ψ2(x) which is linearly
independent of Ψ1(x). Then, since Ψ2(x + Ω) is also a solution of (1.1), one
can write

Ψ2(x + Ω) = d1Ψ1(x) + d2Ψ2(x) for some d1, d2 ∈ C.

Thus,

W (Ψ1, Ψ2)(x + Ω) = W (ρΨ1(x), Ψ2(x + Ω)) = ρd2W (Ψ1, Ψ2)(x).

Since the Wronskian is a non-zero constant, we have

d2 =
1

ρ
= ρ

and hence,

Ψ2(x + Ω) = d1Ψ1(x) + ρΨ2(x) for some d1 ∈ C.
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If d1 = 0 this case reduces to case I with ρ1 = ρ2 = ρ. So we are again in
case (i) of the theorem.

Now suppose that d1 �= 0. We define

P1(x) = e−mxΨ1(x)

and thus P1(x) is periodic with period Ω. Also, we define

P2(x) = e−mxΨ2(x) − d1

ρΩ
xP1(x).

Then

P2(x + Ω) = e−m(x+Ω)Ψ2(x + Ω) − d1

ρΩ
(x + Ω)P1(x + Ω)

=
e−mx

ρ
{d1Ψ1(x) + ρΨ2(x)} − d1

ρΩ
(x + Ω)P1(x)

=
d1

ρ
P1(x) + e−mxΨ2(x) − d1

ρΩ
xP1(x) − d1

ρ
P1(x)

= P2(x).

So we have part (ii) of the theorem with ψ1(x) = Ψ1(x) and ψ2(x) = ρΩ
d1

Ψ2(x).

The solutions ψ1 and ψ2 in Theorem 1.2 are called the Floquet solutions of
(1.1).

Remark 1.3. These results form the basis of Floquet Theory of second-order
scalar differential equations (see, e.g., Eastham [1, Ch. 1]).

Remark 1.4. Case (i) of Theorem 1.2 occurs when the matrix M has two
linearly independent eigenvectors, while case (ii) occurs when M does not
have two linearly independent eigenvectors.

Definition 1.5. One calls

∆ =
1

2
(φ1(Ω) + φ′

2(Ω))

the Floquet discriminant of equation (1.1). The solutions ρ1 and ρ2 of

ρ2 − 2∆ ρ + 1 = 0 (1.10)

are called the Floquet multipliers of equation (1.1).
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Definition 1.6. The equation (1.1) is said to be (a) unstable if all non-trivial
solutions are unbounded on R, (b) conditionally stable if there is a non-trivial
bounded solution, and (c) stable if all solutions are bounded.

Later we will see that the conditional stability is intimately related to the
spectrum of the operator generated by L, defined in (1.1).

Remark 1.7. It is clear that ρ is a solution of the quadratic equation (1.10)
if and only if 1

ρ
is a solution of (1.10).

Remark 1.8. A non-trivial solution ψ(x) of (1.1) with the property ψ(x +
Ω) = ρψ(x) is bounded on R if and only if |ρ| = 1 since ψ(x + nΩ) = ρnψ(x)
for all n ∈ Z.

We now prove the following theorem on stability of the equation (1.1).

Theorem 1.9. Suppose that ∆ is real.
(i) If |∆| < 1, then all solutions of (1.1) are bounded on R.
(ii) If |∆| > 1, then all non-trivial solutions of (1.1) are unbounded on R.
(iii) If ∆ = 1, then there is at least one non-trivial solution of (1.1) that is
periodic with period Ω. Moreover, if φ′

1(Ω) = φ2(Ω) = 0, all solutions are
periodic with period Ω. If either φ′

1(Ω) �= 0 or φ2(Ω) �= 0, there do not exist
two linearly independent periodic solutions.
(iv) If ∆ = −1, then there is at least one non-trivial solution ψ of (1.1) that
is semi-periodic with semi-period Ω (i.e., ψ(x + Ω) = −ψ(x)). Moreover, if
φ′

1(Ω) = φ2(Ω) = 0, all solutions are semi-periodic with semi-period Ω. If
either φ′

1(Ω) �= 0 or φ2(Ω) �= 0, there do not exist two linearly independent
semi-periodic solutions.
If ∆ is nonreal, then all non-trivial solutions of (1.1) are unbounded on R.

Proof. Suppose ∆ is real. Since the two solutions ρ1 and ρ2 of (1.10) are

∆ ±
√

∆2 − 1, (1.11)

we see that

|ρ1| = 1, (and hence |ρ2| =
1

|ρ1|
= 1) if and only if |∆| ≤ 1. (1.12)

When ρ1 = eit for some t ∈ R, we have that

∆ =
1

2
(φ1(Ω) + φ′

2(Ω)) =
1

2

(
ρ1 +

1

ρ1

)
= cos(t).
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Proof of (i): Suppose |∆| < 1. By (1.12), we see that |ρ1| = |ρ2| = 1, and
hence ρ1 = eit and ρ2 = e−it for some t ∈ R. Then we have ∆ = cos (t).
Since |∆| < 1, we get that t is not a multiple of π, and so ρ1 �= ρ2. So we
have case (i) of Theorem 1.2 with m1 = it

Ω
and m2 = − it

Ω
(see (1.8)), and

every solution of (1.1) is bounded on R.
Proof of (ii): Suppose |∆| > 1. By (1.11), we see that both ρ1 and ρ2 are real,
and that either |ρ1| > 1 and |ρ2| < 1, or |ρ1| < 1 and |ρ2| > 1. In particular,
they are different. So we have case (i) of Theorem 1.2 with Remj �= 0 for
j = 1, 2, and every non-trivial solution of (1.1) is unbounded on R (see
Remark 1.8).
Proof of (iii): Suppose ∆ = 1. Then ρ1 = ρ2 = 1 since they are solu-
tions of (1.10). There is at least one eigenvector of the monodromy matrix
M , and hence there exists at least one nontrivial periodic solution. When
φ′

1(Ω) = φ2(Ω) = 0, M is the identity matrix, and hence it has two linearly
independent eigenvectors. So there are two linearly independent Floquet so-
lutions that are periodic with period Ω. Thus every solution is periodic with
period Ω.

If either φ′
1(Ω) �= 0 or φ2(Ω) �= 0, then M has only one linearly indepen-

dent eigenvector, and so we have case (ii) of Theorem 1.2. Thus, there exists
a non-trivial solution that is not periodic.
Proof of (iv): Suppose ∆ = −1. Then ρ1 = ρ2 = −1 since they are solutions
of (1.10). The proof is now similar to case (iii) above.

Finally, we suppose ∆ is not real, and hence both ρ1 and ρ2 are not real.
Also, |ρ1| �= 1 and |ρ2| �= 1, since otherwise ∆ would be real. So from (1.8),
Re mj �= 0 for j = 1, 2, and every non-trivial solution is unbounded on R by
Theorem 1.2.

We note that if q is real-valued, then φ1(Ω) and φ′
2(Ω) are real, and so is

∆.

2 The case where q(x) → q(x) − z, z ∈ C

In this section we introduce a complex parameter z into (1.1) and study the
asymptotic behavior of ∆(z) as |z| → ∞.

We consider

−ψ′′(x) + [q(x) − z]ψ(x) = 0, x ∈ R, (2.1)
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where ψ, ψ′ ∈ ACloc(R), and q ∈ C(R) is a periodic function (possibly
complex-valued) with period Ω > 0.

We know that for each z ∈ C, (2.1) has the solutions φ1(z, ·) and φ2(z, ·)
such that

φ1(z, 0) = 1, φ2(z, 0) = 0,

φ′
1(z, 0) = 0, φ′

2(z, 0) = 1, (2.2)

as in (1.3), where we denote ∂
∂ x

= ′.
Let

∆(z) =
1

2
(φ1(z, Ω) + φ′

2(z, Ω)) .

It is known that φj(z, x), j = 1, 2 for fixed x ∈ R as well as ∆(z) are entire
functions of z. Next we will study the asymptotic behavior of ∆(z) using the
following lemma.

Lemma 2.1. For x ≥ 0 and z �= 0, we have the following bounds for φj(z, x),
j = 1, 2,

|φ1(z, x)| ≤ exp[|Im
√

z|x] exp

[
|z|− 1

2

∫ x

0

dx1|q(x1)|
]

, (2.3)

|φ2(z, x)| ≤ |z|− 1
2 exp[|Im

√
z|x] exp

[
|z|− 1

2

∫ x

0

dx1|q(x1)|
]

. (2.4)

Proof. One can see that φj(z, x) satisfy the following integral equations,

φ1(z, x) = cos[
√

zx] +

∫ x

0

dx1
sin[

√
z(x − x1)]√

z
q(x1)φ1(z, x1), (2.5)

φ2(z, x) =
sin[

√
zx]√
z

+

∫ x

0

dx1
sin[

√
z(x − x1)]√

z
q(x1)φ2(z, x1). (2.6)

We note that these integral equations are invariant under the change
√

z �→
−√

z, so we can choose any branch for the square root.
Define a sequence {un(z, x)}n∈N0 of functions recursively as follows:

u0(z, x) = 0,

un(z, x) = cos[
√

zx] +

∫ x

0

dx1
sin[

√
z(x − x1)]√

z
q(x1)un−1(z, x1), n ≥ 1.
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We will show that limn→∞ un(z, x) exists, and that the limit is the solution
of the integral equation (2.5).

Let vn(z, x) = un(z, x) − un−1(z, x) for n ≥ 1. First, we claim that

|vn(z, x)| ≤ exp[|Im
√

z|x]

(∫ x

0
dx1|q(x1)|

)n−1

|z|n−1
2 (n − 1)!

, x ≥ 0, n ≥ 1, (2.7)

which will be proven by induction.
The case n = 1 is clear since v1(z, x) = cos[

√
zx]. Suppose that (2.7)

holds for some n ≥ 1, that is, assume

|vn(z, x)| ≤ exp[|Im
√

z|x]

(∫ x

0
dx1|q(x1)|

)n−1

|z|n−1
2 (n − 1)!

, x ≥ 0. (2.8)

Then, since

vn+1(z, x) =

∫ x

0

dx1
sin[

√
z(x − x1)]√

z
q(x1)vn(z, x1),

we have

|vn+1(z, x)| ≤
∫ x

0

dx1
| sin[

√
z(x − x1)]|
|√z| |q(x1)||vn(z, x1)|

≤ | exp[|Im√
z|x]

|z|n
2 (n − 1)!

∫ x

0

dx1|q(x1)|
(∫ x1

0

dx2|q(x2)|
)n−1

= exp[|Im
√

z|x]

(∫ x

0
dx1|q(x1)|

)n

|z|n
2 n!

, x ≥ 0,

where we used (2.8) in the second step. Thus, by induction, (2.7) holds for
all n ≥ 1, and hence,

∞∑
n=1

|vn(z, x)| ≤ exp[|Im
√

z|x]
∞∑

n=1

(∫ x

0
dx1|q(x1)|

)n−1

|z|n−1
2 (n − 1)!

= exp[|Im
√

z|x] exp

[∫ x

0
dx1|q(x1)|
|√z|

]
. (2.9)

Thus,

lim
n→∞

un(z, x) =
∞∑

n=1

vn(z, x)
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exists and is the solution of the integral equation (2.5). Then by the unique-
ness of the solution, we have limn→∞ un(z, x) = φ1(z, x) and this proves
(2.3).

The proof of (2.4) is similar to the proof of (2.3), with (2.7) replaced by

|vn(z, x)| ≤ exp[|Im
√

z|x]

(∫ x

0
dx1|q(x1)|

)n−1

|z|n
2 (n − 1)!

, x ≥ 0, n ≥ 1.

Theorem 2.2.

2∆(z) =
|z|→∞

2 cos[
√

zΩ] +
sin[

√
zΩ]√
z

∫ Ω

0

dx q(x) + O

(
exp[|Im√

z|Ω]

|z|

)
.

(2.10)

In particular, ∆(z) is of order 1
2

and type Ω. Also, for each w ∈ C, there is
an infinite set {zn}n∈N0 ⊂ C such that ∆(zn) = w.

Proof. First we differentiate (2.6) with respect to x to get

φ′
2(z, x) = cos[

√
zx] +

∫ x

0

dx1 cos[
√

z(x − x1)]q(x1)φ2(z, x1).

Then we have

2∆(z) = φ1(z, Ω) + φ′
2(z, Ω)

= cos[
√

zΩ] +

∫ Ω

0

dx1
sin[

√
z(Ω − x1)]√

z
q(x1)φ1(z, x1)

+ cos[
√

zΩ] +

∫ Ω

0

dx1 cos[
√

z(Ω − x1)]q(x1)φ2(z, x1)

= 2 cos[
√

zΩ] +

∫ Ω

0

dx1
sin[

√
z(Ω − x1)]√

z
q(x1) cos[

√
zx1]

+

∫ Ω

0

dx1
sin[

√
z(Ω − x1)]√

z
q(x1)

∫ x1

0

dx2
sin[

√
z(x1 − x2)]√

z
q(x2)φ1(z, x2)

+

∫ Ω

0

dx1 cos[
√

z(Ω − x1)]q(x1)
sin[

√
zx1]√
z
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+

∫ Ω

0

dx1 cos[
√

z(Ω − x1)]q(x1)

∫ x1

0

dx2
sin[

√
z(x1 − x2)]√

z
q(x2)φ2(z, x2)

= 2 cos[
√

zΩ] +
sin[

√
zΩ]√
z

∫ Ω

0

dx1 q(x1)

+

∫ Ω

0

dx1
sin[

√
z(Ω − x1)]√

z
q(x1)

∫ x1

0

dx2
sin[

√
z(x1 − x2)]√

z
q(x2)φ1(z, x2)

+

∫ Ω

0

dx1 cos[
√

z(Ω − x1)]q(x1)

∫ x1

0

dx2
sin[

√
z(x1 − x2)]√

z
q(x2)φ2(z, x2),

where in the last step, we used sin(z1 + z2) = sin(z1) cos(z2)+ cos(z1) sin(z2).
Then, using (2.3) and (2.4) along with

∣∣sin[
√

z(Ω − x1)] sin[
√

z(x1 − x2)]
∣∣

≤ exp[|Im
√

z|(Ω − x1)] exp[|Im
√

z|(x1 − x2)]

= exp[|Im
√

z|(Ω − x2)], where 0 ≤ x2 ≤ x1 ≤ Ω,

one can see that

2∆(z) =
|z|→∞

2 cos[
√

zΩ] +
sin[

√
zΩ]√
z

∫ Ω

0

dx q(x) + O

(
exp[|Im√

z|Ω]

|z|

)
.

Next, we recall the definitions of the order and type of entire functions.
The order of an entire function f is defined as

order (f) = lim sup
r→∞

log (log (M(r, f)))

log(r)
,

where M(r, f) = max
{
|f(reiθ)| | 0 ≤ θ ≤ 2π

}
for r > 0. The type of f is

defined by

type (f) = lim sup
r→∞

r−order (f) log (M(r, f)) .

If for some positive real numbers c1, c2, d, we have M(r, f) ≤ c1 exp[c2r
d]

for all large r, then the order of f is less than or equal to d. Moreover,

type (f) = inf {K > 0 | for some r0 > 0, M(r, f) ≤ exp[Krorder (f)]

for all r ≥ r0 } .
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Thus claims on the order and type of ∆(z) are clear from the asymptotic
expression (2.10).

Finally, for each w ∈ C the existence of an infinite set {zn}n∈N0 ⊂ C such
that ∆(zn) = w follows from Picard’s little theorem that states that any
entire function of non-integer order has such a set {zn}n∈N0 . This completes
the proof.

3 The Floquet discriminant ∆(λ) in the real-

valued case

Assume q ∈ C ([0, Ω]) to be real-valued. In this section, we first investigate
some periodic and semi-periodic eigenvalue problems. Then with the help of
these eigenvalue problems, we study the behavior of the Floquet discriminant
∆(λ) as λ varies on the real line.

Consider the eigenvalue problem

−ψ′′(x) + q(x)ψ(x) = λψ(x), (3.1)

under the boundary conditions

ψ(Ω) = ψ(0)eit, ψ′(Ω) = ψ′(0)eit, (3.2)

with t ∈ (−π, π] fixed and ψ, ψ′ ∈ AC([0, Ω]). Then for every such t, the
eigenvalue problem is self-adjoint. So the eigenvalues are all real if they
exist. But the existence of countably infinitely many eigenvalues is clear by
Theorem 2.2 since for each t ∈ (−π, π],

λn(t) is an eigenvalue (and hence real)

if and only if ∆(λn(t)) = cos(t), n ∈ N0.

Thus for each t ∈ (−π, π],

{λn(t) |n ∈ N0} = {λ ∈ C |∆(λ) = cos (t)} = {λn(−t) |n ∈ N0}.

Also, one can see that for each t ∈ (−π, π], the eigenvalues are bounded from
below since ∆(λ) → ∞ as λ → −∞.

(i) The periodic eigenvalue problem is the eigenvalue problem (3.1) under
the boundary condition (3.2) with t = 0, that is,

ψ(Ω) = ψ(0), ψ′(Ω) = ψ′(0).
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We denote the countably infinitely many eigenvalues by

λ0 ≤ λ1 ≤ λ2 ≤ λ3 ≤ · · · , and λn → ∞ as n → ∞.

(ii) The semi-periodic eigenvalue problem is the eigenvalue problem (3.1),
under the boundary condition (3.2) with t = π, that is,

ψ(Ω) = −ψ(0), ψ′(Ω) = −ψ′(0).

We denote the countably infinitely many eigenvalues by

µ0 ≤ µ1 ≤ µ2 ≤ µ3 ≤ · · · , and µn → ∞ as n → ∞.

Next, using these eigenvalue problems we examine the Floquet discrimi-
nant ∆(λ).

Theorem 3.1. Suppose that q ∈ C ([0, Ω]) is real-valued and λ ∈ R.
(i) The numbers λn and µn occur in the order

λ0 < µ0 ≤ µ1 < λ1 ≤ λ2 < µ2 ≤ µ3 < λ3 ≤ λ4 < · · · .

(ii) In the intervals [λ2m, µ2m], ∆(λ) decreases from 1 to −1.
(iii) In the intervals [µ2m+1, λ2m+1], ∆(λ) increases from −1 to 1.
(iv) In the intervals (−∞, λ0) and (λ2m−1, λ2m), ∆(λ) > 1.
(v) In the intervals (µ2m, µ2m+1), ∆(λ) < −1.

Proof. We give the proof in several stages.
(a) There exists a Λ ∈ R such that ∆(λ) > 1 if λ ≤ Λ. Moeover, ∆(λ)

changes sign infinitely often near +∞.
From (2.10), we see that as λ → −∞,

∆(λ) = exp[|λ| 12 Ω]

(
1 + O

(
1

|λ| 12

))
.

Since ∆(λ) is a continuous function of λ, there exists a Λ ∈ R such that if
λ ≤ Λ, then ∆(λ) > 1. Also from (2.10), we see that as λ → ∞,

∆(λ) = cos
(
|λ| 12 Ω

)
−

sin
(
|λ| 12 Ω

)

2|λ| 12

∫ Ω

0

dx q(x) + O

(
1

|λ|

)
.

So ∆(λ) changes sign infinitely often near +∞.
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(b)
•
∆(λ) �= 0 if |∆(λ)| < 1, where

•
∆(λ) = d

dλ
(∆(λ)).

First we differentiate (3.1) with respect to λ. This gives

− d2

dx2

(
∂φ1(λ, x)

∂λ

)
+ [q(x) − λ]

∂φ1(λ, x)

∂λ
= φ1(λ, x).

Also, from φ1(λ, 0) = 1, we have

∂φ1(λ, 0)

∂λ
=

d

dx

(
∂φ1(λ, 0)

∂λ

)
= 0.

Then one can check that

∂φ1(λ, x)

∂λ
=

∫ x

0

dt [φ1(λ, x)φ2(λ, t) − φ2(λ, x)φ1(λ, t)] φ1(λ, t). (3.3)

Similarly,

∂φ2(λ, x)

∂λ
=

∫ x

0

dt [φ1(λ, x)φ2(λ, t) − φ2(λ, x)φ1(λ, t)] φ2(λ, t), (3.4)

and we differentiate this with respect to x to obtain

∂φ′
2(λ, x)

∂λ
=

∫ x

0

dt [φ′
1(λ, x)φ2(λ, t) − φ′

2(λ, x)φ1(λ, t)] φ2(λ, t).

This, along with (3.3) yields

2
•
∆(λ) =

∫ Ω

0

dt
[
φ′

1(λ, Ω)φ2
2(λ, t) + (φ1(λ, Ω) − φ′

2(λ, Ω))φ1(λ, t)φ2(λ, t)

− φ2(λ, Ω)φ2
1(λ, t)

]
, (3.5)

where φ1 = φ1(λ, Ω), φ′
1 = φ′

1(λ, Ω), φ2 = φ2(λ, Ω), and φ′
2 = φ′

2(λ, Ω).
Since W (φ1, φ2)(Ω) = φ1φ

′
2 − φ′

1φ2 = 1,

∆2 =
1

4

(
φ2

1 + 2φ1φ
′
2 + φ′

2
2
)

= 1 +
1

4
(φ1 − φ′

2)
2 + φ2φ

′
1. (3.6)

Multiplying (3.5) by φ2 and rewriting the resulting equation one gets

2φ2

•
∆(λ) = −

∫ Ω

0

dt

[
φ2φ1(λ, t) − φ1 − φ′

2

2
φ2(λ, t)

]2

−(1 − ∆2(λ))

∫ Ω

0

dt φ2
2(λ, t), (3.7)
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where we used (3.6).
Next, we suppose that |∆(λ)| < 1. Then from (3.7), we have

φ2(λ, Ω)
•
∆(λ) < 0, and in particular,

•
∆(λ) �= 0.

(c)At a zero λn of ∆(λ) − 1,

•
∆(λn) = 0 if and only if φ2(λn, Ω) = φ′

1(λn, Ω) = 0.

Also, if
•
∆(λn) = 0, then

••
∆(λn) < 0.

Suppose φ2(λn, Ω) = φ′
1(λn, Ω) = 0. Then we have

φ′
2(λn, Ω) = φ1(λn, Ω) = 1.

So by (3.5), we have
•
∆(λn) = 0. Conversely, if

•
∆(λn) = 0, by (3.7), we have

2φ2φ1(λ, t) + (φ1 − φ′
2)φ2(λ, t) = 0. Since φ1(λ, t) and φ2(λ, t) are linearly

independent, we get φ2(λn, Ω) = 0 and φ′
2(λn, Ω) = φ1(λn, Ω). Finally, from

(3.5) we infer φ′
1(λn, Ω) = 0.

Next, in order to prove that
••
∆(λn) < 0 if

•
∆(λn) = 0, we differentiate

(3.5) with respect to λ, substitute λ = λn, and use φ2(λn, Ω) = φ′
1(λn, Ω) = 0

and φ′
2(λn, Ω) = φ1(λn, Ω) = 1 to arrive at

2
••
∆(λn) =

∫ Ω

0

dt

[
∂φ′

1(λ, Ω)

∂λ

∣∣∣∣
λn

φ2
2(λn, t)

+

(
∂φ1(λ, Ω)

∂λ

∣∣∣∣
λn

− ∂φ′
2(λ, Ω)

∂λ

∣∣∣∣
λn

)
φ1(λn, t)φ2(λn, t) (3.8)

− ∂φ2(λ, Ω)

∂λ

∣∣∣∣
λn

φ2
1(λn, t)

]
.

Now we use (3.3) and (3.4) to get

∂φ1

∂λ

∣∣∣∣
λn

=

∫ Ω

0

dt φ2(λn, t)φ1(λn, t),

∂φ′
1

∂λ

∣∣∣∣
λn

= −
∫ Ω

0

dt φ2
1(λn, t),

∂φ2

∂λ

∣∣∣∣
λn

=

∫ Ω

0

dt φ2
2(λn, t),

∂φ′
2

∂λ

∣∣∣∣
λn

= −
∫ Ω

0

dt φ1(λn, t)φ2(λn, t),
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where we used again φ1(λn, Ω) = φ′
2(λn, Ω) = 1 and φ′

1(λn, Ω) = φ2(λn, Ω) =
0.

Thus, (3.8) becomes

••
∆(λn) =

[∫ Ω

0

dt φ1(λn, t)φ2(λn, t)

]2

−
∫ Ω

0

dt φ2
1(λn, t)

∫ Ω

0

ds φ2
2(λn, s) ≤ 0,

where the last step follows by the Schwarz inequality. Since φ1(λn, t) and

φ2(λn, t) are linearly independent, we get
••
∆(λn) < 0.

(d) At a zero µn of ∆(λ) + 1,

•
∆(µn) = 0 if and only if φ2(µn, Ω) = φ′

1(µn, Ω) = 0.

Also, if
•
∆(µn) = 0, then

••
∆(µn) > 0.

We omit the proof here because the proof is quite similar to case (c)
above.

(e) Using the above (a)–(d), we now investigate the behavior of the con-
tinuous function ∆(λ) as λ increases from −∞ to ∞.

Since ∆(λ) > 1 near −∞ and since it becomes negative for some λ near
+∞, we see that there exists a λ0 ∈ R such that ∆(λ0) = 1, and ∆(λ) > 1
if λ < λ0. Since ∆(λ) does not have its local maximum at λ0, we obtain

that
•
∆(λ0) �= 0, by (c). Moreover,

•
∆(λ0) < 0. So as λ increases from λ0,

−1 < ∆(λ) < 1 until ∆(λ) = −1 at µ0, where ∆(λ) is decreasing by (b). So
in the interval (−∞, λ0), ∆(λ) > 1, and in (λ0, µ0), ∆(λ) is decreasing from
1 to −1.

If
•
∆(µ0) = 0, then ∆(λ) has its local minimum at µ0 by (d), and ∆(λ)+1

has double zeros, and hence µ1 = µ0. Also, ∆(λ) > −1 immediately to the

right of µ1, and it increases until it reaches 1 at λ1. If
•
∆(µ0) �= 0 (and so

•
∆(µ0) < 0), ∆(λ) < −1 immediately to the right of µ0. Since by (a), ∆(λ)
changes sign infinitely often near +∞, as λ increases, ∆(λ) = −1 again at
some µ1 with ∆(λ) < −1 for µ0 < λ < µ1. Since ∆(λ) does not have its local
minimum at µ1, we see by (d) that ∆(λ) > −1 immediately to the right of
µ1 until it reaches 1 at λ1.

A similar argument can be applied to the cases where
•
∆(λ1) = 0 and

•
∆(λ1) �= 0. Continuing this argument completes the proof.
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Definition 3.2. The set

S =
⋃

m∈N0

([λ2m, µ2m] ∪ [µ2m+1, λ2m+1]) (3.9)

is called the conditional stability set of (3.1) in the case where q is real-valued.

One can show that

S =
⋃

t∈[0,π]

{λm(t)|m ∈ N0} .

4 Some spectral theory

In this section, we will study a differential operator associated with equation
(3.1). But first we give various definitions of subsets of the spectrum of a
densely defined closed linear operator in a complex separable Hilbert space
H.

Definition 4.1. Let A : D(A) → H, D(A) = H be a densely defined closed
linear operator in a complex separable Hilbert space H. Let B(H) be the set
of all bounded linear operators in H.
(i) The resolvent set �(A) of A is defined by

�(A) = {z ∈ C | (A − zI)|D(A) is injective and (A − zI)−1 ∈ B(H)}.

Moreover, σ(A) = C \ �(A) is called the spectrum of A.
(ii) The set

σp(A) = {λ ∈ C | there is a 0 �= ψ ∈ D(A), Aψ = λψ}

is called the point spectrum of A.
(iii) The set

σc(A) =
{
λ ∈ C

∣∣ (A − λI) : D(A) → H is injective and

Ran(A − λI) = H, Ran(A − λI) � H
}

is called the continuous spectrum of A. The set

σr(A) = σ(A) \ (σp(A) ∪ σc(A))
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is called the residual spectrum of A.
(iv) The set

σap(A) =
{
λ ∈ C

∣∣ there is {fn}n∈N ⊂ D(A) s.t. ‖fn‖ = 1, n ∈ N,

‖(A − λI)fn‖ n→∞−−−→ 0
}
. (4.1)

is called the approximate point spectrum of A.

Theorem 4.2. Let A : D(A) → H, D(A) = H be a densely defined closed
linear operator in a complex separable Hilbert space H. Then
(i) �(A) is open, and σ = C \ �(A) is closed in C.
(ii) The following relations are valid:

σr(A) =
{
λ ∈ C

∣∣ (A − λI) : D(A) → H is injective,Ran(A − λI) � H
}
,

σ(A) = σp(A) ∪ σc(A) ∪ σr(A),

σp(A) ∩ σc(A) = σp(A) ∩ σr(A) = σc(A) ∩ σr(A) = ∅.

(iii) If A is normal (i.e., A∗A = AA∗), then σr(A) = ∅.
(iv) σp(A) ∪ σc(A) ⊆ σap(A) ⊆ σ(A).
(v) σr(A) ⊆ [σp(A

∗)]cc ⊆ σr(A) ∪ σp(A).
(Here Ecc = {z ∈ C | z ∈ E}.)

Proof of (i). Write R(z) = (A− zI)−1 for z ∈ �(A). Suppose that z0 ∈ �(A)
and |z − z0| < 1

‖R(z0)‖ . Then

∞∑
n=0

(z − z0)
nR(z0)

n+1

converges to a bounded operator. Moreover, one obtains

(A − zI)R(z0)
n+1 = [A − z0I + (z0 − z)I](A − z0I)−1R(z0)

n

= R(z0)
n − (z − z0)R(z0)

n+1.
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Thus,

(A − zI)
∞∑

n=0

(z − z0)
nR(z0)

n+1

=
∞∑

n=0

(z − z0)
n(A − zI)R(z0)

n+1

=
∞∑

n=0

(z − z0)
n
[
R(z0)

n − (z − z0)R(z0)
n+1

]

=
∞∑

n=0

(z − z0)
nR(z0)

n −
∞∑

n=0

(z − z0)
n+1R(z0)

n+1

= I.

Similarly, one can show that
∑∞

n=0(z − z0)
nR(z0)

n+1(A − zI) = I. Thus,

(A − zI)−1 =
∞∑

n=0

(z − z0)
nR(z0)

n+1,

and in particular, z ∈ �(A). Thus �(A) ⊂ C is open, and hence σ(A) =
C \ �(A) is closed.
Proof of (iii). Suppose that A is normal. Then Ker(A−zI) = Ker(A∗−zI)
since ((A − zI)f, (A − zI)f) = ((A∗ − zI)(A − zI)f, f) = ((A − zI)(A∗ −
zI)f, f) = ((A∗ − zI)f, (A∗ − zI)f). Here we want to show that if A − zI is

injective, then (A − zI)D(A) = H. But (A − zI)D(A)
⊥

= Ker(A∗ − zI) =
Ker(A − zI) = {0}. This proves (iii).
Proof of (iv). This is a consequence of the fact that (A−zI) has a continuous
inverse if and only if it is injective and its image is closed. So (A − zI) does
not have a continuous inverse if and only if either it is not injective or its
image is not closed.
Proof of (v). Suppose that z ∈ σr(A). Then (A − zI)D(A) � H, and

hence there exists g0(�= 0) ∈ [(A − zI)D(A)]⊥. So ((A − zI)f, g0) = 0 for
all f ∈ D(A). Since |(Af, g0)| ≤ |z|‖g0‖‖f‖ for all f ∈ D(A), we see that
g0 ∈ D(A∗), and (f, (A∗ − zI)g0) = 0 for all f ∈ D(A). Since D(A) = H, we
have (A∗ − zI)g0 = 0, and hence z ∈ σp(A

∗).
Next suppose that z ∈ σp(A

∗). Then there exists g0(�= 0) ∈ D(A∗) such
that A∗g0 = zg0. So for all f ∈ D(A),

0 = (f, (A∗ − zI)g0) = ((A − zI)f, g0).
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So g0 �∈ (A − zI)D(A), and z ∈ σ(A) \ σc(A) = σp(A) ∪ σr(A).

5 The conditional stability set and the spec-

trum of periodic Schrödinger operators

In this section, we prove the main theorem regarding the connection between
the Floquet theory and the spectrum of the associated Schrödinger differen-
tial operator L on H2,2(R) defined by

(Lf)(x) =

[
− d2

dx2
+ q(x)

]
f(x), x ∈ R, f ∈ dom(L) = H2,2(R), (5.1)

where q ∈ C(R) is periodic with period Ω (and possibly complex-valued).

Theorem 5.1. The spectrum of L is purely continuous. That is, σ(L) =
σc(L) and σp(L) = σr(L) = ∅.
Proof. We first show that σp(L) = ∅. Suppose that L has an eigenvalue λ
with the corresponding eigenfunction ψ ∈ L2(R). Then by Theorem 1.9, ψ
is unbounded (and then one can easily show that it is not in L2(R)), unless
ψ is a multiple of a Floquet solution with |ρ| = 1. But even in the case that
ψ is a Floquet solution with |ρ| = 1, ψ �∈ L2(R). So L does not have any
eigenvalues.

Next we show σr(L) = ∅. In doing so, we will use Theorem 4.2 (iv) (i. e.,
σr(L) ⊆ σp(L

∗)cc), where

(L∗f)(x) = −f ′′(x) + q(x)f(x), f ∈ dom(L∗) = H2,2(R).

The above argument showing σp(L) = ∅ can be applied to show σp(L
∗) = ∅.

Thus, σr(L) = ∅.
In the general case where q is complex-valued, the conditional stability

set S is defined as follows,

S = {z ∈ C | there exists a non-trivial distributionalψ ∈ L∞(R)

of Lψ = zψ}.
It is not difficult to see that

S = {z ∈ C |∆(z) ∈ [−1, 1]} .

The following is the main theorem of this section.
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Theorem 5.2. σ(L) = S.

Proof. We first show that S ⊆ σap(L) = σ(L). Suppose γ ∈ S. Then there
exists a non-trivial solution ψ(γ, ·) of (3.1) such that

ψ(γ, x + Ω) = ρψ(γ, x), where |ρ| = 1. (5.2)

In order to define a sequence {fn}n∈N as in the definition (4.1) of σap(L), we
choose g ∈ C2([0, Ω]) such that

g(0) = 0, g(Ω) = 1,

g′(0) = g′′(0) = g′(Ω) = g′′(Ω) = 0,

0 ≤ g(x) ≤ 1, x ∈ [0, Ω].

Define

fn(γ, x) = cn(γ)ψ(γ, x)hn(x), x ∈ R,

where

hn(x) =





1 if |x| ≤ (n − 1)Ω,
g(nΩ − |x|) if (n − 1)Ω < |x| ≤ nΩ,

0 if |x| > nΩ,

and the normalization constant cn(γ) is chosen to guarantee ‖fn‖L2(R) = 1.
From (5.2) and the definition of hn(x), we see that

cn(γ) =

(
2n

∫ Ω

0

dx |ψ(γ, x)|2 + O(1)

)− 1
2

→ 0 as n → ∞.

Next, using Lψ = γψ,

(L − γI)fn(x)

= −cn(γ) [ψ′′(γ, x)hn(x) + 2ψ′(γ, x)h′
n(x) + ψ(γ, x)h′′

n(x)]

+ cn(γ)[q(x) − γ]ψ(γ, x)hn(x)

= cnhn(x)(L − γI)ψ(γ, x) − cn(γ) [2ψ′(γ, x)h′
n(x) + ψ(γ, x)h′′

n(x)]

= −cn(γ) [2ψ′(γ, x)h′
n(x) + ψ(γ, x)h′′

n(x)] .

So we have

‖(L − γI)fn‖ ≤ cn(γ) [2‖ψ′(γ, ·)h′
n(·)‖ + ‖ψ(γ, ·)h′′

n(·)‖] .
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From (5.2) and the definition of hn one infers that

‖ψ′(γ, ·)h′
n(·)‖2 =

∫

(n−1)Ω≤|x|≤nΩ

dx |ψ′(γ, x)h′
n(x)|2

=

∫ Ω

0

dx
[
|ψ′(γ,−x)|2 + |ψ′(γ, x)|2

]
|g′(x)|2

=
n→∞

O(1).

Similarly, one can show that

‖ψ(γ, ·)h′′
n(·)‖ =

n→∞
O(1).

Thus, since cn(γ) → 0 as n → ∞, we have

‖(L − γI)fn‖ → 0 as n → ∞.

Since ‖fn‖ = 1 for all n ∈ N, we see that γ ∈ σap(L). So S ⊆ σap(L) = σ(L).
Next, in order to show σ(L) ⊆ S, we suppose that z ∈ C \ S. Then

∆(z) ∈ C \ [−1, 1].
First, we note that since ρ+(z) �= ρ−(z) we have by Theorem 1.2 (i) that

ψ+(z, x) = e−m(z)xp+(z, x), ψ−(z, x) = em(z)xp−(z, x),

where Re (m(z)) > 0, and p±(z, ·) are periodic with period Ω. Hence

ψ±(z, ·) ∈ L2((R, ±∞)), R ∈ R,

ψ±(z, x + Ω) = e∓m(z)Ωψ±(z, x), |e∓m(z)Ω| = |ρ±(z)| �= 1.

Define the Green’s function G(z, x, x′) by

G(z, x, x′) = W (ψ+, ψ−)−1

{
ψ+(z, x)ψ−(z, x′) if x′ ≤ x,
ψ+(z, x′)ψ−(z, x) if x′ ≥ x.

Then we will prove below that

(R(z)f) (x) =

∫

R

dx′ G(z, x, x′)f(x′), f ∈ L2(R)

is a bounded operator in L2(R).
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We note that

|(R(z)f) (x)| ≤ K2

|W (ψ+, ψ−)| (G1(x) + G2(x)) ,

where K is an upper bound of |p±(z, x)|, x ∈ R, and

G1(x) = e−m0x

∫ x

−∞
dx′ em0x′|f(x′)|,

G2(x) = em0x

∫ ∞

x

dx′ e−m0x′|f(x′)|, f ∈ L2(R),

where m0 = Re (m(z)) > 0.
See [1, page 84] for the proof of

‖G1‖ ≤ 1

m0

‖f‖. (5.3)

Here we will prove that

‖G2‖ ≤ 1

m0

‖f‖.

We will closely follow the proof of (5.3) in [1, page 84]. For any X < Y , an
integration by parts yields

∫ Y

X

dx G2
2(x) =

∫ Y

X

dx e2m0x

(∫ ∞

x

dx′ e−m0x′|f(x′)|
)2

=

[
e2m0x

2m0

(∫ ∞

x

dx′ e−m0x′|f(x′)|
)2

]Y

X

+
1

m0

∫ Y

X

dx em0x|f(x)|
(∫ ∞

x

dx′ e−m0x′|f(x′)|
)

=
1

2m0

[
G2

2(Y ) − G2
2(X)

]
+

1

m0

∫ Y

X

dx G2(x)|f(x)|

≤ 1

2m0

G2
2(Y ) +

1

m0

[∫ Y

X

dx G2
2(x)

∫ Y

X

dx |f(x)|2
] 1

2

≤ 1

2m0

G2
2(Y ) +

1

m0

[∫ Y

X

dx G2
2(x)

] 1
2

‖f‖. (5.4)
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Also,

G2(Y ) = em0Y

∫ ∞

Y

dx′ e−m0x′|f(x′)|

≤ em0Y

[∫ ∞

Y

dx e−2m0x

∫ ∞

Y

dx |f(x)|2
] 1

2

≤ em0Y

[
1

2m0

e−2m0Y

∫ ∞

Y

dx |f(x)|2
] 1

2

.

Thus, as Y → ∞, G2(Y ) → 0, and hence by letting X → −∞ and Y → ∞
in (5.4), we see that 0 < ‖G2‖ < ∞ and so

‖G2‖ ≤ 1

m0

‖f‖.

Next, we show that

(L − zI)R(z)f = f for all f ∈ L2(R), (5.5)

R(z)(L − zI)f = f for all f ∈ L2(R) ∩ H2,2(R). (5.6)

First, let f ∈ L2(R). Then,

− W (ψ+, ψ−)
d2

dx2
[R(z)f ] (x)

= − d2

dx2

[∫ x

−∞
dx′ ψ+(z, x)ψ−(z, x′)f(x′) +

∫ ∞

x

dx′ ψ+(z, x′)ψ−(z, x)

]

= − d

dx

[∫ x

−∞
dx′ ψ′

+(z, x)ψ−(z, x′)f(x′) +

∫ ∞

x

dx′ ψ+(z, x′)ψ′
−(z, x)f(x′)

]

= W (ψ+, ψ−)f(x)

−
[∫ x

−∞
dx′ ψ′′

+(z, x)ψ−(z, x′)f(x′) +

∫ ∞

x

dx′ ψ+(z, x′)ψ′′
−(z, x)f(x′)

]

= W (ψ+, ψ−)f(x) + (z − q(x))

[∫ x

−∞
dx′ ψ+(z, x)ψ−(z, x′)f(x′)

+

∫ ∞

x

dx′ ψ+(z, x′)ψ−(z, x)f(x′)

]

= W (ψ+, ψ−)f(x) + W (ψ+, ψ−)(z − q(x))

∫

R

dx′ G(z, x, x′)f(x′).
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This proves (5.5). Similarly, one can show (5.6). Thus, (L − zI)−1 exists
and is bounded on L2(R). Hence, z ∈ �(L) = C \ σ(L) and this proves
σ(L) ⊆ S.

Before we introduce our next theorem, we give some definitions first.

Definition 5.3. A set σ ⊂ C is an arc if there exists γ ∈ C([a, b]), a, b ∈ R,
a ≤ b such that σ = {γ(t) | t ∈ [a, b]}. Then we call γ a parameterization of
the arc σ. The arc σ is called simple if it has a one-to-one parameterization.
And the arc σ is called an analytic arc if it has a parameterization γ ∈
C∞([a, b]) such that t �→ γ(t) is analytic on [a, b].

Theorem 5.4. The conditional stability set S consists of countably infinitely
many simple analytic arcs in C.

Moreover,

S = σ(L) ⊂ {z ∈ C |M1 ≤ Im (z) ≤ M2, Re (z) ≥ M3} ,

where

M1 = inf
x∈[0, Ω]

[Im (q(x))], M2 = sup
x∈[0, Ω]

[Im (q(x))], M3 = inf
x∈[0, Ω]

[Re (q(x))].

Next, we provide, without proofs, some additional results of Tkachenko
[9, 10].

Theorem 5.5 ([9, Theorem 1]). For a function ∆ to be a Floquet dis-
criminant of the operator L in (5.1) with q ∈ L2([0, Ω]), it is necessary and
sufficient that it be an entire function of exponential type Ω of the form

∆(z) = cos(Ω
√

z) +
Q√
z

sin(Ω
√

z) − Q2

2z
cos(Ω

√
z) +

f(
√

z)

z
for some Q ∈ C,

where f is an even entire function of exponential type not exceeding Ω satis-
fying the conditions

∫ +∞

−∞
dλ |f(λ)|2 < +∞,

+∞∑
n=−∞

|f(n)| < +∞.
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Theorem 5.6 ([9, Theorem 2]). For any operator L in (5.1) with a po-
tential q ∈ L2

loc(R) periodic of period Ω and for any ε > 0 there exists a
potential qε ∈ L2

loc(R) periodic of period Ω such that ‖q − qε‖L2([0,Ω]) ≤ ε and
the spectrum of the corresponding periodic Schrödinger operator Lε in L2(R)
with potential qε is the union of nonintersecting analytic arcs. Each spectral
arc is one-to-one mapped on the interval [−1, 1] by the Floquet discriminant
∆ε of Lε.

Also, see [10] for some results regarding one-to-one correspondence be-
tween classes of operators L with q ∈ L2([0, Ω]) and certain Riemann sur-
faces.
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ON HALF-LINE SPECTRA FOR A CLASS OF
NON-SELF-ADJOINT HILL OPERATORS

KWANG C. SHIN

Abstract. In 1980, Gasymov showed that non-self-adjoint Hill
operators with complex-valued periodic potentials of the type

V (x) =
∞∑

k=1

akeikx, with
∞∑

k=1

|ak| < ∞,

have spectra [0, ∞). In this note, we provide an alternative and
elementary proof of this result.

1. Introduction

We study the Schrödinger equation

−ψ′′(z, x) + V (x)ψ(z, x) = zψ(z, x), x ∈ R, (1)

where z ∈ C and V ∈ L∞(R) is a continuous complex-valued periodic

function of period 2π, that is, V (x + 2π) = V (x) for all x ∈ R. The

Hill operator H in L2(R) associated with (1) is defined by

(Hf)(x) = −f ′′(x) + V (x)f(x), f ∈ W 2,2(R),

where W 2,2(R) denotes the usual Sobolev space. Then H is a densely

defined closed operator in L2(R) (see, e.g., [2, Chap. 5]).

The spectrum of H is purely continuous and a union of countablely

many analytic arcs in the complex plane [9]. In general it is not easy to

explicitly determine the spectrum of H with specific potentials. How-

ever, in 1980, Gasymov [3] proved the following remarkable result:

Theorem 1 ([3]). Let V (x) =
∑∞

k=1 ake
ikx with {ak}k∈N ∈ �1(N).

Then the spectrum of the associated Hill operator H is purely con-

tinuous and equals [0, ∞).
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In this note we provide an alternative and elementary proof of this

result. Gasymov [3] proved the existence of a solution ψ of (1) of the

form

ψ(z, x) = ei
√

zx

(
1 +

∞∑
j=1

1

j + 2
√

z

∞∑
k=j

νj,ke
ikx

)
,

where the series
∞∑

j=1

1

j

∞∑
k=j+1

k(k − j)|νj,k| and
∞∑

j=1

j|νj,k|

converge, and used this fact to show that the spectrum of H equals

[0, ∞). He also discussed the corresponding inverse spectral problem.

This inverse spectral problem was subsequently considered by Pastur

and Tkachenko [8] for 2π-periodic potentials in L2
loc(R) of the form∑∞

k=1 ake
ikx.

In this paper, we will provide an elementary proof of the following

result.

Theorem 2. Let V (x) =
∑∞

k=1 ake
ikx with {ak}k∈N ∈ �1(N). Then

∆(V ; z) = cos(2π
√

z),

where ∆(V ; z) denotes the Floquet discriminant associated with (1) (cf.

equation (2)).

Corollary 3. Theorem 2 implies that the spectrum of H equals [0, ∞);

it also implies Theorem 1.

Proof. In general, one-dimensional Schrödinger operators with peri-

odic potentials have purely continuous spectra (cf. [9]). Since −1 ≤
cos(2π

√
z) ≤ 1 if and only if z ∈ [0, ∞), one concludes that the spec-

trum of H equals [0, ∞) and that Theorem 1 holds (see Lemma 5

below).

Remark. We note that the potentials V in Theorem 1 are nonreal and

hence H is non-self-adjoint in L2(R) except when V = 0. It is known

that V = 0 is the only real periodic potential for which the spectrum

of H equals [0, ∞) (see [1]). However, if we allow the potential V to
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be complex-valued, Theorem 1 provides a family of complex-valued po-

tentials such that spectra of the associated Hill operators equal [0, ∞).

From the point of view of inverse spectral theory this yields an inter-

esting and significant nonuniqueness property of non-self-adjoint Hill

operators in stark contrast to self-adjoint ones. For an explanation of

this nonuniqueness property of non-self-adjoint Hill operators in terms

of associated Dirichlet eigenvalues, we refer to [4, p. 113].

As a final remark we mention some related work of Guillemin and

Uribe [5]. Consider the differential equation (1) on the interval [0, 2π]

with the periodic boundary conditions. It is shown in [5] that all poten-

tials in Theorem 1 generate the same spectrum {n2 : n = 0, 1, 2, . . . },
that is, ∆(V ; n2) = 1 for all n = 0, 1, 2, . . . .

2. Some known facts

In this section we recall some definitions and known results regarding

(1).

For each z ∈ C, there exists a fundamental system of solutions

c(V ; z, x), s(V ; z, x) of (1) such that

c(V ; z, 0) = 1, c′(V ; z, 0) = 0,

s(V ; z, 0) = 0, s′(V ; z, 0) = 1,

where we use ′ for ∂
∂x

throughout this note. The Floquet discriminant

∆(V ; z) of (1) is then defined by

∆(V ; z) =
1

2
(c(V ; z, 2π) + s′(V ; z, 2π)) . (2)

The Floquet discriminant ∆(V ; z) is an entire function of order 1
2

with

respect to z (see [10, Chap. 21]).

Lemma 4. For every z ∈ C there exists a solution ψ(z, ·) �= 0 of (1)

and a number ρ(z) ∈ C \ {0} such that ψ(z, x + 2π) = ρ(z)ψ(z, x) for

all x ∈ R. Moreover,

∆(V ; z) =
1

2

(
ρ(z) +

1

ρ(z)

)
. (3)

In particular, if V = 0, then ∆(0; z) = cos(2π
√

z).
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For obvious reasons one calls ρ(z) the Floquet multiplier of equation

(1).

Lemma 5. Let H be the Hill operator associated with (1) and z ∈ C.

Then the following four assertions are equivalent:

(i) z lies in the spectrum of H.

(ii) ∆(V ; z) is real and |∆(V ; z)| ≤ 1.

(iii) ρ(z) = eiα for some α ∈ R.

(iv) Equation (1) has a non-trivial bounded solution ψ(z, ·) on R.

For proofs of Lemmas 4 and 5, see, for instance, [2, Chs. 1, 2, 5], [7],

[9] (we note that V is permitted to be locally integrable on R).

3. Proof of Theorem 2

In this section we prove Theorem 2. In doing so, we will use the

standard identity theorem in complex analysis which asserts that two

analytic functions coinciding on an infinite set with an accumulation

point in their common domain of analyticity, in fact coincide through-

out that domain. Since both ∆(V ; z) and cos(2π
√

z) are entire func-

tions, to prove that ∆(V ; z) = cos(2π
√

z), it thus suffices to show that

∆(V ; 1/n2) = cos(2π/n) for all integers n ≥ 3.

Let n ∈ N, n ≥ 3 be fixed and let ψ �= 0 be the solution of (1) such

that ψ(z, x+2π) = ρ(z)ψ(z, x), x ∈ R for some ρ(z) ∈ C. The existence

of such ψ and ρ is guaranteed by Lemma 4. We set φ(z, x) = ψ(z, nx).

Then

φ(z, x + 2π) = ρn(z)φ(z, x), (4)

and

−φ′′(z, x) + qn(x)φ(z, x) = n2zφ(z, x), (5)

where

qn(x) = n2V (nx) = n2

∞∑
k=1

ake
iknx, (6)
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with period 2π. Moreover, by (3) and (4),

∆(qn; w) =
1

2

(
ρn(z) +

1

ρn(z)

)
, where w = n2z. (7)

We will show below that

∆(qn; 1) = 1 for every positive integer n ≥ 3. (8)

First, if w = 1 (i.e., if z = 1
n2 ), then the fundamental system of solutions

c(qn; 1, x) and s(qn; 1, x) of (5) satisfies

c(qn; 1, x) = cos(x) +

∫ x

0

sin(x − t)qn(t)c(qn; 1, t) dt, (9)

s(qn; 1, x) = sin(x) +

∫ x

0

sin(x − t)qn(t)s(qn; 1, t) dt.

Moreover, we have

s′(qn; 1, x) = cos(x) +

∫ x

0

cos(x − t)qn(t)s(qn; 1, t) dt. (10)

We use the Picard iterative method of solving the above integral

equations. Define sequences {uj(x)}j≥0 and {vj(x)}j≥0 of functions as

follows.

u0(x) = cos(x), uj(x) =

∫ x

0

sin(x − t)qn(t)uj−1(t) dt, (11)

v0(x) = sin(x), vj(x) =

∫ x

0

sin(x − t)qn(t)vj−1(t) dt, j ≥ 1. (12)

Then one verifies in a standard manner that

c(qn; 1, x) =
∞∑

j=0

uj(x), s(qn; 1, x) =
∞∑

j=0

vj(x), (13)

where the sums converge uniformly over [0, 2π]. Since

∆(qn; 1) =
1

2
(c(qn; 1, 2π) + s′(qn; 1, 2π)) ,

to prove that ∆(qn; 1) = 1, it suffices to show that the integrals in (9)

and (10) vanish at x = 2π.
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Next, we will rewrite (11) as

u0(x) =
1

2
(eix + e−ix),

uj(x) =
eix

2i

∫ x

0

e−itqn(t)uj−1(t) dt − e−ix

2i

∫ x

0

eitqn(t)uj−1(t) dt, (14)

j ≥ 1.

Using this and (6), one shows by induction on j that uj, j ≥ 0, is of

the form

uj(x) =
∞∑

�=−1

bj,� ei�x for some bj,� ∈ C, (15)

the sum converging uniformly for x ∈ R. This follows from n ≥ 3

because the smallest exponent of eit that qnuj−1 can have in (14) equals

2. (The first three terms in (15) are due to the antiderivatives of

e±itqn(t)uj−1(t), evaluated at t = 0.) Next we will use (13) and (15) to

show that ∫ 2π

0

sin(2π − t)qn(t)c(qn; 1, t) dt = 0. (16)

We begin with
∫ 2π

0

sin(2π − t)qn(t)c(qn; 1, t) dt

= − 1

2i

∫ 2π

0

(eit − e−it)qn(t)c(qn; 1, t) dt

= − 1

2i

∫ 2π

0

(eit − e−it)

( ∞∑
k=1

ake
iknt

) ( ∞∑
j=0

uj(t)

)
dt

= − 1

2i

∞∑
k=1

∞∑
j=0

ak

∫ 2π

0

(ei(kn+1)t − ei(kn−1)t)uj(t) dt, (17)

where the change of the order of integration and summations is permit-

ted due to the uniform convergence of the sums involved. The function

(ei(kn+1)t − ei(kn−1)t)uj(t) is a power series in eit with no constant term

(cf. (15)), and hence its antiderivative is a periodic function of period

2π. Thus, every integral in (17) vanishes, and hence (16) holds. So

from (9) we conclude that c(qn; 1, 2π) = 1.
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Similarly, one can show by induction that vj for each j ≥ 0 is of the

form (15). Hence, from (10), one concludes that s′(qn; 1, 2π) = 1 in

close analogy to the proof of c(qn; 1, 2π) = 1. Thus, (8) holds for each

n ≥ 3.

So by (7),

∆(qn; 1) =
1

2

(
ρn(1/n2) +

1

ρn(1/n2)

)
= 1 for every n ≥ 3.

This implies that ρn(1/n2) = 1. So ρ(1/n2) ∈ {ξ ∈ C : ξn = 1}.
Thus, ∆(V ; 1/n2) ∈ {cos(2kπ/n) : k ∈ Z}. Next, we will show that

∆(V ; 1/n2) = cos(2π/n).

We consider a family of potentials qε(x) = εV (x) for 0 ≤ ε ≤ 1. For

each 0 ≤ ε ≤ 1, we apply the above argument to get that ρ(ε, 1/n2) ∈
{ξ ∈ C : ξn = 1}, where we use the notation ρ(ε, 1/n2) to indicate

the possible ε-dependence of ρ(1/n2). Next, by the integral equations

(9)–(12) with qε = εV instead of qn, one sees that ∆(εV ; 1/n2) can

be written as a power series in ε that converges uniformly for 0 ≤
ε ≤ 1. Thus, the function ε �→ ∆(εV ; 1/n2) ∈ {cos(2kπ/n) : k ∈ Z}
is continuous for 0 ≤ ε ≤ 1 (in fact, it is entire w.r.t. ε). Since

{cos(2kπ/n) : k ∈ Z} is discrete, and since ∆(εV ; 1/n2) = cos(2π/n)

for ε = 0, we conclude that

∆(εV ; 1/n2) = ∆(0; 1/n2) = cos(2π/n) for all 0 ≤ ε ≤ 1.

In particular, ∆(V ; 1/n2) = cos(2π/n) for every positive integer n ≥ 3.

Since ∆(V ; z) and cos(2π
√

z) are both entire and since they coincide

at z = 1/n2, n ≥ 3, we conclude that

∆(V ; z) = cos(2π
√

z) for all z ∈ C

by the identity theorem for analytic functions alluded to at the begin-

ning of this section. This completes proof of Theorem 2 and hence that

of Theorem 1 by Corollary 3.

Remarks. (i) Adding a constant term to the potential V yields a

translation of the spectrum. (ii) If the potential V is a power series in

e−ix with no constant term, then the spectrum of H is still [0, ∞), by
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complex conjugation. (iii) If V lies in the L2([0, 2π])-span of {eikx}k∈N,

then by continuity of V �→ ∆(V ; z) one concludes ∆(V ; z) = cos(2π
√

z)

and hence the spectrum of H equals [0, ∞) (see [8]).

(iv) Potentials V that include negative and positive integer powers of

eix are not included in our note. Consider, for example, equation (1)

with V (x) = 2 cos(x), the so-called Mathieu equation. The spectrum

of H in this case is known to be a disjoint union of infinitely many

closed intervals on the real line [6] (also, see [2], [7]). In particular,

the spectrum of H is not [0, ∞). In such a case the antiderivatives of

(ei(kn+1)t − ei(kn−1)t)uj(t) in (17) need not be periodic and our proof

breaks down.

Acknowledgments. The author thanks Fritz Gesztesy and Richard

Laugesen for suggestions and discussions to improve the presentation

of this note.
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ON THE SPECTRUM OF QUASI-PERIODIC
ALGEBRO-GEOMETRIC KDV POTENTIALS

VOLODYMYR BATCHENKO AND FRITZ GESZTESY

Dedicated with great pleasure to Vladimir A. Marchenko
on the occasion of his 80th birthday.

Abstract. We characterize the spectrum of one-dimensional Sch-
rödinger operators H = −d2/dx2 + V in L2(R; dx) with quasi-
periodic complex-valued algebro-geometric potentials V (i.e., po-
tentials V which satisfy one (and hence infinitely many) equa-
tion(s) of the stationary Korteweg–deVries (KdV) hierarchy). The
spectrum of H coincides with the conditional stability set of H
and can explicitly be described in terms of the mean value of the
inverse of the diagonal Green’s function of H.

As a result, the spectrum of H consists of finitely many sim-
ple analytic arcs and one semi-infinite simple analytic arc in the
complex plane. Crossings as well as confluences of spectral arcs are
possible and discussed as well. Our results extend to the Lp(R; dx)-
setting for p ∈ [1,∞).

1. Introduction

It is well-known since the work of Novikov [44], Its and Matveev [31],
Dubrovin, Matveev, and Novikov [16] (see also [7, Sects. 3.4, 3.5], [24,
p. 111–112, App. J], [45, Sects. II.6–II.10] and the references therein)
that the self-adjoint Schrödinger operator

H = − d2

dx2
+ V, dom(H) = H2,2(R) (1.1)

in L2(R; dx) with a real-valued periodic, or more generally, quasi-
periodic and real-valued potential V , that satisfies one (and hence in-
finitely many) equation(s) of the stationary Korteweg–deVries (KdV)
equations, leads to a finite-gap, or perhaps more appropriately, to a
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1991 Mathematics Subject Classification. Primary 34L05, 35Q53, 58F07; Sec-

ondary 34L40, 35Q51.
Key words and phrases. KdV hierarchy, quasi-periodic algebro-geometric poten-
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2 V. BATCHENKO AND F. GESZTESY

finite-band spectrum σ(H) of the form

σ(H) =
n−1⋃
m=0

[E2m, E2m+1] ∪ [E2n,∞). (1.2)

It is also well-known, due to work of Serov [50] and Rofe-Beketov [48]
in 1960 and 1963, respectively (see also [53]), that if V is periodic and
complex-valued then the spectrum of the non-self-adjoint Schrödinger
operator H defined as in (1.1) consists either of infinitely many simple
analytic arcs, or else, of a finite number of simple analytic arcs and one
semi-infinite simple analytic arc tending to infinity. It seems plausible
that the latter case is again connected with (complex-valued) stationary
solutions of equations of the KdV hierarchy, but to the best of our
knowledge, this has not been studied in the literature. In particular,
the next scenario in line, the determination of the spectrum of H in
the case of quasi-periodic and complex-valued solutions of the stationary
KdV equation apparently has never been clarified. The latter problem
is open since the mid-seventies and it is the purpose of this paper to
provide a comprehensive solution of it.

To describe our results, a bit of preparation is needed. Let

G(z, x, x′) = (H − z)−1(x, x′), z ∈ C\σ(H), x, x′ ∈ R, (1.3)

be the Green’s function of H (here σ(H) denotes the spectrum of H)
and denote by g(z, x) the corresponding diagonal Green’s function of
H defined by

g(z, x) = G(z, x, x) =
i
∏n

j=1[z − µj(x)]

2R2n+1(z)1/2
, (1.4)

R2n+1(z) =
2n∏

m=0

(z − Em), {Em}2n
m=0 ⊂ C, (1.5)

Em �= Em′ for m �= m′, m, m′ = 0, 1, . . . , 2n. (1.6)

For any quasi-periodic (in fact, Bohr (uniformly) almost periodic) func-
tion f the mean value 〈f〉 of f is defined by

〈f〉 = lim
R→∞

1

2R

∫ R

−R

dx f(x). (1.7)

Moreover, we introduce the set Σ by

Σ =
{
λ ∈ C

∣∣ Re
(〈

g(λ, ·)−1
〉)

= 0
}

(1.8)

and note that

〈g(z, ·)〉 =
i
∏n

j=1

(
z − λ̃j

)

2R2n+1(z)1/2
(1.9)



THE SPECTRUM OF QUASI-PERIODIC KDV POTENTIALS 3

for some constants {λ̃j}n
j=1 ⊂ C.

Finally, we denote by σp(T ), σd(T ), σc(T ), σe(T ), and σap(T ), the
point spectrum (i.e., the set of eigenvalues), the discrete spectrum,
the continuous spectrum, the essential spectrum (cf. (4.15)), and the
approximate point spectrum of a densely defined closed operator T in
a complex Hilbert space, respectively.

Our principal new results, to be proved in Section 4, then read as
follows:

Theorem 1.1. Assume that V is a quasi-periodic (complex-valued )
solution of the nth stationary KdV equation. Then the following asser-
tions hold:
(i) The point spectrum and residual spectrum of H are empty and hence
the spectrum of H is purely continuous,

σp(H) = σr(H) = ∅, (1.10)

σ(H) = σc(H) = σe(H) = σap(H). (1.11)

(ii) The spectrum of H coincides with Σ and equals the conditional
stability set of H,

σ(H) =
{
λ ∈ C

∣∣ Re
(〈

g(λ, ·)−1
〉)

= 0
}

(1.12)

= {λ ∈ C | there exists at least one bounded distributional

solution 0 �= ψ ∈ L∞(R; dx) of Hψ = λψ}. (1.13)

(iii) σ(H) is contained in the semi-strip

σ(H) ⊂ {z ∈ C | Im(z) ∈ [M1, M2], Re(z) ≥ M3}, (1.14)

where

M1 = inf
x∈R

[Im(V (x))], M2 = sup
x∈R

[Im(V (x))], M3 = inf
x∈R

[Re(V (x))].

(1.15)

(iv) σ(H) consists of finitely many simple analytic arcs and one sim-
ple semi-infinite arc. These analytic arcs may only end at the points

λ̃1, . . . , λ̃n, E0, . . . , E2n, and at infinity. The semi-infinite arc, σ∞,
asymptotically approaches the half-line L〈V 〉 = {z ∈ C | z = 〈V 〉 +
x, x ≥ 0} in the following sense: asymptotically, σ∞ can be parameter-
ized by

σ∞ =
{
z ∈ C

∣∣ z = R + i Im(〈V 〉) + O
(
R−1/2

)
as R ↑ ∞

}
. (1.16)

(v) Each Em, m = 0, . . . , 2n, is met by at least one of these arcs. More
precisely, a particular Em0 is hit by precisely 2N0 + 1 analytic arcs,

where N0 ∈ {0, . . . , n} denotes the number of λ̃j that coincide with
Em0. Adjacent arcs meet at an angle 2π/(2N0 + 1) at Em0. (Thus,
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generically, N0 = 0 and precisely one arc hits Em0.)
(vi) Crossings of spectral arcs are permitted and take place precisely
when

Re
(〈

g(λ̃j0 , ·)−1
〉)

= 0 for some j0 ∈ {1, . . . , n} with λ̃j0 /∈ {Em}2n
m=0.
(1.17)

In this case 2M0+2 analytic arcs are converging toward λ̃j0, where M0 ∈
{1, . . . , n} denotes the number of λ̃j that coincide with λ̃j0. Adjacent

arcs meet at an angle π/(M0 + 1) at λ̃j0.
(vii) The resolvent set C\σ(H) of H is path-connected.

Naturally, Theorem 1.1 applies to the special case where V is a pe-
riodic (complex-valued) solution of the nth stationary KdV equation.
Even in this special case, items (v) and (vi) of Theorem 1.1 provide
additional new details on the nature of the spectrum of H.

As described in Remark 4.10, these results extend to the Lp(R; dx)-
setting for p ∈ [1,∞).

Theorem 1.1 focuses on stationary quasi-periodic solutions of the
KdV hierarchy for the following reasons. First of all, the class of
algebro-geometric solutions of the (time-dependent) KdV hierarchy
is defined as the class of all solutions of some (and hence infinitely
many) equations of the stationary KdV hierarchy. Secondly, time-
dependent algebro-geometric solutions of a particular equation of the
(time-dependent) KdV hierarchy just represent isospectral deforma-
tions (the deformation parameter being the time variable) of a fixed
stationary algebro-geometric KdV solution (the latter can be viewed
as the initial condition at a fixed time t0). In the present case of
quasi-periodic algebro-geometric solutions of the nth KdV equation,
the isospectral manifold of such a given solution is an n-dimensional real
torus, and time-dependent solutions trace out a path in that isospectral
torus (cf. the discussion in [24, p. 12]).

Finally, we give a brief discussion of the contents of each section.
In Section 2 we provide the necessary background material including a
quick construction of the KdV hierarchy of nonlinear evolution equa-
tions and its Lax pairs using a polynomial recursion formalism. We also
discuss the hyperelliptic Riemann surface underlying the stationary
KdV hierarchy, the corresponding Baker–Akhiezer function, and the
necessary ingredients to describe the Its–Matveev formula for station-
ary KdV solutions. Section 3 focuses on the diagonal Green’s function
of the Schrödinger operator H, a key ingredient in our characterization
of the spectrum σ(H) of H in Section 4 (cf. (1.12)). Our principal Sec-
tion 4 is then devoted to a proof of Theorem 1.1. Appendix A provides
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the necessary summary of tools needed from elementary algebraic ge-
ometry (most notably the theory of compact (hyperelliptic) Riemann
surfaces) and sets the stage for some of the notation used in Sections
2–4. Appendix B provides additional insight into one ingredient of the
Its–Matveev formula; Appendix C illustrates our results in the spe-
cial periodic non-self-adjoint case and provides a simple yet nontrivial
example in the elliptic genus one case.

Our methods extend to the case of algebro-geometric non-self-adjoint
second order finite difference (Jacobi) operators associated with the
Toda lattice hierarchy. Moreover, they extend to the infinite genus
limit n → ∞ (cf. (1.2)–(1.5)) using the approach in [23]. This will be
studied elsewhere.

Dedication. It is with great pleasure that we dedicate this paper
to Vladimir A. Marchenko on the occasion of his 80th birthday. His
strong influence on the subject at hand is universally admired.

2. The KdV hierarchy, hyperelliptic curves,
and the Its–Matveev formula

In this section we briefly review the recursive construction of the
KdV hierarchy and associated Lax pairs following [25] and especially,
[24, Ch. 1]. Moreover, we discuss the class of algebro-geometric solu-
tions of the KdV hierarchy corresponding to the underlying hyperellip-
tic curve and recall the Its–Matveev formula for such solutions. The
material in this preparatory section is known and detailed accounts
with proofs can be found, for instance, in [24, Ch. 1]. For the notation
employed in connection with elementary concepts in algebraic geome-
try (more precisely, the theory of compact Riemann surfaces), we refer
to Appendix A.

Throughout this section we suppose the hypothesis

V ∈ C∞(R) (2.1)

and consider the one-dimensional Schrödinger differential expression

L = − d2

dx2
+ V. (2.2)

To construct the KdV hierarchy we need a second differential expression
P2n+1 of order 2n + 1, n ∈ N0, defined recursively in the following. We
take the quickest route to the construction of P2n+1, and hence to that
of the KdV hierarchy, by starting from the recursion relation (2.3)
below.
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Define {f�}�∈N0 recursively by

f0 = 1, f�,x = −(1/4)f�−1,xxx + V f�−1,x + (1/2)Vxf�−1, � ∈ N.
(2.3)

Explicitly, one finds

f0 = 1,

f1 = 1
2
V + c1,

f2 = −1
8
Vxx + 3

8
V 2 + c1

1
2
V + c2, (2.4)

f3 = 1
32

Vxxxx − 5
16

V Vxx − 5
32

V 2
x + 5

16
V 3

+ c1

(
− 1

8
Vxx + 3

8
V 2

)
+ c2

1
2
V + c3, etc.

Here {ck}k∈N ⊂ C denote integration constants which naturally arise
when solving (2.3).

Subsequently, it will be convenient to also introduce the correspond-
ing homogeneous coefficients f̂�, defined by the vanishing of the inte-
gration constants ck for k = 1, . . . , �,

f̂0 = f0 = 1, f̂� = f�

∣∣
ck=0, k=1,...,�

, � ∈ N. (2.5)

Hence,

f� =
�∑

k=0

c�−kf̂k, � ∈ N0, (2.6)

introducing

c0 = 1. (2.7)

One can prove inductively that all homogeneous elements f̂� (and hence
all f�) are differential polynomials in V , that is, polynomials with re-
spect to V and its x-derivatives up to order 2� − 2, � ∈ N.

Next we define differential expressions P2n+1 of order 2n + 1 by

P2n+1 =
n∑

�=0

(
fn−�

d

dx
− 1

2
fn−�,x

)
L�, n ∈ N0. (2.8)

Using the recursion (2.3), the commutator of P2n+1 and L can be ex-
plicitly computed and one obtains

[P2n+1, L] = 2fn+1,x, n ∈ N0. (2.9)

In particular, (L, P2n+1) represents the celebrated Lax pair of the KdV
hierarchy. Varying n ∈ N0, the stationary KdV hierarchy is then de-
fined in terms of the vanishing of the commutator of P2n+1 and L in



THE SPECTRUM OF QUASI-PERIODIC KDV POTENTIALS 7

(2.9) by1,

−[P2n+1, L] = −2fn+1,x(V ) = s-KdVn(V ) = 0, n ∈ N0. (2.10)

Explicitly,

s-KdV0(V ) = −Vx = 0,

s-KdV1(V ) = 1
4
Vxxx − 3

2
V Vx + c1(−Vx) = 0, (2.11)

s-KdV2(V ) = − 1
16

Vxxxxx + 5
8
Vxxx + 5

4
VxVxx − 15

8
V 2Vx

+ c1

(
1
4
Vxxx − 3

2
V Vx

)
+ c2(−Vx) = 0, etc.,

represent the first few equations of the stationary KdV hierarchy. By
definition, the set of solutions of (2.10), with n ranging in N0 and ck in
C, k ∈ N, represents the class of algebro-geometric KdV solutions. At
times it will be convenient to abbreviate algebro-geometric stationary
KdV solutions V simply as KdV potentials.

In the following we will frequently assume that V satisfies the nth
stationary KdV equation. By this we mean it satisfies one of the nth
stationary KdV equations after a particular choice of integration con-
stants ck ∈ C, k = 1, . . . , n, n ∈ N, has been made.

Next, we introduce a polynomial Fn of degree n with respect to the
spectral parameter z ∈ C by

Fn(z, x) =
n∑

�=0

fn−�(x)z�. (2.12)

Explicitly, one obtains

F0 = 1,

F1 = z + 1
2
V + c1,

F2 = z2 + 1
2
V z − 1

8
Vxx + 3

8
V 2 + c1

(
1
2
V + z

)
+ c2, (2.13)

F3 = z3 + 1
2
V z2 +

(
− 1

8
Vxx + 3

8
V 2

)
z + 1

32
Vxxxx − 5

16
V Vxx − 5

32
V 2

x

+ 5
16

V 3 + c1

(
z2 + 1

2
V z − 1

8
Vxx + 3

8
V 2

)
+ c2

(
z + 1

2
V

)
+ c3, etc.

The recursion relation (2.3) and equation (2.10) imply that

Fn,xxx − 4(V − z)Fn,x − 2VxFn = 0. (2.14)

Multiplying (2.14) by Fn, a subsequent integration with respect to x
results in

(1/2)Fn,xxFn − (1/4)F 2
n,x − (V − z)F 2

n = R2n+1, (2.15)

1In a slight abuse of notation we will occasionally stress the functional depen-
dence of f� on V , writing f�(V ).
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where R2n+1 is a monic polynomial of degree 2n + 1. We denote its
roots by {Em}2n

m=0, and hence write

R2n+1(z) =
2n∏

m=0

(z − Em), {Em}2n
m=0 ⊂ C. (2.16)

One can show that equation (2.15) leads to an explicit determination
of the integration constants c1, . . . , cn in

s-KdVn(V ) = −2fn+1,x(V ) = 0 (2.17)

in terms of the zeros E0, . . . , E2n of the associated polynomial R2n+1 in
(2.16). In fact, one can prove

ck = ck(E), k = 1, . . . , n, (2.18)

where

ck(E) = −
k∑

j0,...,j2n=0
j0+···+j2n=k

(2j0)! · · · (2j2n)!

22k(j0!)2 · · · (j2n!)2(2j0 − 1) · · · (2j2n − 1)

× Ej0
0 · · ·Ej2n

2n , k = 1, . . . , n. (2.19)

Remark 2.1. Suppose V ∈ C2n+1(R) satisfies the nth stationary KdV
equation s-KdVn(V ) = −2fn+1,x(V ) = 0 for a given set of integration
constants ck, k = 1, . . . , n. Introducing Fn as in (2.12) with f0, . . . , fn

given by (2.6) then yields equation (2.14) and hence (2.15). The latter
equation in turn, as shown inductively in [27, Prop. 2.1], yields

V ∈ C∞(R) and f� ∈ C∞(R), � = 0, . . . , n. (2.20)

Thus, without loss of generality, we may assume in the following that
solutions of s-KdVn(V ) = 0 satisfy V ∈ C∞(R).

Next, we study the restriction of the differential expression P2n+1 to
the two-dimensional kernel (i.e., the formal null space in an algebraic
sense as opposed to the functional analytic one) of (L − z). More
precisely, let

ker(L − z) = {ψ : R → C∞ meromorphic | (L − z)ψ = 0} , z ∈ C.
(2.21)

Then (2.8) implies

P2n+1

∣∣
ker(L−z)

=
(
Fn(z)

d

dx
− 1

2
Fn,x(z)

)∣∣∣
ker(L−z)

. (2.22)

We emphasize that the result (2.22) is valid independently of whether
or not P2n+1 and L commute. However, if one makes the additional
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assumption that P2n+1 and L commute, one can prove that this implies
an algebraic relationship between P2n+1 and L.

Theorem 2.2. Fix n ∈ N0 and assume that P2n+1 and L commute,
[P2n+1, L] = 0, or equivalently, suppose s-KdVn(V ) = −2fn+1,x(V ) =
0. Then L and P2n+1 satisfy an algebraic relationship of the type (cf.
(2.16))

Fn(L,−iP2n+1) = −P 2
2n+1 − R2n+1(L) = 0,

R2n+1(z) =
2n∏

m=0

(z − Em), z ∈ C.
(2.23)

The expression Fn(L,−iP2n+1) is called the Burchnall–Chaundy po-
lynomial of the pair (L, P2n+1). Equation (2.23) naturally leads to the
hyperelliptic curve Kn of (arithmetic) genus n ∈ N0 (possibly with a
singular affine part), where

Kn : Fn(z, y) = y2 − R2n+1(z) = 0,

R2n+1(z) =
2n∏

m=0

(z − Em), {Em}2n
m=0 ⊂ C.

(2.24)

The curve Kn is compactified by joining the point P∞ but for nota-
tional simplicity the compactification is also denoted by Kn. Points P
on Kn\{P∞} are represented as pairs P = (z, y), where y(·) is the mero-
morphic function on Kn satisfying Fn(z, y) = 0. The complex structure
on Kn is then defined in the usual way, see Appendix A. Hence, Kn

becomes a two-sheeted hyperelliptic Riemann surface of (arithmetic)
genus n ∈ N0 (possibly with a singular affine part) in a standard man-
ner.

We also emphasize that by fixing the curve Kn (i.e., by fixing the con-
stants E0, . . . , E2n), the integration constants c1, . . . , cn in fn+1,x (and
hence in the corresponding stationary KdVn equation) are uniquely
determined as is clear from (2.18) and (2.19), which establish the inte-
gration constants ck as symmetric functions of E0, . . . , E2n.

For notational simplicity we will usually tacitly assume that n ∈ N.
The trivial case n = 0 which leads to V (x) = E0 is of no interest to us
in this paper.
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In the following, the zeros2 of the polynomial Fn(·, x) (cf. (2.12)) will
play a special role. We denote them by {µj(x)}n

j=1 and hence write

Fn(z, x) =
n∏

j=1

[z − µj(x)]. (2.25)

From (2.15) we see that

R2n+1 + (1/4)F 2
n,x = FnHn+1, (2.26)

where

Hn+1(z, x) = (1/2)Fn,xx(z, x) + (z − V (x))Fn(z, x) (2.27)

is a monic polynomial of degree n+1. We introduce the corresponding
roots3 {ν�(x)}n

�=0 of Hn+1(·, x) by

Hn+1(z, x) =
n∏

�=0

[z − ν�(x)]. (2.28)

Explicitly, one computes from (2.4) and (2.12),

H1 = z − V,

H2 = z2 − 1
2
V z + 1

4
Vxx − 1

2
V 2 + c1(z − V ), (2.29)

H3 = z3 − 1
2
V z2 + 1

8

(
Vxx − V 2

)
z − 1

16
Vxxxx + 3

8
V 2

x + 1
2
V Vxx

− 3
8
V 3 + c1

(
z2 − 1

2
V z + 1

4
Vxx − 1

2
V 2

)
+ c2(z − V ), etc.

The next step is crucial; it permits us to “lift” the zeros µj and ν� of
Fn and Hn+1 from C to the curve Kn. From (2.26) one infers

R2n+1(z) + (1/4)Fn,x(z)2 = 0, z ∈ {µj, ν�}j=1,...,n,�=0,...,n. (2.30)

We now introduce {µ̂j(x)}j=1,...,n ⊂ Kn and {ν̂�(x)}�=0,...,n ⊂ Kn by

µ̂j(x) = (µj(x),−(i/2)Fn,x(µj(x), x)), j = 1, . . . , n, x ∈ R (2.31)

and

ν̂�(x) = (ν�(x), (i/2)Fn,x(ν�(x), x)), � = 0, . . . , n, x ∈ R. (2.32)

Due to the C∞(R) assumption (2.1) on V , Fn(z, ·) ∈ C∞(R) by (2.3)
and (2.12), and hence also Hn+1(z, ·) ∈ C∞(R) by (2.27). Thus, one
concludes

µj, ν� ∈ C(R), j = 1, . . . , n, � = 0, . . . , n, (2.33)

2If V ∈ L∞(R; dx), these zeros are the Dirichlet eigenvalues of a closed operator
in L2(R) associated with the differential expression L and a Dirichlet boundary
condition at x ∈ R.

3If V ∈ L∞(R; dx), these roots are the Neumann eigenvalues of a closed operator
in L2(R) associated with L and a Neumann boundary condition at x ∈ R.
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taking multiplicities (and appropriate renumbering) of the zeros of Fn

and Hn+1 into account. (Away from collisions of zeros, µj and ν� are
of course C∞.)

Next, we define the fundamental meromorphic function φ(·, x) on
Kn,

φ(P, x) =
iy + (1/2)Fn,x(z, x)

Fn(z, x)
(2.34)

=
−Hn+1(z, x)

iy − (1/2)Fn,x(z, x)
, (2.35)

P = (z, y) ∈ Kn, x ∈ R

with divisor (φ(·, x)) of φ(·, x) given by

(φ(·, x)) = Dν̂0(x)ν̂(x) −DP∞µ̂(x), (2.36)

using (2.25), (2.28), and (2.33). Here we abbreviated

µ̂ = {µ̂1, . . . , µ̂n}, ν̂ = {ν̂1, . . . , ν̂n} ∈ Symn(Kn) (2.37)

(cf. the notation introduced in Appendix A). The stationary Baker–
Akhiezer function ψ(·, x, x0) on Kn\{P∞} is then defined in terms of
φ(·, x) by

ψ(P, x, x0) = exp

( ∫ x

x0

dx′ φ(P, x′)

)
, P ∈ Kn\{P∞}, (x, x0) ∈ R

2.

(2.38)

Basic properties of φ and ψ are summarized in the following result
(where W (f, g) = fg′ − f ′g denotes the Wronskian of f and g, and P ∗

abbreviates P ∗ = (z,−y) for P = (z, y)).

Lemma 2.3. Assume V ∈ C∞(R) satisfies the nth stationary KdV
equation (2.10). Moreover, let P = (z, y) ∈ Kn\{P∞} and (x, x0) ∈ R

2.
Then φ satisfies the Riccati-type equation

φx(P ) + φ(P )2 = V − z, (2.39)

as well as

φ(P )φ(P ∗) =
Hn+1(z)

Fn(z)
, (2.40)

φ(P ) + φ(P ∗) =
Fn,x(z)

Fn(z)
, (2.41)

φ(P ) − φ(P ∗) =
2iy

Fn(z)
. (2.42)
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Moreover, ψ satisfies

(L − z(P ))ψ(P ) = 0, (P2n+1 − iy(P ))ψ(P ) = 0, (2.43)

ψ(P, x, x0) =

(
Fn(z, x)

Fn(z, x0)

)1/2

exp

(
iy

∫ x

x0

dx′ Fn(z, x′)−1

)
, (2.44)

ψ(P, x, x0)ψ(P ∗, x, x0) =
Fn(z, x)

Fn(z, x0)
, (2.45)

ψx(P, x, x0)ψx(P
∗, x, x0) =

Hn+1(z, x)

Fn(z, x0)
, (2.46)

ψ(P, x, x0)ψx(P
∗, x, x0) + ψ(P ∗, x, x0)ψx(P, x, x0) =

Fn,x(z, x)

Fn(z, x0)
,

(2.47)

W (ψ(P, ·, x0), ψ(P ∗, ·, x0)) = − 2iy

Fn(z, x0)
. (2.48)

In addition, as long as the zeros of Fn(·, x) are all simple for x ∈ Ω,
Ω ⊆ R an open interval, ψ(·, x, x0) is meromorphic on Kn\{P∞} for
x, x0 ∈ Ω.

Next, we recall that the affine part of Kn is nonsingular if

Em �= Em′ for m �= m′, m, m′ = 0, 1, . . . , 2n. (2.49)

Combining the polynomial recursion approach with (2.25) readily
yields trace formulas for the KdV invariants, that is, expressions of f�

in terms of symmetric functions of the zeros µj of Fn.

Lemma 2.4. Assume V ∈ C∞(R) satisfies the nth stationary KdV
equation (2.10). Then,

V =
2n∑

m=0

Em − 2
n∑

j=1

µj, (2.50)

V 2 − (1/2)Vxx =
2n∑

m=0

E2
m − 2

n∑
j=1

µ2
j , etc. (2.51)

Equation (2.50) represents the trace formula for the algebro-geometric
potential V . In addition, (2.51) indicates that higher-order trace for-
mulas associated with the KdV hierarchy can be obtained from (2.25)
comparing powers of z. We omit further details and refer to [24, Ch.
1] and [25].

Since nonspecial divisors play a fundamental role in this context we
also recall the following fact.
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Lemma 2.5. Assume that V ∈ C∞(R) ∩ L∞(R; dx) satisfies the nth
stationary KdV equation (2.10). Let Dµ̂, µ̂ = (µ̂1, . . . , µ̂n) be the
Dirichlet divisor of degree n associated with V defined according to
(2.31), that is,

µ̂j(x) = (µj(x),−(i/2)Fn,x(µj(x), x)), j = 1, . . . , n, x ∈ R. (2.52)

Then Dµ̂(x) is nonspecial for all x ∈ R. Moreover, there exists a con-
stant C > 0 such that

|µj(x)| ≤ C, j = 1, . . . , n, x ∈ R. (2.53)

Remark 2.6. Assume that V ∈ C∞(R) ∩ L∞(R; dx) satisfies the nth
stationary KdV equation (2.10). We recall that f� ∈ C∞(R), � ∈ N0, by
(2.20) since f� are differential polynomials in V . Moreover, we note that
(2.53) implies that f� ∈ L∞(R; dx), � = 0, . . . , n, employing the fact
that f�, � = 0, . . . , n, are elementary symmetric functions of µ1, . . . , µn

(cf. (2.12) and (2.25)). Since fn+1,x = 0, one can use the recursion
relation (2.3) to reduce fk for k ≥ n + 2 to a linear combination of
f1, . . . , fn. Thus,

f� ∈ C∞(R) ∩ L∞(R; dx), � ∈ N0. (2.54)

Using the fact that for fixed 1 ≤ p ≤ ∞,

h, h(k) ∈ Lp(R; dx) imply h(�) ∈ Lp(R; dx), � = 1, . . . , k − 1 (2.55)

(cf., e.g., [6, p. 168–170]), one then infers

V (�) ∈ L∞(R; dx), � ∈ N0, (2.56)

applying (2.55) with p = ∞.

We continue with the theta function representation for ψ and V . For
general background information and the notation employed we refer to
Appendix A.

Let θ denote the Riemann theta function associated with Kn (whose
affine part is assumed to be nonsingular) and let {aj, bj}n

j=1 be a fixed
homology basis on Kn. Next, choosing a base point Q0 ∈ Kn\P∞, the
Abel maps AQ0

and αQ0
are defined by (A.41) and (A.42), and the

Riemann vector ΞQ0
is given by (A.54).

Next, let ω
(2)
P∞,0 denote the normalized differential of the second kind

defined by

ω
(2)
P∞,0 = − 1

2y

n∏
j=1

(z − λj)dz =
ζ→0

(
ζ−2 + O(1)

)
dζ as P → P∞, (2.57)

ζ = σ/z1/2, σ ∈ {1. − 1},
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where the constants λj ∈ C, j = 1, . . . , n, are determined by employing
the normalization ∫

aj

ω
(2)
P∞,0 = 0, j = 1, . . . , n. (2.58)

One then infers∫ P

Q0

ω
(2)
P∞,0 =

ζ→0
−ζ−1 + e

(2)
0 (Q0) + O(ζ) as P → P∞ (2.59)

for some constant e
(2)
0 (Q0) ∈ C. The vector of b-periods of ω

(2)
P∞,0/(2πi)

is denoted by

U
(2)
0 = (U

(2)
0,1 , . . . , U

(2)
0,n), U

(2)
0,j =

1

2πi

∫

bj

ω
(2)
P∞,0, j = 1, . . . , n. (2.60)

By (A.26) one concludes

U
(2)
0,j = −2cj(n), j = 1, . . . , n. (2.61)

In the following it will be convenient to introduce the abbreviation

z(P, Q) = ΞQ0
− AQ0

(P ) + αQ0
(DQ), (2.62)

P ∈ Kn, Q = {Q1, . . . , Qn} ∈ Symn(Kn).

We note that z(·, Q) is independent of the choice of base point Q0.

Theorem 2.7. Suppose that V ∈ C∞(R)∩L∞(R; dx) satisfies the nth
stationary KdV equation (2.10) on R. In addition, assume the affine
part of Kn to be nonsingular and let P ∈ Kn\{P∞} and x, x0 ∈ R.
Then Dµ̂(x) and Dν̂(x) are nonspecial for x ∈ R. Moreover,4

ψ(P, x, x0) =
θ(z(P∞, µ̂(x0)))θ(z(P, µ̂(x)))

θ(z(P∞, µ̂(x)))θ(z(P, µ̂(x0)))

× exp

[
− i(x − x0)

( ∫ P

Q0

ω
(2)
P∞,0 − e

(2)
0 (Q0)

)]
, (2.63)

with the linearizing property of the Abel map,

αQ0
(Dµ̂(x)) =

(
αQ0

(Dµ̂(x0)) + iU
(2)
0 (x − x0)

)
(mod Ln). (2.64)

The Its–Matveev formula for V reads

V (x) = E0 +
n∑

j=1

(E2j−1 + E2j − 2λj)

4To avoid multi-valued expressions in formulas such as (2.63), etc., we agree
to always choose the same path of integration connecting Q0 and P and refer to
Remark A.4 for additional tacitly assumed conventions.
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− 2∂2
x ln

(
θ(ΞQ0

− AQ0
(P∞) + αQ0

(Dµ̂(x)))
)
. (2.65)

Combining (2.64) and (2.65) shows the remarkable linearity of the
theta function with respect to x in the Its–Matveev formula for V . In
fact, one can rewrite (2.65) as

V (x) = Λ0 − 2∂2
x ln(θ(A + Bx)), (2.66)

where

A = ΞQ0
− AQ0

(P∞) − iU
(2)
0 x0 + αQ0

(Dµ̂(x0)), (2.67)

B = iU
(2)
0 , (2.68)

Λ0 = E0 +
n∑

j=1

(E2j−1 + E2j − 2λj). (2.69)

Hence the constants Λ0 ∈ C and B ∈ C
n are uniquely determined by

Kn (and its homology basis), and the constant A ∈ C
n is in one-to-one

correspondence with the Dirichlet data µ̂(x0) = (µ̂1(x0), . . . , µ̂n(x0)) ∈
Symn(Kn) at the point x0.

Remark 2.8. If one assumes V in (2.65) (or (2.66)) to be quasi-
periodic (cf. (3.16) and (3.17)), then there exists a homology basis

{ãj, b̃j}n
j=1 on Kn such that B̃ = iŨ

(2)

0 satisfies the constraint

B̃ = iŨ
(2)

0 ∈ R
n. (2.70)

This is studied in detail in Appendix B.

An example illustrating some of the general results of this section is
provided in Appendix C.

3. The diagonal Green’s function of H

In this section we focus on the diagonal Green’s function of H and
derive a variety of results to be used in our principal Section 4.

We start with some preparations. We denote by

W (f, g)(x) = f(x)gx(x) − fx(x)g(x) for a.e. x ∈ R (3.1)

the Wronskian of f, g ∈ ACloc(R) (with ACloc(R) the set of locally
absolutely continuous functions on R).

Lemma 3.1. Assume5 q ∈ L1
loc(R), define τ = −d2/dx2 + q, and let

uj(z), j = 1, 2 be two (not necessarily distinct) distributional solutions6

5One could admit more severe local singularities; in particular, one could assume
q to be meromorphic, but we will not need this in this paper.

6That is, u, ux ∈ ACloc(R).
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of τu = zu for some z ∈ C. Define U(z, x) = u1(z, x)u2(z, x), (z, x) ∈
C × R. Then,

2UxxU − U2
x − 4(q − z)U2 = −W (u1, u2)

2. (3.2)

If in addition qx ∈ L1
loc(R), then

Uxxx − 4(q − z)Ux − 2qxU = 0. (3.3)

Proof. Equation (3.3) is a well-known fact going back to at least Appell
[2]. Equation (3.2) either follows upon integration using the integrating
factor U , or alternatively, can be verified directly from the definition
of U . We omit the straightforward computations.

Introducing

g(z, x) = u1(z, x)u2(z, x)/W (u1(z), u2(z)), z ∈ C, x ∈ R, (3.4)

Lemma 3.1 implies the following result.

Lemma 3.2. Assume that q ∈ L1
loc(R) and (z, x) ∈ C × R. Then,

2gxxg − g2
x − 4(q − z)g2 = −1, (3.5)

−
(
g−1

)
z

= 2g +
{
g
[
u−2

1 W (u1, u1,z) + u−2
2 W (u2, u2,z)

]}
x
, (3.6)

−
(
g−1

)
z

= 2g − gxxz +
[
g−1gxgz

]
x

(3.7)

= 2g −
{[(

g−1
)(

g−1
)

zx
−

(
g−1

)
x

(
g−1

)
z

]/(
g−3

)}
x
. (3.8)

If in addition qx ∈ L1
loc(R), then

gxxx − 4(q − z)gx − 2qxg = 0. (3.9)

Proof. Equations (3.9) and (3.5) are clear from (3.3) and (3.2). Equa-
tion (3.6) follows from

(
g−1)z = u−2

2 W (u2, u2,z) − u−2
1 W (u1, u1,z) (3.10)

and

W (uj, uj,z)x = −u2
j , j = 1, 2. (3.11)

Finally, (3.8) (and hence (3.7)) follows from (3.4), (3.5), and (3.6) by
a straightforward, though tedious, computation.

Equation (3.7) is known and can be found, for instance, in [22]. Sim-
ilarly, (3.6) can be inferred, for example, from the results in [12, p.
369].
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Next, we turn to the analog of g in connection with the algebro-
geometric potential V in (2.65). Introducing

g(P, x) =
ψ(P, x, x0)ψ(P ∗, x, x0)

W (ψ(P, ·, x0), ψ(P ∗, ·, x0))
, P ∈ Kn\{P∞}, x, x0 ∈ R,

(3.12)

equations (2.45) and (2.48) imply

g(P, x) =
iFn(z, x)

2y
, P = (z, y) ∈ Kn\{P∞}, x ∈ R. (3.13)

Together with g(P, x) we also introduce its two branches g±(z, x) de-
fined on the upper and lower sheets Π± of Kn (cf. (A.3), (A.4), and
(A.14))

g±(z, x) = ± iFn(z, x)

2R2n+1(z)1/2
, z ∈ Π, x ∈ R (3.14)

with Π = C\C the cut plane introduced in (A.4). A comparison of
(3.4), (3.12)–(3.14), then shows that g±(z, ·) satisfy (3.5)–(3.9).

For convenience we will subsequently focus on g+ whenever possible
and then use the simplified notation

g(z, x) = g+(z, x), z ∈ Π, x ∈ R. (3.15)

Next, we assume that V is quasi-periodic and compute the mean
value of g(z, ·)−1 using (3.7). Before embarking on this task we briefly
review a few properties of quasi-periodic functions.

We denote by CP (R) and QP (R), the sets of continuous periodic and
quasi-periodic functions on R, respectively. In particular, f is called
quasi-periodic with fundamental periods (Ω1, . . . , ΩN) ∈ (0,∞)N if the
frequencies 2π/Ω1, . . . , 2π/ΩN are linearly independent over Q and if
there exists a continuous function F ∈ C(RN), periodic of period 1 in
each of its arguments

F (x1, . . . , xj + 1, . . . , xN) = F (x1, . . . , xN), xj ∈ R, j = 1, . . . , N,
(3.16)

such that

f(x) = F (Ω−1
1 x, . . . , Ω−1

N x), x ∈ R. (3.17)

The frequency module Mod (f) of f is then of the type

Mod (f) = {2πm1/Ω1 + · · · + 2πmN/ΩN |mj ∈ Z, j = 1, . . . , N}.
(3.18)

We note that f ∈ CP (R) if and only if there are rj ∈ Q\{0} such

that Ωj = rjΩ̂ for some Ω̂ > 0, or equivalently, if and only if Ωj = mjΩ̃,
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mj ∈ Z\{0} for some Ω̃ > 0. f has the fundamental period Ω > 0 if
every period of f is an integer multiple of Ω.

For any quasi-periodic (in fact, Bohr (uniformly) almost periodic)
function f , the mean value 〈f〉 of f , defined by

〈f〉 = lim
R→∞

1

2R

∫ x0+R

x0−R

dx f(x), (3.19)

exists and is independent of x0 ∈ R. Moreover, we recall the following
facts (also valid for Bohr (uniformly) almost periodic functions on R),
see, for instance, [8, Ch. I], [11, Sects. 39–92], [15, Ch. I], [21, Chs.
1,3,6], [32], [40, Chs. 1,2,6], and [49].

Theorem 3.3. Assume f, g ∈ QP (R) and x0, x ∈ R. Then the fol-
lowing assertions hold:
(i) f is uniformly continuous on R and f ∈ L∞(R; dx).
(ii) f , d f , d ∈ C, f(·+ c), f(c·), c ∈ R, |f |α, α ≥ 0 are all in QP (R).
(iii) f + g, fg ∈ QP (R).
(iv) f/g ∈ QP (R) if and only if infs∈R[|g(s)|] > 0.
(v) Let G be uniformly continuous on M ⊆ R and f(s) ∈ M for all
s ∈ R. Then G(f) ∈ QP (R).
(vi) f ′ ∈ QP (R) if and only if f ′ is uniformly continuous on R.
(vii) Let F (x) =

∫ x

x0
dx′ f(x′) with 〈f〉 = 0. Then

∫ x

x0
dx′ f(x′) =

|x|→∞
o(|x|).
(viii) Let F (x) =

∫ x

x0
dx′ f(x′). Then F ∈ QP (R) if and only if

F ∈ L∞(R; dx).
(ix) If 0 ≤ f ∈ QP (R), f �≡ 0, then 〈f〉 > 0.
(x) If f = |f | exp(iϕ), then |f | ∈ QP (R) and ϕ is of the type ϕ(x) =
cx + ψ(x), where c ∈ R and ψ ∈ QP (R) (and real-valued ).

(xi) If F (x) = exp
( ∫ x

x0
dx′ f(x′)

)
, then F ∈ QP (R) if and only if

f(x) = iβ + ψ(x), where β ∈ R, ψ ∈ QP (R), and Ψ ∈ L∞(R; dx),
where Ψ(x) =

∫ x

x0
dx′ ψ(x′).

For the rest of this section and the next it will be convenient to
introduce the following hypothesis:

Hypothesis 3.4. Assume the affine part of Kn to be nonsingular.
Moreover, suppose that V ∈ C∞(R) ∩ QP (R) satisfies the nth sta-
tionary KdV equation (2.10) on R.

Next, we note the following result.

Lemma 3.5. Assume Hypothesis 3.4. Then V (k), k ∈ N, and f�, � ∈
N, and hence all x and z-derivatives of Fn(z, ·), z ∈ C, and g(z, ·),
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z ∈ Π, are quasi-periodic. Moreover, taking limits to points on C, the
last result extends to either side of the cuts in the set C\{Em}2n

m=0 (cf.
(A.3)) by continuity with respect to z.

Proof. Since by hypothesis V ∈ C∞(R) ∩ L∞(R; dx), s-KdVn(V ) = 0
implies V (k) ∈ L∞(R; dx), k ∈ N and f� ∈ C∞(R)∩L∞(R; dx), � ∈ N0,
applying Remark 2.6. In particular V (k) is uniformly continuous on R

and hence quasi-periodic for all k ∈ N. Since the f� are differential
polynomials with respect to V , also f�, � ∈ N are quasi-periodic. The
corresponding assertion for Fn(z, ·) then follows from (2.12) and that
for g(z, ·) follows from (3.14).

For future purposes we introduce the set

ΠC = Π
∖{

{z ∈ C | |z| ≤ C + 1}
∪ {z ∈ C |Re(z) ≥ min

m=0,...,2n
[Re(Em)] − 1, (3.20)

min
m=0,...,2n

[Im(Em)] − 1 ≤ Im(z) ≤ max
m=0,...,2n

[Im(Em)] + 1}
}

,

where C > 0 is the constant in (2.53). Moreover, without loss of
generality, we may assume ΠC contains no cuts, that is,

ΠC ∩ C = ∅. (3.21)

Lemma 3.6. Assume Hypothesis 3.4 and let z, z0 ∈ Π. Then

〈
g(z, ·)−1

〉
= −2

∫ z

z0

dz′ 〈g(z′, ·)〉 +
〈
g(z0, ·)−1

〉
, (3.22)

where the path connecting z0 and z is assumed to lie in the cut plane Π.
Moreover, by taking limits to points on C in (3.22), the result (3.22)
extends to either side of the cuts in the set C by continuity with respect
to z.

Proof. Let z, z0 ∈ ΠC . Integrating equation (3.7) from z0 to z along a
smooth path in ΠC yields

g(z, x)−1 − g(z0, x)−1 = −2

∫ z

z0

dz′ g(z′, x) + [gxx(z, x) − gxx(z0, x)]

−
∫ z

z0

dz′
[
g(z′, x)−1gx(z

′, x)gz(z
′, x)

]
x

= −2

∫ z

z0

dz′ g(z′, x) + gxx(z, x) − gxx(z0, x)

−
[ ∫ z

z0

dz′ g(z′, x)−1gx(z
′, x)gz(z

′, x)

]

x

.

(3.23)
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By Lemma 3.5 g(z, ·) and all its x-derivatives are quasi-periodic,

〈gxx(z, ·)〉 = 0, z ∈ Π. (3.24)

Since we actually assumed z ∈ ΠC , also g(z, ·)−1 is quasi-periodic.
Consequently, also∫ z

z0

dz′ g(z′, ·)−1gx(z
′, ·)gz(z

′, ·), z ∈ ΠC , (3.25)

is a family of uniformly almost periodic functions for z varying in com-
pact subsets of ΠC as discussed in [21, Sect. 2.7] and one obtains

〈[∫ z

z0

dz′ g(z′, ·)−1gx(z
′, ·)gz(z

′, ·)
]

x

〉
= 0. (3.26)

Hence, taking mean values in (3.23) (taking into account (3.24) and
(3.26)), proves (3.22) for z ∈ ΠC . Since f�, � ∈ N0, are quasi-periodic
by Lemma 3.5 (we recall that f0 = 1), (2.12) and (3.13) yield

∫ z

z0

dz′ 〈g(z′, ·)〉 =
i

2

n∑
�=0

〈fn−�〉
∫ z

z0

dz′
(z′)�

R2n+1(z′)1/2
. (3.27)

Thus,
∫ z

z0
dz′ 〈g(z′, ·)〉 has an analytic continuation with respect to z

to all of Π and consequently, (3.22) for z ∈ ΠC extends by analytic
continuation to z ∈ Π. By continuity this extends to either side of the
cuts in C. Interchanging the role of z and z0, analytic continuation
with respect to z0 then yields (3.22) for z, z0 ∈ Π.

Remark 3.7. For z ∈ ΠC , g(z, ·)−1 is quasi-periodic and hence the
mean value

〈
g(z, ·)−1

〉
is well-defined. If one analytically continues

g(z, x) with respect to z, g(z, x) will acquire zeros for some x ∈ R and
hence g(z, ·)−1 /∈ QP (R). Nevertheless, as shown by the right-hand
side of (3.22),

〈
g(z, ·)−1

〉
admits an analytic continuation in z from ΠC

to all of Π, and from now on,
〈
g(z, ·)−1

〉
, z ∈ Π, always denotes that

analytic continuation (cf. also (3.29)).

Next, we will invoke the Baker–Akhiezer function ψ(P, x, x0) and
analyze the expression

〈
g(z, ·)−1

〉
in more detail.

Theorem 3.8. Assume Hypothesis 3.4, let P = (z, y) ∈ Π±, and

x, x0 ∈ R. Moreover, select a homology basis {ãj, b̃j}n
j=1 on Kn such

that B̃ = iŨ
(2)

0 , with Ũ
(2)

0 the vector of b̃-periods of the normalized

differential of the second kind, ω̃
(2)
P∞,0, satisfies the constraint

B̃ = iŨ
(2)

0 ∈ R
n (3.28)
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(cf. Appendix B). Then,

Re
(〈

g(P, ·)−1
〉)

= −2Im
(
y
〈
Fn(z, ·)−1

〉)
= 2Im

( ∫ P

Q0

ω̃
(2)
P∞,0 − ẽ

(2)
0 (Q0)

)
.

(3.29)

Proof. Using (2.44), one obtains for z ∈ ΠC ,

ψ(P, x, x0) =

(
Fn(z, x)

Fn(z, x0)

)1/2

exp

(
iy

∫ x

x0

dx′ Fn(z, x′)−1

)

=

(
Fn(z, x)

Fn(z, x0)

)1/2

exp

(
iy

∫ x

x0

dx′ [Fn(z, x′)−1 −
〈
Fn(z, ·)−1

〉])

× exp
(
i(x − x0)y

〈
Fn(z, ·)−1

〉)
, (3.30)

P = (z, y) ∈ Π±, z ∈ ΠC , x, x0 ∈ R.

Since
[
Fn(z, x′)−1 −

〈
Fn(z, ·)−1

〉]
has mean zero,

∣∣∣∣
∫ x

x0

dx′ [Fn(z, x′)−1 − 〈Fn(z, ·)−1〉
]∣∣∣∣ =

|x|→∞
o(|x|), z ∈ ΠC (3.31)

by Theorem 3.3 (vii). In addition, the factor Fn(z, x)/Fn(z, x0) in (3.30)
is quasi-periodic and hence bounded on R.

On the other hand, (2.63) yields

ψ(P, x, x0) =
θ(z(P∞, µ̂(x0)))θ(z(P, µ̂(x)))

θ(z(P∞, µ̂(x)))θ(z(P, µ̂(x0)))

× exp

[
− i(x − x0)

( ∫ P

Q0

ω̃
(2)
P∞,0 − ẽ

(0)
0 (Q0)

)]

= Θ(P, x, x0) exp

[
− i(x − x0)

( ∫ P

Q0

ω̃
(2)
P∞,0 − ẽ

(2)
0 (Q0)

)]
,

P ∈ Kn\
{
{P∞} ∪ {µ̂j(x0)}n

j=1

}
. (3.32)

Taking into account (2.62), (2.64), (2.70), (A.30), and the fact that by
(2.53) no µ̂j(x) can reach P∞ as x varies in R, one concludes that

Θ(P, ·, x0) ∈ L∞(R; dx), P ∈ Kn\{µ̂j(x0)}n
j=1. (3.33)

A comparison of (3.30) and (3.32) then shows that the o(|x|)-term in
(3.31) must actually be bounded on R and hence the left-hand side of
(3.31) is quasi-periodic. In addition, the term

exp

(
iR2n+1(z)1/2

∫ x

x0

dx′ [Fn(z, x′)−1 −
〈
Fn(z, ·)−1

〉])
, z ∈ ΠC ,

(3.34)
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is then quasi-periodic by Theorem 3.3 (xi). A further comparison of
(3.30) and (3.32) then yields (3.29) for z ∈ ΠC . Analytic continuation
with respect to z then yields (3.29) for z ∈ Π. By continuity with
respect to z, taking boundary values to either side of the cuts in the
set C, this then extends to z ∈ C (cf. (A.3), (A.4)) and hence proves
(3.29) for P = (z, y) ∈ Kn\{P∞}.

4. Spectra of Schrödinger operators with quasi-periodic
algebro-geometric KdV potentials

In this section we establish the connection between the algebro-
geometric formalism of Section 2 and the spectral theoretic description
of Schrödinger operators H in L2(R; dx) with quasi-periodic algebro-
geometric KdV potentials. In particular, we introduce the conditional
stability set of H and prove our principal result, the characterization
of the spectrum of H. Finally, we provide a qualitative description of
the spectrum of H in terms of analytic spectral arcs.

Suppose that V ∈ C∞(R)∩QP (R) satisfies the nth stationary KdV
equation (2.10) on R. The corresponding Schrödinger operator H in
L2(R; dx) is then introduced by

H = − d2

dx2
+ V, dom(H) = H2,2(R). (4.1)

Thus, H is a densely defined closed operator in L2(R; dx) (it is self-
adjoint if and only if V is real-valued).

Before we turn to the spectrum of H in the general non-self-adjoint
case, we briefly mention the following result on the spectrum of H
in the self-adjoint case with a quasi-periodic (or almost periodic) real-
valued potential q. We denote by σ(A), σe(A), and σd(A) the spectrum,
essential spectrum, and discrete spectrum of a self-adjoint operator A
in a complex Hilbert space, respectively.

Theorem 4.1 (See, e.g., [51]). Let V ∈ QP (R) and q be real-valued.
Define the self-adjoint Schrödinger operator H in L2(R; dx) as in (4.1).
Then,

σ(H) = σe(H) ⊆
[
min
x∈R

(V (x)),∞
)
, σd(H) = ∅. (4.2)

Moreover, σ(H) contains no isolated points, that is, σ(H) is a perfect
set.

In the special periodic case where V ∈ CP (R) is real-valued, the
spectrum of H is purely absolutely continuous and either a finite union
of some compact intervals and a half-line or an infinite union of compact
intervals (see, e.g., [18, Sect. 5.3], [47, Sect. XIII.16]). If V ∈ CP (R)
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and V is complex-valued, then the spectrum of H is purely continuous
and it consists of either a finite union of simple analytic arcs and one
simple semi-infinite analytic arc tending to infinity or an infinite union
of simple analytic arcs (cf. [48], [50], and [53])7.

Remark 4.2. Here σ ⊂ C is called an arc if there exists a parameteri-
zation γ ∈ C([0, 1]) such that σ = {γ(t) | t ∈ [0, 1]}. The arc σ is called
simple if there exists a parameterization γ such that γ : [0, 1] → C is
injective. The arc σ is called analytic if there is a parameterization
γ that is analytic at each t ∈ [0, 1]. Finally, σ∞ is called a semi-
infinite arc if there exists a parameterization γ ∈ C([0,∞)) such that
σ∞ = {γ(t) | t ∈ [0,∞)} and σ∞ is an unbounded subset of C. Analytic
semi-infinite arcs are defined analogously and by a simple semi-infinite
arc we mean one that is without self-intersection (i.e., corresponds to
a injective parameterization) with the additional restriction that the
unbounded part of σ∞ consists of precisely one branch tending to in-
finity.

Now we turn to the analyis of the generally non-self-adjoint operator
H in (4.1). Assuming Hypothesis 3.4 we now introduce the set Σ ⊂ C

by

Σ =
{
λ ∈ C

∣∣ Re
(〈

g(λ, ·)−1
〉)

= 0
}
. (4.3)

Below we will show that Σ plays the role of the conditional stability
set of H, familiar from the spectral theory of one-dimensional periodic
Schrödinger operators (cf. [18, Sect. 5.3], [48], [57], [58]).

Lemma 4.3. Assume Hypothesis 3.4. Then Σ coincides with the con-
ditional stability set of H, that is,

Σ = {λ ∈ C | there exists at least one bounded distributional solution

0 �= ψ ∈ L∞(R; dx) of Hψ = λψ.} (4.4)

Proof. By (3.32) and (3.33),

ψ(P, x) =
θ(z(P, µ̂(x)))

θ(z(P∞, µ̂(x)))
exp

[
− ix

( ∫ P

Q0

ω̃
(2)
P∞,0 − ẽ

(0)
0 (Q0)

)]
, (4.5)

P = (z, y) ∈ Π±,

is a distributional solution of Hψ = zψ which is bounded on R if and
only if the exponential function in (4.5) is bounded on R. By (3.29),
the latter holds if and only if

Re
(〈

g(z, ·)−1
〉)

= 0. (4.6)

7in either case the resolvent set is connected.
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Remark 4.4. At first sight our a priori choice of cuts C for R2n+1(·)1/2,
as described in Appendix A, might seem unnatural as they completely
ignore the actual spectrum of H. However, the spectrum of H is not
known from the outset, and in the case of complex-valued periodic
potentials, spectral arcs of H may actually cross each other (cf. [26],
[46], and Theorem 4.9 (iv)) which renders them unsuitable for cuts of
R2n+1(·)1/2.

Before we state our first principal result on the spectrum of H, we
find it convenient to recall a number of basic definitions and well-known
facts in connection with the spectral theory of non-self-adjoint opera-
tors (we refer to [19, Chs. I, III, IX], [29, Sects. 1, 21–23], [33, Sects.
IV.5.6, V.3.2], and [47, p. 178–179] for more details). Let S be a densely
defined closed operator in a complex separable Hilbert space H. De-
note by B(H) the Banach space of all bounded linear operators on H
and by ker(T ) and ran(T ) the kernel (null space) and range of a lin-
ear operator T in H. The resolvent set, ρ(S), spectrum, σ(S), point
spectrum (the set of eigenvalues), σp(S), continuous spectrum, σc(S),
residual spectrum, σr(S), field of regularity, π(S), approximate point
spectrum, σap(S), two kinds of essential spectra, σe(S), and σ̃e(S), the

numerical range of S, Θ(S), and the sets ∆(S) and ∆̃(S) are defined
as follows:

ρ(S) = {z ∈ C | (S − zI)−1 ∈ B(H)}, (4.7)

σ(S) = C\ρ(S), (4.8)

σp(S) = {λ ∈ C | ker(S − λI) �= {0}}, (4.9)

σc(S) = {λ ∈ C | ker(S − λI) = {0} and ran(S − λI) is dense in H
but not equal to H}, (4.10)

σr(S) = {λ ∈ C | ker(S − λI) = {0} and ran(S − λI) is

not dense in H}, (4.11)

π(S) = {z ∈ C | there exists kz > 0 s.t. ‖(S − zI)u‖H ≥ kz‖u‖H
for all u ∈ dom(S)}, (4.12)

σap(S) = C\π(S), (4.13)

∆(S) = {z ∈ C | dim(ker(S − zI)) < ∞ and ran(S − zI) is closed},
(4.14)

σe(S) = C\∆(S), (4.15)

∆̃(S) = {z ∈ C | dim(ker(S − zI)) < ∞ or dim(ker(S∗ − zI)) < ∞},
(4.16)

σ̃e(S) = C\∆̃(S), (4.17)
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Θ(S) = {(f, Sf) ∈ C | f ∈ dom(S), ‖f‖H = 1}, (4.18)

respectively. One then has

σ(S) = σp(S) ∪ σc(S) ∪ σr(S) (disjoint union) (4.19)

= σp(S) ∪ σe(S) ∪ σr(S), (4.20)

σc(S) ⊆ σe(S)\(σp(S) ∪ σr(S)), (4.21)

σr(S) = σp(S
∗)∗\σp(S), (4.22)

σap(S) = {λ ∈ C | there exists a sequence {fn}n∈N ⊂ dom(S)

with ‖fn‖H = 1, n ∈ N, and lim
n→∞

‖(S − λI)fn‖H = 0}, (4.23)

σ̃e(S) ⊆ σe(S) ⊆ σap(S) ⊆ σ(S) (all four sets are closed), (4.24)

ρ(S) ⊆ π(S) ⊆ ∆(S) ⊆ ∆̃(S) (all four sets are open), (4.25)

σ̃e(S) ⊆ Θ(S), Θ(S) is convex, (4.26)

σ̃e(S) = σe(S) if S = S∗. (4.27)

Here σ∗ in the context of (4.22) denotes the complex conjugate of the
set σ ⊆ C, that is,

σ∗ = {λ ∈ C |λ ∈ σ}. (4.28)

We note that there are several other versions of the concept of the
essential spectrum in the non-self-adjoint context (cf. [19, Ch. IX]) but
we will only use the two in (4.15) and in (4.17) in this paper.

Finally, we recall the following result due to Talenti [52] and Tomasel-
li [56] (see also Chisholm and Everitt [13], Chisholm, Everitt, and Lit-
tlejohn [14], and Muckenhoupt [42]).

Lemma 4.5. Let f ∈ L2(R; dx), U ∈ L2((−∞, R]; dx), and V ∈
L2([R,∞); dx) for all R ∈ R. Then the following assertions (i)–(iii)
are equivalent:
(i) There exists a finite constant C > 0 such that

∫

R

dx

∣∣∣∣U(x)

∫ ∞

x

dx′ V (x′)f(x′)

∣∣∣∣
2

≤ C

∫

R

dx |f(x)|2. (4.29)

(ii) There exists a finite constant D > 0 such that
∫

R

dx

∣∣∣∣V (x)

∫ x

−∞
dx′ U(x′)f(x′)

∣∣∣∣
2

≤ D

∫

R

dx |f(x)|2. (4.30)

(iii)

sup
r∈R

[( ∫ r

−∞
dx |U(x)|2

)( ∫ ∞

r

dx |V (x)|2
)]

< ∞. (4.31)
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We start with the following elementary result.

Lemma 4.6. Let H be defined as in (4.1). Then,

σe(H) = σ̃e(H) ⊆ Θ(H). (4.32)

Proof. Since H and H∗ are second-order ordinary differential operators
on R,

dim(ker(H − zI)) ≤ 2, dim(ker(H∗ − zI)) ≤ 2. (4.33)

Equations (4.14)–(4.17) and (4.26) then prove (4.32).

Theorem 4.7. Assume Hypothesis 3.4. Then the point spectrum and
residual spectrum of H are empty and hence the spectrum of H is purely
continuous,

σp(H) = σr(H) = ∅, (4.34)

σ(H) = σc(H) = σe(H) = σap(H). (4.35)

Proof. First we prove the absence of the point spectrum of H. Suppose
z ∈ Π\{Σ∪{µj(x0)}n

j=1}. Then ψ(P, ·, x0) and ψ(P ∗, ·, x0) are linearly
independent distributional solutions of Hψ = zψ which are unbounded
at +∞ or −∞. This argument extends to all z ∈ Π\Σ by multiply-
ing ψ(P, ·, x0) and ψ(P ∗, ·, x0) with an appropriate function of z and x0

(independent of x). It also extends to either side of the cut C\Σ by con-
tinuity with respect to z. On the other hand, since V (k) ∈ L∞(R; dx) for
all k ∈ N0, any distributional solution ψ(z, ·) ∈ L2(R; dx) of Hψ = zψ,
z ∈ C, is necessarily bounded. In fact,

ψ(k)(z, ·) ∈ L∞(R; dx) ∩ L2(R; dx), k ∈ N0, (4.36)

applying ψ′′(z, x) = (V (x)−z)ψ(z, x) and (2.55) with p = 2 and p = ∞
repeatedly. (Indeed, ψ(z, ·) ∈ L2(R; dx) implies ψ′′(z, ·) ∈ L2(R; dx)
which in turn implies ψ′(z, ·) ∈ L2(R; dx). Integrating (ψ2)′ = 2ψψ′

then yields ψ(z, ·) ∈ L∞(R; dx). The latter yields ψ′′(z, ·) ∈ L∞(R; dx),
etc.) Thus,

{C\Σ} ∩ σp(H) = ∅. (4.37)

Hence, it remains to rule out eigenvalues located in Σ. We consider
a fixed λ ∈ Σ and note that by (2.45), there exists at least one dis-
tributional solution ψ1(λ, ·) ∈ L∞(R; dx) of Hψ = λψ. Actually, a
comparison of (2.44) and (4.3) shows that we may choose ψ1(λ, ·) such
that |ψ1(λ, ·)| ∈ QP (R) and hence ψ1(λ, ·) /∈ L2(R; dx). As in (4.36)
one then infers from repeated use of ψ′′(λ) = (V − λ)ψ(λ) and (2.55)
with p = ∞ that

ψ
(k)
1 (λ, ·) ∈ L∞(R; dx), k ∈ N0. (4.38)
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Next, suppose there exists a second distributional solution ψ2(λ, ·) of
Hψ = λψ which is linearly independent of ψ1(λ, ·) and which satisfies
ψ2(λ, ·) ∈ L2(R; dx). Applying (4.36) then yields

ψ
(k)
2 (λ, ·) ∈ L2(R; dx), k ∈ N0. (4.39)

Combining (4.38) and (4.39), one concludes that the Wronskian of
ψ1(λ, ·) and ψ2(λ, ·) lies in L2(R; dx),

W (ψ1(λ, ·), ψ2(λ, ·)) ∈ L2(R; dx). (4.40)

However, by hypothesis, W (ψ1(λ, ·), ψ2(λ, ·)) = c(λ) �= 0 is a nonzero
constant. This contradiction proves that

Σ ∩ σp(H) = ∅ (4.41)

and hence σp(H) = ∅.
Next, we note that the same argument yields that H∗ also has no

point spectrum,

σp(H
∗) = ∅. (4.42)

Indeed, if V ∈ C∞(R)∩QP (R) satisfies the nth stationary KdV equa-
tion (2.10) on R, then V also satisfies one of the nth stationary KdV
equations (2.10) associated with a hyperelliptic curve of genus n with
{Em}2n

m=0 replaced by {Em}2n
m=0, etc. Since by general principles (cf.

(4.28)),

σr(B) ⊆ σp(B
∗)∗ (4.43)

for any densely defined closed linear operator B in some complex sep-
arable Hilbert space (see, e.g., [30, p. 71]), one obtains σr(H) = ∅ and
hence (4.34). This proves that the spectrum of H is purely continuous,
σ(H) = σc(H). The remaining equalities in (4.35) then follow from
(4.21) and (4.24).

The following result is a fundamental one:

Theorem 4.8. Assume Hypothesis 3.4. Then the spectrum of H co-
incides with Σ and hence equals the conditional stability set of H,

σ(H) =
{
λ ∈ C

∣∣ Re
(〈

g(λ, ·)−1
〉)

= 0
}

(4.44)

= {λ ∈ C | there exists at least one bounded distributional

solution 0 �= ψ ∈ L∞(R; dx) of Hψ = λψ}. (4.45)

In particular,

{Em}2n
m=0 ⊂ σ(H), (4.46)

and σ(H) contains no isolated points.
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Proof. First we will prove that

σ(H) ⊆ Σ (4.47)

by adapting a method due to Chisholm and Everitt [13]. For this
purpose we temporarily choose z ∈ Π\{Σ∪{µj(x0)}n

j=1} and construct
the resolvent of H as follows. Introducing the two branches ψ±(P, x, x0)
of the Baker–Akhiezer function ψ(P, x, x0) by

ψ±(P, x, x0) = ψ(P, x, x0), P = (z, y) ∈ Π±, x, x0 ∈ R, (4.48)

we define

ψ̂+(z, x, x0) =

{
ψ+(z, x, x0) if ψ+(z, ·, x0) ∈ L2((x0,∞); dx),

ψ−(z, x, x0) if ψ−(z, ·, x0) ∈ L2((x0,∞); dx),

(4.49)

ψ̂−(z, x, x0) =

{
ψ−(z, x, x0) if ψ−(z, ·, x0) ∈ L2((−∞, x0); dx),

ψ+(z, x, x0) if ψ+(z, ·, x0) ∈ L2((−∞, x0); dx),

z ∈ Π\Σ, x, x0 ∈ R, (4.50)

and

G(z, x, x′) =
1

W (ψ̂+(z, x, x0), ψ̂−(z, x, x0))

×
{

ψ̂−(z, x′, x0)ψ̂+(z, x, x0), x ≥ x′,

ψ̂−(z, x, x0)ψ̂+(z, x′, x0), x ≤ x′,
(4.51)

z ∈ Π\Σ, x, x0 ∈ R.

Due to the homogeneous nature of G, (4.51) extends to all z ∈ Π.
Moreover, we extend (4.49)–(4.51) to either side of the cut C except
at possible points in Σ (i.e., to C\Σ) by continuity with respect to z,
taking limits to C\Σ. Next, we introduce the operator R(z) in L2(R; dx)
defined by

(R(z)f)(x) =

∫

R

dx′ G(z, x, x′)f(x′), f ∈ C∞
0 (R), z ∈ Π, (4.52)

and extend it to z ∈ C\Σ, as discussed in connection with G(·, x, x′).

The explicit form of ψ̂±(z, x, x0), inferred from (3.32) by restricting P
to Π±, then yields the estimates

|ψ̂±(z, x, x0)| ≤ C±(z, x0)e
∓κ(z)x, z ∈ Π\Σ, x ∈ R (4.53)

for some constants C±(z, x0) > 0, κ(z) > 0, z ∈ Π\Σ. An application
of Lemma 4.5 identifying U(x) = exp(−κ(z)x) and V (x) = exp(κ(z)x)
then proves that R(z), z ∈ C\Σ, extends from C∞

0 (R) to a bounded
linear operator defined on all of L2(R; dx). (Alternatively, one can
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follow the second part of the proof of Theorem 5.3.2 in [18] line by
line.) A straightforward differentiation then proves

(H − zI)R(z)f = f, f ∈ L2(R; dx), z ∈ C\Σ (4.54)

and hence also

R(z)(H − zI)g = g, g ∈ dom(H), z ∈ C\Σ. (4.55)

Thus, R(z) = (H − zI)−1, z ∈ C\Σ, and hence (4.47) holds.
Next we will prove that

σ(H) ⊇ Σ. (4.56)

We will adapt a strategy of proof applied by Eastham in the case of
(real-valued) periodic potentials [17] (reproduced in the proof of Theo-
rem 5.3.2 of [18]) to the (complex-valued) quasi-periodic case at hand.
Suppose λ ∈ Σ. By the characterization (4.4) of Σ, there exists a
bounded distributional solution ψ(λ, ·) of Hψ = λψ. A comparison
with the Baker-Akhiezer function (2.44) then shows that we can as-
sume, without loss of generality, that

|ψ(λ, ·)| ∈ QP (R). (4.57)

Moreover, by the same argument as in the proof of Theorem 4.7 (cf.
(4.38)), one obtains

ψ(k)(λ, ·) ∈ L∞(R; dx), k ∈ N0. (4.58)

Next, we pick Ω > 0 and consider g ∈ C∞([0, Ω]) satisfying

g(0) = 0, g(Ω) = 1,

g′(0) = g′′(0) = g′(Ω) = g′′(Ω) = 0, (4.59)

0 ≤ g(x) ≤ 1, x ∈ [0, Ω].

Moreover, we introduce the sequence {hn}n∈N ∈ L2(R; dx) by

hn(x) =





1, |x| ≤ (n − 1)Ω,

g(nΩ − |x|), (n − 1)Ω ≤ |x| ≤ nΩ,

0, |x| ≥ nΩ

(4.60)

and the sequence {fn(λ)}n∈N ∈ L2(R; dx) by

fn(λ, x) = dn(λ)ψ(λ, x)hn(x), x ∈ R, dn(λ) > 0, n ∈ N. (4.61)

Here dn(λ) is determined by the requirement

‖fn(λ)‖2 = 1, n ∈ N. (4.62)

One readily verifies that

fn(λ, ·) ∈ dom(H) = H2,2(R), n ∈ N. (4.63)
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Next, we note that as a consequence of Theorem 3.3 (ix),
∫ T

−T

dx |ψ(λ, x)|2 =
T→∞

2
〈
|ψ(λ, ·)|2

〉
T + o(T ) (4.64)

with 〈
|ψ(λ, ·)|2

〉
> 0. (4.65)

Thus, one computes

1 = ‖fn(λ)‖2
2 = dn(λ)2

∫

R

dx |ψ(λ, x)|2hn(x)2

= dn(λ)2

∫

|x|≤nΩ

dx |ψ(λ, x)|2hn(x)2 ≥ dn(λ)2

∫

|x|≤(n−1)Ω

dx |ψ(λ, x)|2

≥ dn(λ)2
[〈
|ψ(λ, ·)|2

〉
(n − 1)Ω + o(n)

]
. (4.66)

Consequently,

dn(λ) =
n→∞

O
(
n−1/2

)
. (4.67)

Next, one computes

(H − λI)fn(λ, x) = −dn(λ)[2ψ′(λ, x)h′
n(x) + ψ(λ, x)h′′

n(x)] (4.68)

and hence

‖(H − λI)fn‖2 ≤ dn(λ)[2‖ψ′(λ)h′
n‖2 + ‖ψ(λ)h′′

n‖2], n ∈ N. (4.69)

Using (4.58) and (4.60) one estimates

‖ψ′(λ)h′
n‖2

2 =

∫

(n−1)Ω≤|x|≤nΩ

dx |ψ′(λ, x)|2|h′
n(x)|2

≤ 2‖ψ′(λ)‖2
∞

∫ Ω

0

dx |g′(x)|2

≤ 2Ω‖ψ′(λ)‖2
∞‖g′‖2

L∞([0,Ω];dx), (4.70)

and similarly,

‖ψ(λ)h′′
n‖2

2 =

∫

(n−1)Ω≤|x|≤nΩ

dx |ψ(λ, x)|2|h′′
n(x)|2

≤ 2‖ψ(λ)‖2
∞

∫ Ω

0

dx |g′′(x)|2

≤ 2Ω‖ψ(λ)‖2
∞‖g′′‖2

L∞([0,Ω];dx). (4.71)

Thus, combining (4.67) and (4.69)–(4.71) one infers

lim
n→∞

‖(H − λI)fn‖2 = 0, (4.72)

and hence λ ∈ σap(H) = σ(H) by (4.23) and (4.35).
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Relation (4.46) is clear from (4.4) and the fact that by (2.45) there
exists a distributional solution ψ((Em, 0), ·, x0) ∈ L∞(R; dx) of Hψ =
Emψ for all m = 0, . . . , 2n.

Finally, σ(H) contains no isolated points since those would neces-
sarily be essential singularities of the resolvent of H, as H has no
eigenvalues by (4.34) (cf. [33, Sect. III.6.5]). An explicit investigation
of the Green’s function of H reveals at most a square root singularity at
the points {Em}2n

m=0 and hence excludes the possibility of an essential
singularity of (H − zI)−1.

In the special self-adjoint case where V is real-valued, the result
(4.44) is equivalent to the vanishing of the Lyapunov exponent of H
which characterizes the (purely absolutely continous) spectrum of H
as discussed by Kotani [34], [35], [36], [37] (see also [12, p. 372]). In
the case where V is periodic and complex-valued, this has also been
studied by Kotani [37].

The explicit formula for Σ in (4.3) permits a qualitative description
of the spectrum of H as follows. We recall (3.22) and write

d

dz

〈
g(z, ·)−1

〉
= −2〈g(z, ·)〉 = −i

∏n
j=1

(
z − λ̃j

)
( ∏2n

m=0(z − Em)
)1/2

, z ∈ Π,

(4.73)

for some constants

{λ̃j}n
j=1 ⊂ C. (4.74)

As in similar situations before, (4.73) extends to either side of the cuts
in C by continuity with respect to z.

Theorem 4.9. Assume Hypothesis 3.4. Then the spectrum σ(H) of
H has the following properties:
(i) σ(H) is contained in the semi-strip

σ(H) ⊂ {z ∈ C | Im(z) ∈ [M1, M2], Re(z) ≥ M3}, (4.75)

where

M1 = inf
x∈R

[Im(V (x))], M2 = sup
x∈R

[Im(V (x))], M3 = inf
x∈R

[Re(V (x))].

(4.76)

(ii) σ(H) consists of finitely many simple analytic arcs and one sim-
ple semi-infinite arc. These analytic arcs may only end at the points

λ̃1, . . . , λ̃n, E0, . . . , E2n, and at infinity. The semi-infinite arc, σ∞,
asymptotically approaches the half-line L〈V 〉 = {z ∈ C | z = 〈V 〉 +
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x, x ≥ 0} in the following sense: asymptotically, σ∞ can be parameter-
ized by

σ∞ =
{
z ∈ C

∣∣ z = R + i Im(〈V 〉) + O
(
R−1/2

)
as R ↑ ∞

}
. (4.77)

(iii) Each Em, m = 0, . . . , 2n, is met by at least one of these arcs.
More precisely, a particular Em0 is hit by precisely 2N0 + 1 analytic

arcs, where N0 ∈ {0, . . . , n} denotes the number of λ̃j that coincide
with Em0. Adjacent arcs meet at an angle 2π/(2N0 +1) at Em0. (Thus,
generically, N0 = 0 and precisely one arc hits Em0.)
(iv) Crossings of spectral arcs are permitted. This phenomenon and

takes place precisely when for a particular j0 ∈ {1, . . . , n}, λ̃j0 ∈ σ(H)
such that

Re
(〈

g(λ̃j0 , ·)−1
〉)

= 0 for some j0 ∈ {1, . . . , n} with λ̃j0 /∈ {Em}2n
m=0.
(4.78)

In this case 2M0+2 analytic arcs are converging toward λ̃j0, where M0 ∈
{1, . . . , n} denotes the number of λ̃j that coincide with λ̃j0. Adjacent

arcs meet at an angle π/(M0 + 1) at λ̃j0.
(v) The resolvent set C\σ(H) of H is path-connected.

Proof. Item (i) follows from (4.32) and (4.35) by noting that

(f, Hf) = ‖f ′‖2 + (f, Re(V )f) + i(f, Im(V )f), f ∈ H2,2(R). (4.79)

To prove (ii) we first introduce the meromorphic differential of the
second kind

Ω(2) = 〈g(P, ·)〉dz =
i〈Fn(z, ·)〉dz

2y
=

i

2

∏n
j=1

(
z − λ̃j

)
dz

R2n+1(z)1/2
, (4.80)

P = (z, y) ∈ Kn\{P∞}
(cf. (4.74)). Then, by Lemma 3.6,

〈
g(P, ·)−1

〉
= −2

∫ P

Q0

Ω(2) +
〈
g(Q0, ·)−1

〉
, P ∈ Kn\{P∞} (4.81)

for some fixed Q0 ∈ Kn\{P∞}, is holomorphic on Kn\{P∞}. By (4.73),
(4.74), the characterization (4.44) of the spectrum,

σ(H) =
{
λ ∈ C

∣∣ Re
(〈

g(λ, ·)−1
〉)

= 0
}
, (4.82)

and the fact that Re
(〈

g(z, ·)−1
〉)

is a harmonic function on the cut
plane Π, the spectrum σ(H) of H consists of analytic arcs which may

only end at the points λ̃1, . . . , λ̃n, E0, . . . , E2n, and possibly tend to
infinity. (Since σ(H) is independent of the chosen set of cuts, if a
spectral arc crosses or runs along a part of one of the cuts in C, one can
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slightly deform the original set of cuts to extend an analytic arc along
or across such an original cut.) To study the behavior of spectral arcs
near infinity we first note that

g(z, x) =
|z|→∞

i

2z1/2
+

i

4z3/2
V (x) + O

(
|z|−3/2

)
, (4.83)

combining (2.4), (2.12), (2.16), and (3.14). Thus, one computes

g(z, x)−1 =
|z|→∞

−2iz1/2 +
i

z1/2
V (x) + O

(
|z|−3/2

)
(4.84)

and hence
〈
g(z, ·)−1

〉
=

|z|→∞
−2iz1/2 +

i

z1/2
〈V 〉 + O

(
|z|−3/2

)
. (4.85)

Writing z = Reiϕ this yields

0 = Re
(〈

g(z, ·)−1〉
)

=
R→∞

2Im
{
R1/2eiϕ/2 − 2−1R−1/2e−iϕ/2〈V 〉

+ O
(
R−3/2

)}
(4.86)

implying

ϕ =
R→∞

Im(〈V 〉)R−1 + O
(
R−3/2

)
(4.87)

and hence (4.77). In particular, there is precisely one analytic semi-
infinite arc σ∞ that tends to infinity and asymptotically approaches
the half-line L〈V 〉. This proves item (ii).

To prove (iii) one first recalls that by Theorem 4.8 the spectrum of H
contains no isolated points. On the other hand, since {Em}2n

m=0 ⊂ σ(H)
by (4.46), one concludes that at least one spectral arc meets each Em,
m = 0, . . . , 2n. Choosing Q0 = (Em0 , 0) in (4.81) one obtains

〈
g(z, ·)−1

〉
= −2

∫ z

Em0

dz′ 〈g(z′, ·)〉 +
〈
g(Em0 , ·)−1

〉

= −i

∫ z

Em0

dz′
∏n

j=1

(
z′ − λ̃j

)
( ∏2n

m=0(z
′ − Em)

)1/2
+

〈
g(Em0 , ·)−1

〉

=
z→Em0

−i

∫ z

Em0

dz′ (z′ − Em0)
N0−(1/2)[C + O(z′ − Em0)]

+
〈
g(Em0 , ·)−1

〉

=
z→Em0

−i[N0 + (1/2)]−1(z − Em0)
N0+(1/2)[C + O(z − Em0)]

+
〈
g(Em0 , ·)−1

〉
, z ∈ Π (4.88)
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for some C = |C|eiϕ0 ∈ C\{0}. Using

Re
(〈

g(Em, ·)−1
〉)

= 0, m = 0, . . . , 2n, (4.89)

as a consequence of (4.46), Re
(〈

g(z, ·)−1
〉)

= 0 and z = Em0 + ρeiϕ

imply

0 =
ρ↓0

sin[(N0 + (1/2))ϕ + ϕ0]ρ
N0+(1/2)[|C| + O(ρ)]. (4.90)

This proves the assertions made in item (iii).
To prove (iv) it suffices to refer to (4.73) and to note that locally,

d
〈
g(z, ·)−1

〉
/dz behaves like C0(z − λ̃j0)

M0 for some C0 ∈ C\{0} in a

sufficiently small neighborhood of λ̃j0 .
Finally we will show that all arcs are simple (i.e., do not self-intersect

each other). Assume that the spectrum of H contains a simple closed
loop γ, γ ⊂ σ(H). Then

Re
(〈

g(P, ·)−1
〉)

= 0, P ∈ Γ, (4.91)

where the closed simple curve Γ ⊂ Kn denotes the lift of γ to Kn, yields
the contradiction

Re
(〈

g(P, ·)−1
〉)

= 0 for all P in the interior of Γ (4.92)

by Corollary 8.2.5 in [5]. Therefore, since there are no closed loops in
σ(H) and precisely one semi-infinite arc tends to infinity, the resolvent
set of H is connected and hence path-connected, proving (v).

Remark 4.10. For simplicity we focused on L2(R; dx)-spectra thus
far. However, since V ∈ L∞(R; dx), H in L2(R; dx) is the generator of a
C0-semigroup T (t) in L2(R; dx), t > 0, whose integral kernel T (t, x, x′)
satisfies the Gaussian upper bound (cf., e.g., [4])

∣∣T (t, x, x′)
∣∣ ≤ C1t

−1/2eC2te−C3|x−x′|2/t, t > 0, x, x′ ∈ R (4.93)

for some C1 > 0, C2 ≥ 0, C3 > 0. Thus, T (t) in L2(R; dx) defines,
for p ∈ [1,∞), consistent C0-semigroups Tp(t) in Lp(R; dx) with gen-
erators denoted by Hp (i.e., H = H2, T (t) = T2(t), etc.). Applying
Theorem 1.1 of Kunstman [38] one then infers the p-independence of
the spectrum,

σ(Hp) = σ(H), p ∈ [1,∞). (4.94)

Actually, since C\σ(H) is connected by Theorem 4.9 (v), (4.94) also
follows from Theorem 4.2 of Arendt [3].

Of course, these results apply to the special case of algebro-geometric
complex-valued periodic potentials (see [9], [10], [57], [58]) and we
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briefly point out the corresponding connections between the algebro-
geometric approach and standard Floquet theory in Appendix C. But
even in this special case, items (iii) and (iv) of Theorem 1.1 provide
additional new details on the nature of the spectrum of H. We briefly
illustrate the results of this section in Example C.1 of Appendix C.

The methods of this paper extend to the case of algebro-geometric
non-self-adjoint second order finite difference (Jacobi) operators asso-
ciated with the Toda lattice hierarchy. Moreover, they extend to the
infinite genus limit n → ∞ using the approach in [23]. This will be
studied elsewhere.

Appendix A. Hyperelliptic curves and their theta
functions

We provide a brief summary of some of the fundamental notations
needed from the theory of hyperelliptic Riemann surfaces. More details
can be found in some of the standard textbooks [20] and [43], as well
as in monographs dedicated to integrable systems such as [7, Ch. 2],
[24, App. A, B]. In particular, the following material is taken from [24,
App. A, B].

Fix n ∈ N. We intend to describe the hyperelliptic Riemann sur-
face Kn of genus n of the KdV-type curve (2.24), associated with the
polynomial

Fn(z, y) = y2 − R2n+1(z) = 0,

R2n+1(z) =
2n∏

m=0

(z − Em), {Em}2n
m=0 ⊂ C.

(A.1)

To simplify the discussion we will assume that the affine part of Kn is
nonsingular, that is, we suppose that

Em �= Em′ for m �= m′, m, m′ = 0, . . . , 2n (A.2)

throughout this appendix. Introducing an appropriate set of (nonin-
tersecting) cuts Cj joining Em(j) and Em′(j), j = 1, . . . , n, and Cn+1,
joining E2n and ∞, we denote

C =
n+1⋃
j=1

Cj, Cj ∩ Ck = ∅, j �= k. (A.3)

Define the cut plane Π by

Π = C\C, (A.4)
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and introduce the holomorphic function

R2n+1(·)1/2 : Π → C, z �→
( 2n∏

m=0

(z − Em)

)1/2

(A.5)

on Π with an appropriate choice of the square root branch in (A.5).
Define

Mn = {(z, σR2n+1(z)1/2) | z ∈ C, σ ∈ {1,−1}} ∪ {P∞} (A.6)

by extending R2n+1(·)1/2 to C. The hyperelliptic curve Kn is then the
set Mn with its natural complex structure obtained upon gluing the
two sheets of Mn crosswise along the cuts. The set of branch points
B(Kn) of Kn is given by

B(Kn) = {(Em, 0)}2n
m=0. (A.7)

Points P ∈ Kn\{P∞} are denoted by

P = (z, σR2n+1(z)1/2) = (z, y), (A.8)

where y(P ) denotes the meromorphic function on Kn satisfying Fn(z, y)
= y2 − R2n+1(z) = 0 and

y(P ) =
ζ→0

(
1 − 1

2

( 2n∑
m=0

Em

)
ζ2 + O(ζ4)

)
ζ−2n−1 as P → P∞, (A.9)

ζ = σ′/z1/2, σ′ ∈ {1,−1}
(i.e., we abbreviate y(P ) = σR2n+1(z)1/2). Local coordinates near P0 =
(z0, y0) ∈ Kn\{B(Kn) ∪ {P∞}} are given by ζP0 = z − z0, near P∞ by
ζP∞±

= 1/z1/2, and near branch points (Em0 , 0) ∈ B(Kn) by ζ(Em0 ,0) =

(z−Em0)
1/2. The compact hyperelliptic Riemann surface Kn resulting

in this manner has topological genus n.
Moreover, we introduce the holomorphic sheet exchange map (invo-

lution)

∗ : Kn → Kn, P = (z, y) �→ P ∗ = (z,−y), P∞ �→ P ∗
∞ = P∞ (A.10)

and the two meromorphic projection maps

π̃ : Kn → C ∪ {∞}, P = (z, y) �→ z, P∞ �→ ∞ (A.11)

and

y : Kn → C ∪ {∞}, P = (z, y) �→ y, P∞ �→ ∞. (A.12)

The map π̃ has a pole of order 2 at P∞, and y has a pole of order 2n+1
at P∞. Moreover,

π̃(P ∗) = π̃(P ), y(P ∗) = −y(P ), P ∈ Kn. (A.13)
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Thus Kn is a two-sheeted branched covering of the Riemann sphere
CP

1 (∼= C ∪ {∞}) branched at the 2n + 2 points {(Em, 0)}2n
m=0, P∞.

We introduce the upper and lower sheets Π± by

Π± = {(z,±R2n+1(z)1/2) ∈ Mn | z ∈ Π} (A.14)

and the associated charts

ζ± : Π± → Π, P �→ z. (A.15)

Next, let {aj, bj}n
j=1 be a homology basis for Kn with intersection

matrix of the cycles satisfying

aj ◦ bk = δj,k, aj ◦ ak = 0, bj ◦ bk = 0, j, k = 1, . . . , n. (A.16)

Associated with the homology basis {aj, bj}n
j=1 we also recall the canon-

ical dissection of Kn along its cycles yielding the simply connected in-

terior K̂n of the fundamental polygon ∂K̂n given by

∂K̂n = a1b1a
−1
1 b−1

1 a2b2a
−1
2 b−1

2 · · · a−1
n b−1

n . (A.17)

Let M(Kn) and M1(Kn) denote the set of meromorphic functions (0-
forms) and meromorphic differentials (1-forms) on Kn, respectively.
The residue of a meromorphic differential ν ∈ M1(Kn) at a point
Q ∈ Kn is defined by

resQ(ν) =
1

2πi

∫

γQ

ν, (A.18)

where γQ is a counterclockwise oriented smooth simple closed contour
encircling Q but no other pole of ν. Holomorphic differentials are also
called Abelian differentials of the first kind. Abelian differentials of the
second kind ω(2) ∈ M1(Kn) are characterized by the property that all
their residues vanish. They will usually be normalized by demanding
that all their a-periods vanish, that is,

∫

aj

ω(2) = 0, j = 1, . . . , n. (A.19)

If ω
(2)
P1,n is a differential of the second kind on Kn whose only pole

is P1 ∈ K̂n with principal part ζ−n−2 dζ, n ∈ N0 near P1 and ωj =
(
∑∞

m=0 dj,m(P1)ζ
m) dζ near P1, then

1

2πi

∫

bj

ω
(2)
P1,m =

dj,m(P1)

m + 1
, m = 0, 1, . . . . (A.20)
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Using the local chart near P∞, one verifies that dz/y is a holomorphic
differential on Kn with zeros of order 2(n − 1) at P∞ and hence

ηj =
zj−1dz

y
, j = 1, . . . , n, (A.21)

form a basis for the space of holomorphic differentials on Kn. Upon
introduction of the invertible matrix C in C

n,

C =
(
Cj,k

)
j,k=1,...,n

, Cj,k =

∫

ak

ηj, (A.22)

c(k) = (c1(k), . . . , cn(k)), cj(k) =
(
C−1

)
j,k

, j, k = 1, . . . , n,

(A.23)

the normalized differentials ωj for j = 1, . . . , n,

ωj =
n∑

�=1

cj(�)η�,

∫

ak

ωj = δj,k, j, k = 1, . . . , n, (A.24)

form a canonical basis for the space of holomorphic differentials on Kn.
In the chart (UP∞ , ζP∞) induced by 1/π̃1/2 near P∞ one infers,

ω = (ω1, . . . , ωn) = −2

( n∑
j=1

c(j)ζ2(n−j)

( ∏2n
m=0(1 − ζ2Em)

)1/2

)
dζ (A.25)

= −2

(
c(n) +

(
1

2
c(n)

2n∑
m=0

Em + c(n − 1)

)
ζ2 + O(ζ4)

)
dζ

as P → P∞, ζ = σ/z1/2, σ ∈ {1,−1},
where E = (E0, . . . , E2n) and we used (A.9). Given (A.25), one com-

putes for the vector U
(2)
0 of b-periods of ω

(2)
P∞,0/(2πi), the normalized

differential of the second kind, holomorphic on Kn\{P∞}, with princi-
pal part ζ−2dζ/(2πi),

U
(2)
0 =

(
U

(2)
0,1 , . . . , U

(2)
0,n

)
, U

(2)
0,j =

1

2πi

∫

bj

ω
(2)
P∞,0 = −2cj(n), (A.26)

j = 1, . . . , n.

Next, define the matrix τ =
(
τj,�

)n

j,�=1
by

τj,� =

∫

bj

ω�, j, � = 1, . . . , n. (A.27)

Then

Im(τ) > 0, and τj,� = τ�,j, j, � = 1, . . . , n. (A.28)
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Associated with τ one introduces the period lattice

Ln = {z ∈ C
n | z = m + nτ, m, n ∈ Z

n} (A.29)

and the Riemann theta function associated with Kn and the given
homology basis {aj, bj}j=1,...,n,

θ(z) =
∑
n∈Zn

exp
(
2πi(n, z) + πi(n, nτ)

)
, z ∈ C

n, (A.30)

where (u, v) = u v� =
∑n

j=1 ujvj denotes the scalar product in C
n. It

has the fundamental properties

θ(z1, . . . , zj−1,−zj, zj+1, . . . , zn) = θ(z), (A.31)

θ(z + m + nτ) = exp
(
− 2πi(n, z) − πi(n, nτ)

)
θ(z), m, n ∈ Z

n.
(A.32)

Next we briefly study some consequences of a change of homology
basis. Let

{a1, . . . , an, b1, . . . , bn} (A.33)

be a canonical homology basis on Kn with intersection matrix satisfying
(A.16) and let

{a′
1, . . . , a

′
n, b

′
1, . . . , b

′
n} (A.34)

be a homology basis on Kn related to each other by(
a′�

b′
�

)
= X

(
a�

b�

)
, (A.35)

where

a� = (a1, . . . , an)�, b� = (b1, . . . , bn)�,

a′� = (a′
1, . . . , a

′
n)�, b′

�
= (b′1, . . . , b

′
n)�, (A.36)

X =

(
A B
C D

)
, (A.37)

with A, B, C, and D being n × n matrices with integer entries. Then
(A.34) is also a canonical homology basis on Kn with intersection ma-
trix satisfying (A.16) if and only if

X ∈ Sp(n, Z), (A.38)

where

Sp(n, Z) =

{
X =

(
A B
C D

) ∣∣∣∣ X

(
0 In

−In 0

)
X� =

(
0 In

−In 0

)
,

det(X) = 1

}
(A.39)
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denotes the symplectic modular group (here A, B, C, D in X are again
n×n matrices with integer entries). If {ωj}n

j=1 and {ω′
j}n

j=1 are the nor-
malized bases of holomorphic differentials corresponding to the canon-
ical homology bases (A.33) and (A.34), with τ and τ ′ the associated b
and b′-periods of ω1, . . . , ωn and ω′

1, . . . , ω
′
n, respectively, one computes

ω′ = ω(A + Bτ)−1, τ ′ = (C + Dτ)(A + Bτ)−1, (A.40)

where ω = (ω1, . . . , ωn) and ω′ = (ω′
1, . . . , ω

′
n).

Fixing a base point Q0 ∈ Kn\{P∞}, one denotes by J(Kn) = C
n/Ln

the Jacobi variety of Kn, and defines the Abel map AQ0
by

AQ0
: Kn → J(Kn), AQ0

(P ) =

( ∫ P

Q0

ω1, . . . ,

∫ P

Q0

ωn

)
(mod Ln),

P ∈ Kn. (A.41)

Similarly, we introduce

αQ0
: Div(Kn) → J(Kn), D �→ αQ0

(D) =
∑

P∈Kn

D(P )AQ0
(P ),

(A.42)

where Div(Kn) denotes the set of divisors on Kn. Here D : Kn → Z is
called a divisor on Kn if D(P ) �= 0 for only finitely many P ∈ Kn. (In
the main body of this paper we will choose Q0 to be one of the branch
points, i.e., Q0 ∈ B(Kn), and for simplicity we will always choose the
same path of integration from Q0 to P in all Abelian integrals.) For
subsequent use in Remark A.4 we also introduce

ÂQ0
: K̂n → C

n, (A.43)

P �→ ÂQ0
(P ) =

(
ÂQ0,1(P ), . . . , ÂQ0,n(P )

)
=

( ∫ P

Q0

ω1, . . . ,

∫ P

Q0

ωn

)

and

α̂Q0
: Div(K̂n) → C

n, D �→ α̂Q0
(D) =

∑

P∈K̂n

D(P )ÂQ0
(P ). (A.44)

In connection with divisors on Kn we shall employ the following
(additive) notation,

DQ0Q = DQ0 + DQ, DQ = DQ1 + · · · + DQm , (A.45)

Q = {Q1, . . . , Qm} ∈ Symm Kn, Q0 ∈ Kn, m ∈ N,

where for any Q ∈ Kn,

DQ : Kn → N0, P �→ DQ(P ) =

{
1 for P = Q,

0 for P ∈ Kn\{Q}, (A.46)
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and Symm Kn denotes the mth symmetric product of Kn. In particular,
Symm Kn can be identified with the set of nonnegative divisors 0 ≤ D ∈
Div(Kn) of degree m ∈ N.

For f ∈ M(Kn)\{0} and ω ∈ M1(Kn)\{0} the divisors of f and ω
are denoted by (f) and (ω), respectively. Two divisors D, E ∈ Div(Kn)
are called equivalent, denoted by D ∼ E , if and only if D − E = (f)
for some f ∈ M(Kn)\{0}. The divisor class [D] of D is then given by
[D] = {E ∈ Div(Kn) | E ∼ D}. We recall that

deg((f)) = 0, deg((ω)) = 2(n − 1), f ∈ M(Kn)\{0}, ω ∈ M1(Kn)\{0},
(A.47)

where the degree deg(D) of D is given by deg(D) =
∑

P∈Kn
D(P ). It

is customary to call (f) (respectively, (ω)) a principal (respectively,
canonical) divisor.

Introducing the complex linear spaces

L(D) = {f ∈ M(Kn) | f = 0 or (f) ≥ D}, r(D) = dimC L(D),
(A.48)

L1(D) = {ω ∈ M1(Kn) | ω = 0 or (ω) ≥ D}, i(D) = dimC L1(D)
(A.49)

(with i(D) the index of specialty of D), one infers that deg(D), r(D),
and i(D) only depend on the divisor class [D] of D. Moreover, we recall
the following fundamental facts.

Theorem A.1. Let D ∈ Div(Kn), ω ∈ M1(Kn)\{0}. Then

i(D) = r(D − (ω)), n ∈ N0. (A.50)

The Riemann-Roch theorem reads

r(−D) = deg(D) + i(D) − n + 1, n ∈ N0. (A.51)

By Abel’s theorem, D ∈ Div(Kn), n ∈ N, is principal if and only if

deg(D) = 0 and αQ0
(D) = 0. (A.52)

Finally, assume n ∈ N. Then αQ0
: Div(Kn) → J(Kn) is surjective

(Jacobi’s inversion theorem).

Theorem A.2. Let DQ ∈ Symn Kn, Q = {Q1, . . . , Qn}. Then

1 ≤ i(DQ) = s (A.53)

if and only if there are s pairs of the type {P, P ∗} ⊆ {Q1, . . . , Qn} (this
includes, of course, branch points for which P = P ∗). Obviously, one
has s ≤ n/2.



42 V. BATCHENKO AND F. GESZTESY

Next, denote by ΞQ0
= (ΞQ0,1 , . . . , ΞQ0,n) the vector of Riemann con-

stants,

ΞQ0,j
=

1

2
(1 + τj,j) −

n∑
�=1
� �=j

∫

a�

ω�(P )

∫ P

Q0

ωj, j = 1, . . . , n. (A.54)

Theorem A.3. Let Q = {Q1, . . . , Qn} ∈ Symn Kn and assume DQ to

be nonspecial, that is, i(DQ) = 0. Then

θ(ΞQ0
− AQ0

(P ) + αQ0(DQ)) = 0 if and only if P ∈ {Q1, . . . , Qn}.
(A.55)

Remark A.4. In Section 2 we dealt with theta function expressions
of the type

ψ(P ) =
θ(ΞQ0

− AQ0
(P ) + αQ0

(D1))

θ(ΞQ0
− AQ0

(P ) + αQ0
(D2))

exp

(
− c

∫ P

Q0

Ω(2)

)
, P ∈ Kn,

(A.56)

where Dj ∈ Symn Kn, j = 1, 2, are nonspecial positive divisors of
degree n, c ∈ C is a constant, and Ω(2) is a normalized differential of
the second kind with a prescribed singularity at P∞. Even though we
agree to always choose identical paths of integration from P0 to P in
all Abelian integrals (A.56), this is not sufficient to render ψ single-
valued on Kn. To achieve single-valuedness one needs to replace Kn by

its simply connected canonical dissection K̂n and then replace AQ0
and

αQ0
in (A.56) with ÂQ0

and α̂Q0
as introduced in (A.43) and (A.44).

In particular, one regards aj, bj, j = 1, . . . , n, as curves (being a part

of ∂K̂n, cf. (A.17)) and not as homology classes. Similarly, one then

replaces ΞQ0
by Ξ̂Q0

(replacing AQ0
by ÂQ0

in (A.54), etc.). Moreover,

in connection with ψ, one introduces the vector of b-periods U (2) of Ω(2)

by

U (2) = (U
(2)
1 , . . . , U (2)

g ), U
(2)
j =

1

2πi

∫

bj

Ω(2), j = 1, . . . , n, (A.57)

and then renders ψ single-valued on K̂n by requiring

α̂Q0
(D1) − α̂Q0

(D2) = c U (2) (A.58)

(as opposed to merely αQ0
(D1) − αQ0

(D2) = c U (2) (mod Ln)). Actu-
ally, by (A.32),

α̂Q0
(D1) − α̂Q0

(D2) − c U (2) ∈ Z
n, (A.59)
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suffices to guarantee single-valuedness of ψ on K̂n. Without the re-

placement of AQ0
and αQ0

by ÂQ0
and α̂Q0

in (A.56) and without
the assumption (A.58) (or (A.59)), ψ is a multiplicative (multi-valued)
function on Kn, and then most effectively discussed by introducing the
notion of characters on Kn (cf. [20, Sect. III.9]). For simplicity, we
decided to avoid the latter possibility and throughout this paper will
always tacitly assume (A.58) or (A.59).

Appendix B. Restrictions on B = iU
(2)
0

The purpose of this appendix is to prove the result (2.70), B =

iU
(2)
0 ∈ R

n, for some choice of homology basis {aj, bj}n
j=1 on Kn as

recorded in Remark 2.8.
To this end we first recall a few notions in connection with periodic

meromorphic functions of p complex variables.

Definition B.1. Let p ∈ N and F : C
p → C ∪ {∞} be meromorphic

(i.e., a ratio of two entire functions of p complex variables). Then,
(i) ω = (ω1, . . . , ωp) ∈ C

p\{0} is called a period of F if

F (z + ω) = F (z) (B.1)

for all z ∈ C
p for which F is analytic. The set of all periods of F is

denoted by PF .
(ii) F is called degenerate if it depends on less than p complex variables;
otherwise, F is called nondegenerate.

Theorem B.2. Let p ∈ N, F : C
p → C ∪ {∞} be meromorphic, and

PF be the set of all periods of F . Then either
(i) PF has a finite limit point,
or
(ii) PF has no finite limit point.
In case (i), PF contains infinitesimal periods (i.e., sequences of nonzero
periods converging to zero). In addition, in case (i) each period is a
limit point of periods and hence PF is a perfect set.
Moreover, F is degenerate if and only if F admits infinitesimal peri-
ods. In particular, for nondegenerate functions F only alternative (ii)
applies.

Next, let ωq ∈ C
p\{0}, q = 1, . . . , r for some r ∈ N. Then ω1, . . . , ωr

are called linearly independent over Z (resp. R) if

ν1ω1 + · · · + νrωr = 0, νq ∈ Z (resp., νq ∈ R), q = 1, . . . , r,

implies ν1 = · · · = νr = 0. (B.2)
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Clearly, the maximal number of vectors in C
p linearly independent over

R equals 2p.

Theorem B.3. Let p ∈ N.
(i) If F : C

p → C∪{∞} is a nondegenerate meromorphic function with
periods ωq ∈ C

p\{0}, q = 1, . . . , r, r ∈ N, linearly independent over
Z, then ω1, . . . , ωr are also linearly independent over R. In particular,
r ≤ 2p.
(ii) A nondegenerate entire function F : C

p → C cannot have more
than p periods linearly independent over Z (or R).

For p = 1, exp(z), sin(z) are examples of entire functions with pre-
cisely one period. Any non-constant doubly periodic meromorphic
function of one complex variable is elliptic (and hence has indeed poles).

Definition B.4. Let p, r ∈ N. A system of periods ωq ∈ C
p\{0}, q =

1, . . . , r of a nondegenerate meromorphic function F : C
p → C ∪ {∞},

linearly independent over Z, is called fundamental or a basis of periods
for F if every period ω of F is of the form

ω = m1ω1 + · · · + mrωr for some mq ∈ Z, q = 1, . . . , r. (B.3)

The representation of ω in (B.3) is unique since by hypothesis ω1, . . . ,
ωr are linearly independent over Z. In addition, PF is countable in
this case. (This rules out case (i) in Theorem B.2 since a perfect
set is uncountable. Hence, one does not have to assume that F is
nondegenerate in Definition B.4.)

This material is standard and can be found, for instance, in [41, Ch.
2].

Next, returning to the Riemann theta function θ(·) in (A.30), we
introduce the vectors {ej}n

j=1, {τ j}n
j=1 ⊂ C

n\{0} by

ej = (0, . . . , 0, 1︸︷︷︸
j

, 0, . . . , 0), τ j = ejτ, j = 1, . . . , n. (B.4)

Then

{ej}n
j=1 (B.5)

is a basis of periods for the entire (nondegenerate) function θ(·) : C
n →

C. Moreover, fixing k, k′ ∈ {1, . . . , n}, then

{ej, τ j}n
j=1 (B.6)

is a basis of periods for the meromorphic function ∂2
zkzk′

ln
(
θ(·)

)
: C

n →
C ∪ {∞} (cf. (A.32) and [20, p. 91]).
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Next, let A ∈ C
n, D = (D1, . . . , Dn) ∈ R

n, Dj ∈ R\{0}, j = 1, . . . , n
and consider

fk,k′ : R → C, fk,k′(x) = ∂2
zkzk′

ln
(
θ(A + z)

)∣∣
z=Dx

= ∂2
zkzk′

ln
(
θ(A + z diag(D))

)∣∣
z=(x,...,x)

.
(B.7)

Here diag(D) denotes the diagonal matrix

diag(D) =
(
Djδj,j′

)n

j,j′=1
. (B.8)

Then the quasi-periods D−1
j , j = 1, . . . , n, of fk,k′ are in a one-one

correspondence with the periods of

Fk,k′ : C
n → C ∪ {∞}, Fk,k′(z) = ∂2

zkzk′
ln

(
θ(A + z diag(D)

)
(B.9)

of the special type

ej

(
diag(D)

)−1
=

(
0, . . . , 0, D−1

j︸︷︷︸
j

, 0, . . . , 0
)
. (B.10)

Moreover,

fk,k′(x) = Fk,k′(z)|z=(x,...,x), x ∈ R. (B.11)

Theorem B.5. Suppose V in (2.65) (or (2.66)) to be quasi-periodic.

Then there exists a homology basis {ãj, b̃j}n
j=1 on Kn such that the

vector B̃ = iŨ
(2)

0 with Ũ
(2)

0 the vector of b̃-periods of the corresponding

normalized differential of the second kind, ω̃
(2)
P∞,0, satisfies the constraint

B̃ = iŨ
(2)

0 ∈ R
n. (B.12)

Proof. By (A.26), the vector of b-periods U
(2)
0 associated with a given

homology basis {aj, bj}n
j=1 on Kn and the normalized differential of the

2nd kind, ω
(2)
P∞,0, is continuous with respect to E0, . . . , E2n. Hence, we

may assume in the following that

Bj �= 0, j = 1, . . . , n, B = (B1, . . . , Bn) (B.13)

by slightly altering E0, . . . , E2n, if necessary. By comparison with the
Its–Matveev formula (2.66), we may write

V (x) = Λ0 − 2∂2
x ln(θ(A + Bx))

= Λ0 + 2
n∑

j,k=1

U
(2)
0,j U

(2)
0,k∂2

zkzj
ln

(
θ(A + z)

)∣∣
z=Bx

.
(B.14)
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Introducing the meromorphic (nondegenerate) function V : C
n → C ∪

{∞} by

V(z) = Λ0 + 2
n∑

j,k=1

U
(2)
0,j U

(2)
0,k∂2

zkzj
ln

(
θ(A + z diag(B))

)
, (B.15)

one observes that

V (x) = V(z)|z=(x,...,x). (B.16)

In addition, V has a basis of periods{
ej

(
diag(B)

)−1
, τ j

(
diag(B)

)−1
}n

j=1
(B.17)

by (B.6), where

ej

(
diag(B)

)−1
=

(
0, . . . , 0, B−1

j︸︷︷︸
j

, 0, . . . , 0
)
, j = 1, . . . , n, (B.18)

τ j

(
diag(B)

)−1
=

(
τj,1B

−1
1 , . . . , τj,nB

−1
n

)
, j = 1, . . . , n. (B.19)

By hypothesis, V in (B.14) is quasi-periodic and hence has n real
(scalar) quasi-periods. The latter are not necessarily linearly indepen-
dent over Q from the outset, but by slightly changing the locations of

branchpoints {Em}2n
m=0 into, say, {Ẽm}2n

m=0, one can assume they are. In
particular, since the period vectors in (B.17) are linearly independent
and the (scalar) quasi-periods of V are in a one-one correspondence
with vector periods of V of the special form (B.18) (cf. (B.9), (B.10)),

there exists a homology basis {ãj, b̃j}n
j=1 on Kn such that the vector

B̃ = iŨ
(2)

0 corresponding to the normalized differential of the second

kind, ω̃
(2)
P∞,0 and this particular homology basis, is real-valued. By con-

tinuity of Ũ
2

0 with respect to Ẽ0, . . . , Ẽ2m, this proves (B.12).

Remark B.6. Given the existence of a homology basis with associated

real vector B̃ = iŨ
(2)

0 , one can follow the proof of Theorem 10.3.1 in
[39] and show that each µj, j = 1, . . . , n, is quasi-periodic with the
same quasi-periods as V .

Appendix C. Floquet theory and an explicit example

In this appendix we discuss the special case of algebro-geometric
complex-valued periodic potentials and we briefly point out the con-
nections between the algebro-geometric approach and standard Floquet
theory. We then conclude with the explicit genus n = 1 example which
illustrates both, the algebro-geometric as well as the periodic case.
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We start with the periodic case. Suppose V satisfies

V ∈ CP (R) and for all x ∈ R, V (x + Ω) = V (x) (C.1)

for some period Ω > 0. In addition, we suppose that V satisfies Hy-
pothesis 3.4.

Under these assumptions the Riemann surface associated with V ,
which by Floquet theoretic arguments, in general, would be a two-
sheeted Riemann surface of infinite genus, can be reduced to the com-
pact hyperelliptic Riemann surface corresponding to Kn induced by
y2 = R2n+1(z). Moreover, the corresponding Schrödinger operator H
is then defined as in (4.1) and one introduces the fundamental system of
distributional solutions c(z, ·, x0) and s(z, ·, x0) of Hψ = zψ satisfying

c(z, x0, x0) = sx(z, x0, x0) = 1, (C.2)

cx(z, x0, x0) = s(z, x0, x0) = 0, z ∈ C (C.3)

with x0 ∈ R a fixed reference point. For each x, x0 ∈ R, c(z, x, x0)
and s(z, x, x0) are entire with respect to z. The monodromy matrix
M(z, x0) is then given by

M(z, x0) =

(
c(z, x0 + Ω, x0) s(z, x0 + Ω, x0)
cx(z, x0 + Ω, x0) sx(z, x0 + Ω, x0)

)
, z ∈ C (C.4)

and its eigenvalues ρ±(z), the (x0-independent) Floquet multipliers,
satisfy

ρ+(z)ρ−(z) = 1 (C.5)

since det(M(z, x0)) = 1. The Floquet discriminant ∆(·) is then defined
by

∆(z) = tr(M(z, x0))/2 = [c(z, x0 + Ω, x0) + sx(z, x0 + Ω, x0)]/2
(C.6)

and one obtains

ρ±(z) = ∆(z) ± [∆(z)2 − 1]1/2. (C.7)

We also note that

|ρ±(z)| = 1 if and only if ∆(z) ∈ [−1, 1]. (C.8)

The Floquet solutions ψ±(z, x, x0), the analog of the functions in (4.48),
are then given by

ψ±(z, x, x0) = c(z, x, x0) + s(z, x, x0)[ρ±(z) − c(z, x0 + Ω, x0)]

× s(z, x0 + Ω, x0)
−1, z ∈ Π\{µj(x0)}j=1,...,n (C.9)
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and one verifies (for x, x0 ∈ R),

ψ±(z, x + Ω, x0) = ρ±(z)ψ±(z, x, x0), z ∈ Π\{µj(x0)}j=1,...,n,

(C.10)

ψ+(z, x, x0)ψ−(z, x, x0) =
s(z, x + Ω, x)

s(z, x0 + Ω, x0)
, z ∈ C\{µj(x0)}j=1,...,n,

(C.11)

W (ψ+(z, ·, x0), ψ−(z, ·, x0)) = − 2[∆(z)2 − 1]1/2

s(z, x0 + Ω, x0)
, (C.12)

z ∈ Π\{µj(x0)}j=1,...,n,

g(z, x) = − s(z, x + Ω, x)

2[∆(z)2 − 1]1/2
=

iFn(z, x)

2R2n+1(z)1/2
, z ∈ Π. (C.13)

Moreover, one computes

d∆(z)

dz
= −s(z, x0 + Ω, x0)

1

2

∫ x0+Ω

x0

dx ψ+(z, x, x0)ψ−(z, x, x0)

= Ω[∆(z)2 − 1]1/2〈g(z, ·)〉, z ∈ C (C.14)

and hence

d∆(z)/dz

[∆(z)2 − 1]1/2
=

d

dz

{
ln

[
∆(z) + [∆(z)2 − 1]1/2

]}
= Ω〈g(z, ·)〉, z ∈ Π.

(C.15)

Here the mean value 〈f〉 of a periodic function f ∈ CP (R) of period
Ω > 0 is simply given by

〈f〉 =
1

Ω

∫ x0+Ω

x0

dx f(x), (C.16)

independent of the choice of x0 ∈ R. Thus, applying (3.22) one obtains
∫ z

z0

dz′ [d∆(z′)/dz′]

[∆(z′)2 − 1]1/2
= ln

(
∆(z) + [∆(z)2 − 1]1/2

∆(z0) + [∆(z0)2 − 1]1/2

)

= Ω

∫ z

z0

dz′ 〈g(z′, ·)〉 = −(Ω/2)
[〈

g(z, ·)−1
〉
−

〈
g(z0, ·)−1

〉]
, (C.17)

z, z0 ∈ Π

and hence

ln
[
∆(z) + [∆(z)2 − 1]1/2

]
= −(Ω/2)

〈
g(z, ·)−1

〉
+ C. (C.18)

Letting |z| → ∞ one verifies that C = 0 and thus

ln
[
∆(z) + [∆(z)2 − 1]1/2

]
= −(Ω/2)

〈
g(z, ·)−1

〉
, z ∈ Π. (C.19)
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We note that by continuity with respect to z, equations (C.12), (C.13),
(C.15), (C.17), and (C.19) all extend to either side of the set of cuts in
C. Consequently,

∆(z) ∈ [−1, 1] if and only if Re
(〈

g(z, ·)−1
〉)

= 0. (C.20)

In particular, our characterization of the spectrum of H in (4.44) is
thus equivalent to the standard Floquet theoretic characterization of
H in terms of the Floquet discriminant,

σ(H) = {λ ∈ C |∆(λ) ∈ [−1, 1]}. (C.21)

The result (C.21) was originally proven in [48] and [50] for complex-
valued periodic (not necessarily algebro-geometric) potentials (cf. also
[53], and more recently, [54], [55]).

We will end this appendix by providing an explicit example of the
simple yet nontrivial genus n = 1 case which illustrates the periodic
case as well as some of the general results of Sections 2–4 and Appendix
B. For more general elliptic examples we refer to [27], [28] and the
references therein.

By ℘(·) = ℘(· |Ω1, Ω3) we denote the Weierstrass ℘-function with
fundamental half-periods Ωj, j = 1, 3, Ω1 > 0, Ω3 ∈ C\{0}, Im(Ω3) >
0, Ω2 = Ω1 + Ω3, and invariants g2 and g3 (cf. [1, Ch. 18]). By ζ(·) =
ζ(· |Ω1, Ω3) and σ(·) = σ(· |Ω1, Ω3) we denote the Weierstrass zeta and
sigma functions, respectively. We also denote τ = Ω3/Ω1 and hence
stress that Im(τ) > 0.

Example C.1. Consider the genus one (n = 1) Lamé potential

V (x) = 2℘(x + Ω3) (C.22)

= −2

{
ln

[
θ

(
1

2
+

x

2Ω1

)]}′′
− 2

ζ(Ω1)

Ω1

, x ∈ R, (C.23)

where

θ(z) =
∑
n∈Z

exp
(
2πinz + πin2τ

)
, z ∈ C, τ = Ω3/Ω1, (C.24)

and introduce

L = − d2

dx2
+ 2℘(x + Ω3), P3 = − d3

dx3
+ 3℘(x + Ω3)

d

dx
+

3

2
℘′(x + Ω3).

(C.25)

Then one obtains

[L, P3] = 0 (C.26)

which yields the elliptic curve

K1 : F1(z, y) = y2 − R3(z) = y2 −
(
z3 − (g2/4)z + (g3/4)

)
= 0,
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R3(z) =
2∏

m=0

(z − Em) = z3 − (g2/4)z + (g3/4), (C.27)

E0 = −℘(Ω1), E1 = −℘(Ω2), E2 = −℘(Ω3).

Moreover, one has

F1(z, x) = z + ℘(x + Ω3), µ1(x) = −℘(x + Ω3), (C.28)

H2(z, x) = z2 − ℘(x + Ω3)z + ℘(x + Ω3)
2 − (g2/4), (C.29)

ν�(x) =
[
℘(x + Ω3) − (−1)�[g2 − 3℘(x + Ω3)

2]1/2
]/

2, � = 0, 1

and

s-K̂dV1(V ) = 0, (C.30)

s-K̂dV2(V ) − (g2/8) s-K̂dV0(V ) = 0, etc. (C.31)

In addition, we record

ψ±(z, x, x0) =
σ(x + Ω3 ± b)σ(x0 + Ω3)

σ(x + Ω3)σ(x0 + Ω3 ± b)
e∓ζ(b)(x−x0), (C.32)

ψ±(z, x + 2Ω1, x0) = ρ±(z)ψ±(z, x, x0), ρ±(z) = e±[(b/Ω1)ζ(Ω1)−ζ(b)]2Ω1

(C.33)

with Floquet parameter corresponding to Ω1-direction given by

k1(b) = i[ζ(b)Ω1 − ζ(Ω1)b]/Ω1. (C.34)

Here

P = (z, y) = (−℘(b),−(i/2)℘′(b)) ∈ Π+,

P ∗ = (z,−y) = (−℘(b), (i/2)℘′(b)) ∈ Π−,
(C.35)

where b varies in the fundamental period parallelogram spanned by the
vertices 0, 2Ω1, 2Ω2, and 2Ω3. One then computes

∆(z) = cosh[2(Ω1ζ(b) − bζ(Ω1))], (C.36)

〈µ1〉 = ζ(Ω1)/Ω1, 〈V 〉 = −2ζ(Ω1)/Ω1, (C.37)

g(z, x) = −z + ℘(x + Ω3)

℘′(b)
, (C.38)

d

dz

〈
g(z, ·)−1

〉
= 2

z − [ζ(Ω1)/Ω1]

℘′(b)
= −2〈g(z, ·)〉, (C.39)

〈
g(z, ·)−1

〉
= −2[ζ(b) − (b/Ω1)ζ(Ω1)], (C.40)

where (z, y) = (−℘(b),−(i/2)℘′(b)) ∈ Π+. The spectrum of the opera-
tor H with potential V (x) = 2℘(x + Ω3) is then determined as follows

σ(H) = {λ ∈ C |∆(λ) ∈ [−1, 1]} (C.41)
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=
{
λ ∈ C

∣∣ Re
(〈

g(λ, ·)−1
〉)

= 0
}

(C.42)

= {λ ∈ C |Re[Ω1ζ(b) − bζ(Ω1)] = 0, λ = −℘(b)}. (C.43)

Generically (cf. [54]), σ(H) consists of one simple analytic arc (con-
necting two of the three branch points Em, m = 0, 1, 2) and one sim-
ple semi-infinite analytic arc (connecting the remaining of the branch
points and infinity). The semi-infinite arc σ∞ asymptotically approach-
es the half-line L〈V 〉 = {z ∈ C | z = −2ζ(Ω1)/Ω1 + x, x ≥ 0} in the
following sense: asymptotically, σ∞ can be parameterized by

σ∞ =
{
z ∈ C

∣∣ z = R − 2i [Im(ζ(Ω1))/Ω1] + O
(
R−1/2

)
as R ↑ ∞

}
.

(C.44)

We note that a slight change in the setup of Example C.1 permits
one to construct crossing spectral arcs as shown in [26]. One only

needs to choose complex conjugate fundamental half-periods Ω̂1 /∈ R,

Ω̂3 = Ω̂1 with real period Ω = 2
(
Ω̂1+Ω̂3

)
> 0 and consider the potential

V (x) = 2℘
(
x + a

∣∣Ω̂1, Ω̂3

)
, 0 < Im(a) < 2

∣∣Im(
Ω̂1

)∣∣.
Finally, we briefly consider a change of homology basis and illustrate

Theorem B.5. Let Ω1 > 0 and Ω3 ∈ C, Im(Ω3) > 0. We choose the ho-

mology basis {ã1, b̃1} such that b̃1 encircles E0 and E1 counterclockwise

on Π+ and ã1 starts near E1, intersects b̃1 on Π+, surrounds E2 clock-
wise and then continues on Π− back to its initial point surrounding E1

such that (A.16) holds. Then,

ω1 = c1(1) dz/y, c1(1) = (4iΩ1)
−1, (C.45)∫

ã1

ω1 = 1,

∫

b̃1

ω1 = τ, τ = Ω3/Ω1, (C.46)

ω̃
(2)
P∞,0 = −(z − λ1)dz

2y
, λ1 = ζ(Ω1)/Ω1, (C.47)

∫

ã1

ω̃
(2)
P∞,0 = 0,

1

2πi

∫

b̃1

ω̃
(2)
P∞,0 = −2c1(1) = Ũ0,1, (C.48)

Ũ0,1 =
i

2Ω1

∈ iR, (C.49)

∫ P

Q0

ω̃
(2)
P∞,0 − ẽ

(2)
0 (Q0) =

b→0

i

b
+ O(b)

=
ζ→0

−ζ−1 + O(ζ), ζ = σ/z1/2, σ ∈ {1,−1}, (C.50)

ẽ
(2)
0 (Q0) = −i[ζ(b0)Ω1 − ζ(Ω1)b0]/Ω1, (C.51)

i

[ ∫ P

Q0

ω̃
(2)
P∞,0 − ẽ

(2)
0 (Q0)

]
= [ζ(Ω1)b − ζ(b)Ω1]/Ω1, (C.52)
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P = (−℘(b),−(i/2)℘′(b)), Q0 = (−℘(b0),−(i/2)℘′(b0)).

The change of homology basis (cf. (A.33)–(A.39))
(

ã1

b̃1

)
�→

(
a′

1

b′1

)
=

(
A B
C D

) (
ã1

b̃1

)
=

(
Aã1 + Bb̃1

Ca1 + Db1

)
, (C.53)

A, B, C, D ∈ Z, AD − BC = 1, (C.54)

then implies

ω′
1 =

ω1

A + Bτ
, (C.55)

τ ′ =
Ω′

3

Ω′
1

=
C + Dτ

A + Bτ
, (C.56)

Ω′
1 = AΩ1 + BΩ3, Ω′

3 = CΩ1 + DΩ3, (C.57)

ω
(2) ′
P∞,0 = −(z − λ′

1)dz

2y
, λ′

1 = λ1 −
πiB

2Ω1Ω′
1

, (C.58)

∫

a′
1

ω
(2) ′
P∞,0 = 0,

1

2πi

∫

b′1

ω
(2) ′
P∞,0 = − 2c1(1)

A + Bτ
= U ′

0,1, (C.59)

U ′
0,1 =

Ũ0,1

A + Bτ
=

i

2Ω′
1

. (C.60)

Moreover, one infers

ψ±(z, x + 2Ω′
1, x0) = ρ±(z)′ψ±(z, x, x0),

ρ±(z)′ = e±[(b/Ω′
1)(Aζ(Ω1)+Bζ(Ω3))−ζ(b)]2Ω′

1 (C.61)

with Floquet parameter k1(b)
′ corresponding to Ω′

1-direction given by

k1(b)
′ = i

[
ζ(b)Ω1 − ζ(Ω1)b +

πiB

2Ω′
1

b

]/
Ω1. (C.62)
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